Quantum Fluctuation Relations and the Arrow of Time

Peter Hanggi, Institut fur Physik, Universitat Augsburg

M. Campisi, P. Hanggi, and P. Talkner M. Campisi and P. Hanggi
Colloquium: Quantum fluctuation relations: Foundations and Fluctuation, Dissipation and the Arrow of Time
applications Entropy 13, 2024-2035 (2012).

Rev. Mod. Phys. 83, 771-791 (2011);

Addendum and Erratum: Quantum fluctuation relations:
Foundations and applications

Rev. Mod. Phys. 83, 1653 (2011).



Sekhar Burada
Michele Campisi
Gert Ingold

Eric Lutz
Manolo Morillo
Peter Talkner

@
nim

Acknowledgments

nan

SFB 486

i

USYERAD RIS


hanggi
Hervorheben

hanggi
Hervorheben


The famous Laws

Equilibrium Principle -- minus first Law

An isolated, macroscopic system which is placed in an arbitrary
initial state within a finite fixed volume will attain a unique
state of equilibrium.

Second Law (Clausius)

For a non-quasi-static process occurring in a thermally isolated
system, the entropy change between two equilibrium states is
non-negative.

Second Law (Kelvin)

No work can be extracted from a closed equilibrium system
during a cyclic variation of a parameter by an external source.



MINUS FIRST LAW vs. SECOND LAW

-1st Law

R 2nd Law




Second Law

Rudolf Julius Emanuel Clausius

(1822 — 1888)

Heat generally cannot
spontaneously flow from a

material at lower temperature to
a material at higher temperature.

5Q = TdS

(Ziirich, 1865)

William Thomson alias Lord Kelvin
(1824 — 1907)

No cyclic process exists whose sole
effect is to extract heat from a
single heat bath at temperature T
and convert it entirely to work.
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What are fluctuation and work theorems
about?

Small systems: fluctuations may become comparable to
average quantities.

Can one infer thermal equilibrium properties from
fluctuations in nonequilibrium processes?



Equilibrium versus nonequilibrium processes

Isothermal quasistatic process:

e‘ﬂH(tO)/Z(to) e—BH(tf)/Z(tf)
quasi-
war |SYSTEM| stati vak |SYSTEM
AF =w = (w)

Non-equilibrium process:

H (to) Hity)

> Pts to(w) =7 pdf of work
to ts t
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MICROREVERSIBILITY OF TIME
DEPENDENT SYSTEMS

p

prolzo; A .
P puoleos A Classical

e(q,p) = (a,—p)
epio[zo; Al = ©r_tolezr Al

Quantum

© = Time reversal operator

U\ = 01U, 0[N]©



Zr

aH(QOt,o[Zo; )‘]7 >‘t)
Ot

W(zo; \] = H(zs, \r) — H(zo, \o) = / dth:

p[W: A] = / dzopo(20)0[W — H(z, A) + H(z0, Ao)]

Work is a RANDOM quantity



<e—ﬁW> — e—ﬂAF

Z(\)
Z(Mo)

AF = F(\) — F(\) = —B7tIn

200 = [ dzeex)

Since exp is convex, then

(W) > AF Second Law



INCLUSIVE VS. EXCLUSIVE VIEWPOINT

C. Jarzynski, C.R. Phys. 8 495 (2007)

H(z, A\t) = Ho(z) — A+ Q(2)

W = —/dtQt}\t
= H(z7,A\r) — H(z0, Xo)

Not necessarily of the textbook form [ d(displ.)x (force)

Wy = /thtQt
= Ho(z+) — Ho(zo) Ze = {H(z¢, \t); 2}

G.N. Bochkov and Yu. E. Kuzovlev JETP 45, 125 (1977)



Exclusive Work:

P[WO;)\l _ eﬁwo
pl—wo; Al
(e7Fmoy =1 Bochkov-Kuzovlev

Bochkov-Kuzovlev-Crooks

G.N. Bochkov, Y.E. Kuzovlev, Sov. Phys. JETP 45, 125 (1977);
G.N. Bochkov, Y.E. Kuzovlev, Physica A 106, 443 (1981)



INCLUSIVE, EXCLUSIVE and DISSIPATED
WORK

Weyis = W — AF (e PWais) =1

W, Wy, Wyjss are DISTINCT stochastic quantities

plx; Al # pol[x; A] # Paiss[x; Al

They coincide for cyclic protocols A\g = A;

M.Campisi, P. Talkner and P. Hanggi, Phil. Trans. R. Soc. A 369, 291 (2011)



GAUGE FREEDOM

H(z,t) = H(z.t) + g(t)
W' =W +g(r) - g(0)
AF' = AF + g(r) — g(0)

W, AF are gauge dependent: not true physical quantities

WARNING: be consistent! use same gauge to calculate W and

AF
(e PW'y = ¢ BAF — (e7PWy = e=PAF

The fluctuation theorem is gauge invariant !

Gauge: irrelevant for dynamics
crucial for ENERGY-HAMILTONIAN connection



GAUGE FREE vs. GAUGE DEPENDENT
EXPRESSIONS OF CLASSICAL WORK

H' = Ho(z) — A:Q(2) + 8(t)

Inclusive work:
W' = H'(z;,7) — H(20,0) , g-dependent
WPhys — —/dtQt}\t , g-independent
WP = W' — g(7) + g(0)
Exclusive work:

Wo = Ho(z-, Ar) — Ho(zo, Mo)
= /dt/\tQt , g-independent

Dissipated work:
Wiiss = H'(z7,7) — H'(20,0) — AF', g-independent



H(Z, )\t) — H()\t)
e_BH()‘t)
Z(Ae)
Z(At) — Z(\t) = Tre FH)
H t
©t,0[zo; Al — UrolA] = T exp [—é / ds?—l()\s)]
0

Wzo; \] —?

p(z,Ar) — o(Ae) =



WAl = U o[\ H(Ae) U o[\l — H( o)
= HI(Ae) — H(No)

H
/ dt}\taHa)\(A
t




WORK IS NOT AN OBSERVABLE

P. Talkner et al. PRE 75 050102 (2007)

Work characterizes PROCESSES, not states!
(6W is not exact)

Work cannot be represented by a Hermitean operator W

ﬂ Wizo; \] — w = Ejy —E}°

- two-measurements

E}t =instantaneous eigenvalue: H(\;)[Y)t) = EXt|yp)t)



Probability of inclusive quantum work

recall: H(Ae)@nv(At) = en(Ae)@n(At),
Pa(t) = ZV |©nu (M) (np(Ae)]

Ist measurement of energy: es(Ao) with prob p, = Tr Py(to)p(to),
state after measurement: p, = P,(to)p(to)Pn(to)/pn

to — tr:
pn(tr) = Utf,toan;ff,toa ihaUt,to/at = H()‘t)ULtov Uto = 1

2nd measurement of energy: em(tr) with prob.
p(m|n) = Tr Pm(tr)pn(tr)

Prro (W) = 3 5(w — [em(A) — en(Ao))p(min)p,

Wél&%‘ﬁdﬁ!&&é



Characteristic function of work

th,to(u) = / dw eiuwptf,fo(w)

= Z efuem(tr) ’ue"(tO)Ter(tf)Utf,foantt,top"

= Z Tre" ) P (te) Ugy e ™M) pp Ut pn

_ Tre’”H"’(t")e—’“H(t")ﬁ(to)

= <eiuH(tf)e—iuH(to)>to
Hi(te) = U, 1 H(te) Uty 1o,

= Palto)p(to) Pa(to),  p(to) = p(to) <= [p(to), H(to)]

P. Talkner, P. Hanggi, M. Morillo, Phys. Rev. E 77, 051131 (2008)
P.Talkner, E. Lutz, P. Hanggi, Phys. Rev. E 75, 050102(R) (2007)



Work is not an observable

Note: Gt ¢ (u) is a CORRELATION FUNCTION. If work was an
observable, i.e. if a hermitean operator W existed then the
characteristic function would be of the form of an
EXPECTATION VALUE

Gw(u) = (ei”W> = Trei”Wp(to)

Hence, work is not an observable.

P. Talkner, P. Hanggi, M. Morillo, Phys. Rev. E 77, 051131 (2008)
P.Talkner, E. Lutz, P. Hanggi, Phys. Rev. E 75, 050102(R) (2007)



Choose u = if3

<e_ﬂw> B /dw e_ﬁwpthfo(w)
= G0 (1) quantum
= Tre BHn(tr) gfH(t0) 7=1 ()= FH(10) Jarzynski
_ Tre—ﬁH(tf)/Z(tO) equality

= Z(tr)/Z(to)
_ o BAF




u— —u+ if and time-reversal

Z(to)Gs . (u) =Tr U;’toe"“H(tf) Utr,toei(—u—i-i,B)H(to)

tr,to
— Tr e~ /(—u+iB)H(tr) o —BH(tr) U;Io-’tfei(—u-l-iﬂ)H(to)Uto,tf

= Z(tr) Gy ¢, (—u+iB)

Pty 1o (W) _ Z(tf)eﬂw — ¢—B(aF—w) | Tasaki-Crooks
Prote(—w)  Z(to) theorem

P. Talkner, and P. Hanggi, J. Phys. A 40, F569 (2007).




Microcanonical initial state

plto) = wg (0)3(H(to)  E),
we(to) = Tré(H(tg — E)) = e>(E:00)/ ke
we(to): Density of states, S(E, to): Entropy

PG (E. w) = wg (to)Tr S(Hu(tr) — E — w)S(H(to) — E)

PRw(Esw)  weyw(tr) olS(E+w,tr)—S(E.0)/ke
pt07tf(E + w, _W) wE(tO)

P.Talkner, P. Hianggi, M. Morillo, Phys. Rev. E 77, 051131 (2008)



Projective quantum measurement of:

AE =TOTAL energy
AN = TOTAL number of particles

in MACROSCOPIC systems !



Measurements

A projective measurement of an observable A =3".a;P%,
PIAPJA = (5,‘JP,AZ

o S PApP

while a force protocol is running leads to a change of the statistics
of work but leaves unchanged the Crooks relation and the
Jarzyninski equality.

M. Campisi, P. Talkner, P. Hanggi, Phys. Rev. Lett. 105, 140601 (2010);
M. Campisi, P. Talkner, P. Hanggi, Phys. Rev. E 83, 041114, (2011).
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OPEN QUANTUM SYSTEM: WEAK
COUPLING

B

Hs(M) | Hsp H()\t) = HS()\t) + HB + HSB

o(No) = e—ﬁH(Ao)/Y()\O)

AE = E,éf — E,’,\0 system energy change
AEB = Ef — Ef =-Q bath energy change

PIAE, QN = > S[AE — Epy + E°N[Q + EZ — El1Pmyns[NPh,

m,n,p,v

p[AE, Q, )\]/v _ eﬁ(AE_Q_AFS) AFS o —/8_1 In ZS()\T)
p[—AE, —Q; A] Zs(o)
AE=w+Q plw, Q; /\]~ — Bw—AFs)
P. Talkner, M. Campisi, P. Hanggi, J.Stat.Mech. (2009) P02025



Strong coupling: Quantum Treatment

H(t) = Hs(t) + Hsg + Hp

Fluctuation Theorem for the total system:

Prro(W) Y(tf)eﬁw
pto,tf(_W) Y (ti)

where:
Y(t) = Tre—A(Hs(t)+Hsz+Hg)

and
w = em(tf) — e,-,(to)

en(t)= instantaneous eigenvalues of total system




OPEN QUANTUM SYSTEM: STRONG
COUPLING

B

Hs(\) | Hsr H()\t) = HS()\t) + HSB + HB

w = EN — £ = work on total system=work on S

Y(\t) = Tre AHO) — partition function of total system
Y(/\ )

e PHs(M) — partition function of S

Fs(\t) = —/6’*1 In Z5(At) proper free energy of open system

plw; A\l Y(AT)EBW _ Z()‘T)eﬁw _ Bw-DFs)

pl-w; A Y(Xo) Z(Xo)
M. Campisi, P. Talkner, and P. Hanggi, Phys. Rev. Lett. 102 210401 (2009)




Y(t)
Zs (t) = Z_B

—BHp
= Trge

/g =

where



Free energy of a system strongly coupled to
an environment

Thermodynamic argument:
Fs=F—Fp
F total system free energy

Fg bare bath free energy.

With this form of free energy the three laws of thermodynamics
are fulfilled.

G.W. Ford, J.T. Lewis, R.F. O’Connell, Phys. Rev. Lett. 55, 2273 (1985);
P. Hanggi, G.L. Ingold, P. Talkner, New J. Phys. 10,115008 (2008);
G.L. Ingold, P. Hanggi, P. Talkner, Phys. Rev. E 79, 0611505 (2009).



An important difference

Route IT ‘

Trs,p (Hse PH)

E= Ec = (H) =
5= ) = e P
Z_TrS+B(e‘ﬁH) _ 0lnZ
~ Trg(e PH) - 0p

= U=(H)-(Hp)s

-+ o+ [CFRY P |

For finite coupling E and U differ!

Quantum
Brownian
motion and
the 3" Jaw

Specific heat and
dissipation

Two approaches
Microscopic model

Route |

Route Il
specific heat
density of states

Conclusions



Quantum Hamiltonian of Mean Force

Y(t "
Zs(t) == # = Trse PH"(®)
B
h
where — B(Hs )+ Hss-+Hp)
% . 1 TrBe

H (t) = —E |n TrBe_IBHB

also

e_ﬁH*(t) TrBe_BH(t)
Zs(t) — Y()

M. Campisi, P. Talkner, P. Hianggi, Phys. Rev. Lett. 102, 210401 (2009).




ARROW OF TIME

+ : movie in forward direction
— : movie in backward direction
frame “t”: Arand Q¢
Forward: gWy > 1
Backward: SWy < —1 (W is odd under time reversal!)
Prior: P(+)=1/2; P(-)=1/2
After Seeing movie
P(Wo|-+)P(+) _
P(Wo)
_ P(Wol+)P(+)
— P(Wol+)P(+) + P(Wo|-)P(-)

Posterior:  P(+|Wp) =




USING EXCLUSIVE WORK

H(a,p; At) = Ho(a, p) — A\t Q(a, p)

AM=0att=0; Protocol: \; : 0 —t =17

0o(a,p) = e (@) 7,(3)

— F-T. |P[l,\] = P[T, AW B.-K. (1977)

Wo = / dt\e Qr Xt = At
0

= (e7PWoy, =1 “equality” (2°¢ Law)

— <e—5Wo>/\ > =AW — 0> —B(Wo)»

(Wo)y >0 “inequality”



Wo Odd

P(+|Wo)

F-T.

-

M = exp(SWo)

P(Wo|-)

P(—Wo|—) = P(Wo[+)

P(+W0) =~ 1

1

—-10

-5

0 5
Wo [kpT]

10



ARROW OF TIME

1) Hy(q, p) = H(q, p; t): ,emergence of an arrow”

2) preparation, here canonical ===  determines its direction”

conventional : e coarse graining of quantities <-> breaking det.-balance

StoRzahlansatz

initial molecular chaos (Bogoliubov)

Fokker-Planck eqgs.; master egs.

All contain ad hoc elements that induce the time arrow : ,future” # ,past”



Summary

Classical and quantum mechanical expressions for the
distribution of work for arbitrary initial states

The characteristic function of work is given by a correlation
function

Work is not an observable.

Fluctuation theorems (Crooks and Jarzynski) for thermal
equilibrium states and microscopic reversibility

Open Systems

» Strong coupling: Fluctuation and work theorems
» Weak coupling: Fluctuation theorems for energy and heat as
well as work and heat

Measurements do not affect Crooks relation
and Jarzynski equality

/RU“N/%VT PEAREIREITLS
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Definition of work

A. Classical:

in _ /T dt C”_I(Zc(ii)’)\t) = H(z(tf), A\r) — H(z(to), Ao) inclusive

W= /t at C”_I(ZEI?’)\O) = H(z(tf), \o) — H(z(to), Ao) exclusive

z(t) = z(t,z): Trajectory in phase space z={H(z,\t), z}
= z(tp): Starting point taken from Z~1(ty)e #H(%)
for H(z, At) = Ho(z) — A:Q(2):

wn = — /T dt Q(z(t)) A
e — / " dt O(z(t)he

to

Wél&ﬁ%’dﬁé&%



INCLUSIVE VS. EXCLUSIVE VIEWPOINT

C. Jarzynski, C.R. Phys. 8 495 (2007)

H(z, A\t) = Ho(z) — M+ Q(2)

W = HZT7 T)_H(ZO))‘O)

/dtQtAt

Wo = Ho(ZT) — Ho(Zo)
= /thtOt = (e7M) =1

G.N. Bochkov and Yu. E. Kuzovlev JETP 45, 125 (1977)



Strong coupling: Example

System: Two-level atom; “bath”: Harmonic oscillator

€ 1 1
H= 50z +Q (aTa—i— 2> + X0z (aTa—i— 2)

6*

H*:EUerV

) e P sinh(Bx)
* —artanh
. e+ x+ Bar an <1 PR:To) cosh(BX))

1 (1 —2e P2 cosh(Bx) + e26f2)

—
7T 8" (1— e P2)2
Zs = Tre M Fs = —kpyTInZs
_ OFs . _0Ss
=g =TT

M. Campisi, P. Talkner, P. Hanggi, J. Phys. A: Math. Theor. 42: 392002 (2009)



Entropy and specific heat

Q/e=3

Q/e=1/3

M. Campisi, P. Talkner, P. Hanggi, J. Phys. A: Math. Theor. 42: 392002 (2009)



Doing small systems: Fluctuation relations and the arrow of time

Peter Hanggi, Institut fur Physik, Universitat Augsburg

M. Campisi, P. Hanggi, and P. Talkner M. Campisi and P. Hanggi

Colloquium: Quantum fluctuation relations: Foundations and Fluctuation, Dissipation and the Arrow of Time
applications Entropy 13, 2024-2035 (2012).

Rev. Mod. Phys. 83, 771-791 (2011); G. L. Ingold, P. Hanggi, and P. Talkner
Addendum and Erratum: Quantum fluctuation relations: Specific heat anomalies of open quantum systems
Foundations and applications Phys. Rev. E 79, 061105 (2009)

Rev. Mod. Phys. 83, 1653 (2011).




Characteristic function of work

thto(u) = /dW eiuwpthto(w)
_ -I—reiuHH()\T) —iuH( Ao)p(to)
= <eiUHH(>\T)e_iUH(/\O)>tO

Hu(Ar) = UL o HOUsp o, 2(t0) = D Pa(to)p(to) Pa(to)

Note: Gy, ¢, (u) is a CORRELATION FUNCTION. If work was an
observable, i.e. if a hermitean operator W existed then the
characteristic function would be of the form of an EXPECTATION
VALUE

Gw(u) = (W) = Tre™™ p(to)

Hence, work is not an observable.
P. Talkner, P. Hanggi, M. Morillo, PRE 77, 051131 (2008)
P.Talkner, E. Lutz, P. Hanggi,

Phys. Rev. E 75, 050102(R) (2007) WE HiTfur Ry



MORE ON GAUGE FREEDOM

thys - — /dtQt)\t

Corresponds to the choice g = 0. Other physical expressions
are possible corresponding to different choices of g.

The experimental conditions determine uniquely the SPECIFIC
gauge one must choose !!!





