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Fluctuation theorems go beyond the linear response regime to describe systems far from equilibrium.
But what happens to these theorems when we enter the quantum realm? The answers, it seems, are now
coming thick and fast.




The famous Laws

Equilibrium Principle -- minus first Law

An isolated, macroscopic system which is placed in an arbitrary
initial state within a finite fixed volume will attain a unique
state of equilibrium.

Second Law (Clausius)

For a non-quasi-static process occurring in a thermally isolated
system, the entropy change between two equilibrium states is
non-negative.

Second Law (Kelvin)

No work can be extracted from a closed equilibrium system
during a cyclic variation of a parameter by an external source.



MINUS FIRST LAW vs. SECOND LAW

-1st Law

R 2nd Law




Second Law

Rudolf Julius Emanuel Clausius

(1822 — 1888)

Heat generally cannot
spontaneously flow from a

material at lower temperature to
a material at higher temperature.

5Q = TdS

(Ziirich, 1865)

William Thomson alias Lord Kelvin
(1824 — 1907)

No cyclic process exists whose sole
effect is to extract heat from a
single heat bath at temperature T
and convert it entirely to work.
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SECOND LAW

Quote by Sir Arthur Stanley Eddington:

“If someone points out to you that your pet theory of the universe is in disagreement
with Maxwell’s equations — then so much the worse for Maxwell’'s equations. If it is
found to be contradicted by observation — well, these experimentalists do bungle
things sometimes. But if your theory is found to be against the second law of
thermodynamics | can give you no hope; there is nothing for it but to collapse in
deepest humiliation.”

Freely translated into German:




What are fluctuation and work theorems
about?

Small systems: fluctuations may become comparable to
average quantities.

Can one infer thermal equilibrium properties from
fluctuations in nonequilibrium processes?



Equilibrium versus nonequilibrium processes

Isothermal quasistatic process:

e‘ﬂH(tO)/Z(to) e—BH(tf)/Z(tf)
quasi-
war |SYSTEM| stati vak |SYSTEM
AF =w = (w)

Non-equilibrium process:

H (to) Hity)

> Pts to(w) =7 pdf of work
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INCLUSIVE VS. EXCLUSIVE VIEWPOINT

C. Jarzynski, C.R. Phys. 8 495 (2007)

H(z, A\t) = Ho(z) — A+ Q(2)

W = —/dtQt}\t
= H(z7,A\r) — H(z0, Xo)

Not necessarily of the textbook form [ d(displ.)x (force)

Wy = /thtQt
= Ho(z+) — Ho(zo) Ze = {H(z¢, \t); 2}

G.N. Bochkov and Yu. E. Kuzovlev JETP 45, 125 (1977)



<e—ﬁW> — e—ﬂAF

Z(\)
Z(Mo)

AF = F(\) — F(\) = —B7tIn

200 = [ dzeex)

Since exp is convex, then

(W) > AF Second Law



Exclusive Work:

P[WO;)\l _ eﬁwo
pl—wo; Al
(e7Fmoy =1 Bochkov-Kuzovlev

Bochkov-Kuzovlev-Crooks

G.N. Bochkov, Y.E. Kuzovlev, Sov. Phys. JETP 45, 125 (1977);
G.N. Bochkov, Y.E. Kuzovlev, Physica A 106, 443 (1981)



INCLUSIVE, EXCLUSIVE and DISSIPATED
WORK

Weyis = W — AF (e PWais) =1

W, Wy, Wyjss are DISTINCT stochastic quantities

plx; Al # pol[x; A] # Paiss[x; Al

They coincide for cyclic protocols A\g = A;

M.Campisi, P. Talkner and P. Hanggi, Phil. Trans. R. Soc. A 369, 291 (2011)



GAUGE FREEDOM

H(z,t) = H(z.t) + g(t)
W' =W +g(r) - g(0)
AF' = AF + g(r) — g(0)

W, AF are gauge dependent: not true physical quantities

WARNING: be consistent! use same gauge to calculate W and

AF
(e PW'y = ¢ BAF — (e7PWy = e=PAF

The fluctuation theorem is gauge invariant !

Gauge: irrelevant for dynamics
crucial for ENERGY-HAMILTONIAN connection



GAUGE FREE vs. GAUGE DEPENDENT
EXPRESSIONS OF CLASSICAL WORK

H' = Ho(z) — A:Q(2) + 8(t)

Inclusive work:
W' = H'(z;,7) — H(20,0) , g-dependent
WPhys — —/dtQt}\t , g-independent
WP = W' — g(7) + g(0)
Exclusive work:

Wo = Ho(z-, Ar) — Ho(zo, Mo)
= /dt/\tQt , g-independent

Dissipated work:
Wiiss = H'(z7,7) — H'(20,0) — AF', g-independent



H(Z, )\t) — H()\t)
e_BH()‘t)
Z(Ae)
Z(At) — Z(\t) = Tre FH)
H t
©t,0[zo; Al — UrolA] = T exp [—é / ds?—l()\s)]
0

Wzo; \] —?

p(z,Ar) — o(Ae) =



WAl = U o[\ H(Ae) U o[\l — H( o)
= HI(Ae) — H(No)

H
/ dt}\taHa)\(A
t




WORK IS NOT AN OBSERVABLE

P. Talkner et al. PRE 75 050102 (2007)

Work characterizes PROCESSES, not states!
(6W is not exact)

Work cannot be represented by a Hermitean operator W

ﬂ Wizo; \] — w = Ejy —E}°

- two-measurements

E}t =instantaneous eigenvalue: H(\;)[Y)t) = EXt|yp)t)



Probability of work

H(t)<Pn,)\(t) = en(t)@n,k(t)
Pa(t) = Z len (1)) (@na(t)]
A

Pn = Tr Pn(tO)p(tO)
= probability of being at energy e,(ty) at t = ty

pn =Pn(to)p(to) Pn(to)/pn
— state after measurement

pn(tf) :Utf,toanE::,to

p(min) = TrPm(tr)pn(tr)
= conditional probability of getting to energy e, (tr)




Probability of work

Prro(w) =D 6(w — [em(tr) — en(to)])p(m|n)pn




Characteristic function of work

th,to(u) = / dw eiuwptf,fo(w)

= Z efuem(tr) ’ue"(tO)Ter(tf)Utf,foantt,top"

= Z Tre" ) P (te) Ugy e ™M) pp Ut pn

_ Tre’”H"’(t")e—’“H(t")ﬁ(to)

= <eiuH(tf)e—iuH(to)>to
Hi(te) = U, 1 H(te) Uty 1o,

= Palto)p(to) Pa(to),  p(to) = p(to) <= [p(to), H(to)]

P. Talkner, P. Hanggi, M. Morillo, Phys. Rev. E 77, 051131 (2008)
P.Talkner, E. Lutz, P. Hanggi, Phys. Rev. E 75, 050102(R) (2007)






Work is not an observable

Note: Gt ¢ (u) is a CORRELATION FUNCTION. If work was an
observable, i.e. if a hermitean operator W existed then the
characteristic function would be of the form of an
EXPECTATION VALUE

Gw(u) = (ei”W> = Trei”Wp(to)

Hence, work is not an observable.

P. Talkner, P. Hanggi, M. Morillo, Phys. Rev. E 77, 051131 (2008)
P.Talkner, E. Lutz, P. Hanggi, Phys. Rev. E 75, 050102(R) (2007)



Choose u = if3

<e_ﬂw> B /dw e_ﬁwpthfo(w)
= G0 (1) quantum
= Tre BHn(tr) gfH(t0) 7=1 ()= FH(10) Jarzynski
_ Tre—ﬁH(tf)/Z(tO) equality

= Z(tr)/Z(to)
_ o BAF




Quantum Jarzynski equality

The Jarzynski equality holds for systems with infinite-dimensional
Hilbert space and for universal measurement operators iff

(i) Mn(0) is error-free (p(n'[n) = d,.n), Ma(0) = |105(0))(n; 0
(i) {|vn(0))} form a complete orthonormal basis, i.e.
(¥n(0)|9x(0)) = Gpk and 3=, [1hn)(¥n| = 1

(iii) TrMb (1) My () = 1

P. Hanggi and P. Talkner, Nature Phys. 11, 108 (2015).
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OPEN SYSTEMS

H (A (t)) m———— Hoyorpm (A (t) + Hpata + Hss




OPEN QUANTUM SYSTEM: WEAK
COUPLING

B

Hs(M) | Hsp H()\t) = HS()\t) + HB + HSB

o(No) = e—ﬁH(Ao)/Y()\O)

AE = E,éf — E,’,\0 system energy change
AEB = Ef — Ef =-Q bath energy change

PIAE, QN = > S[AE — Epy + E°N[Q + EZ — El1Pmyns[NPh,

m,n,p,v

p[AE, Q, )\]/v _ eﬁ(AE_Q_AFS) AFS o —/8_1 In ZS()\T)
p[—AE, —Q; A] Zs(o)
AE=w+Q plw, Q; /\]~ — Bw—AFs)
P. Talkner, M. Campisi, P. Hanggi, J.Stat.Mech. (2009) P02025



po = Z_l(to)e_ﬁ(HS(to)+HSB+HB) therm. eq. at tp

B
~ pl [1 _/ dﬂ/eﬂ’(HS(to)+HB)5HSBe—[3’(Hs(to)-i-HB)]
0

P = Z5 (1) g e A (01HH)

o= Pia(to)poPial(to)

= p§+ 0 ((5HE)?)

thf’,tcoz(u, v) = Trei(qu(tf)—vHﬁ(tf))e—i(uHS(to)—vHB)pg




Crooks theorem for energy and heat

Zs(t0) Gy O (u,v) = Zs(t) G e (—u + iB, —v — iB)

Pu(AE, Q) Zs(tr) sac-q) _ ,~B(aFs—AE+Q)
pto7ff(_AE7_Q) ZS(tO)

AE = Ejy — EJ°
Q=-AEP =—EJ +E?

w=AE-Q: work
M _ e bwrsw) Pio(W) _ sarw
pto,tf(_Q’ _W) pr()/7tf(_W)
pIE(Q, w)
ptfytO(Q‘W) = pto,tf(_Q’ - W)? Pt;, tg(Q’ ) W

P. Talkner, M. Campisi, and P. Hanggi, J. Stat. Mech. (2009) P02025.



Pt ,to(W| Q)

_ BQ—Bw
Pro.t;(—w| — Q) e
o) Tre—BHS (to) g~ BHE(tr)
e o
Zs(to)Zg
(e~ 7E) Tre—BHi(tr) g—BH®
e =
Zs(to)Zs

P. Talkner, M. Campisi and P. Hanggi, J. Stat. Mech. Theor. Exp. P02025
(2009).
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OPEN QUANTUM SYSTEM: STRONG
COUPLING

B

Hs(\) | Hsr H()\t) = HS()\t) + HSB + HB

w = EN — £ = work on total system=work on S

Y(\t) = Tre AHO) — partition function of total system
Y(/\ )

e PHs(M) — partition function of S

Fs(\t) = —/6’*1 In Z5(At) proper free energy of open system

plw; A\l Y(AT)EBW _ Z()‘T)eﬁw _ Bw-DFs)

pl-w; A Y(Xo) Z(Xo)
M. Campisi, P. Talkner, and P. Hanggi, Phys. Rev. Lett. 102 210401 (2009)




Y(t)
Zs (t) = Z_B

—BHp
= Trge

/g =

where



Free energy of a system strongly coupled to
an environment

Thermodynamic argument:
Fs=F—Fp
F total system free energy

Fg bare bath free energy.

With this form of free energy the three laws of thermodynamics
are fulfilled.

G.W. Ford, J.T. Lewis, R.F. O’Connell, Phys. Rev. Lett. 55, 2273 (1985);
P. Hanggi, G.L. Ingold, P. Talkner, New J. Phys. 10,115008 (2008);
G.L. Ingold, P. Hanggi, P. Talkner, Phys. Rev. E 79, 0611505 (2009).



pthtf(_W) B

Y(to)

(e7) =

Preto(W) oW Y(tr) _ oW Zs(tr) _ B(w—AFs)

Zs(to)

e PAFs






Quantum Hamiltonian of Mean Force

Y(t "
Zs(t) == # = Trse PH"(®)
B
h
where — B(Hs )+ Hss-+Hp)
% . 1 TrBe

H (t) = —E |n TrBe_IBHB

also

e_ﬁH*(t) TrBe_BH(t)
Zs(t) — Y()

M. Campisi, P. Talkner, P. Hianggi, Phys. Rev. Lett. 102, 210401 (2009).




An important difference

Route IT ‘

Trs,p (Hse PH)

E= Ec = (H) =
5= ) = e P
Z_TrS+B(e‘ﬁH) _ 0lnZ
~ Trg(e PH) - 0p

= U=(H)-(Hp)s

-+ o+ [CFRY P |

For finite coupling E and U differ!

Quantum
Brownian
motion and
the 3" Jaw

Specific heat and
dissipation

Two approaches
Microscopic model

Route |

Route Il
specific heat
density of states

Conclusions
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Conditional Entropy
T(x'y)=HXKY)

HOO @ HY o H (XJ v) s (- ,)(x)t’n P()&))

H(Y[X) = —Z p(X,y)PH}o(x,y)

= H(Ix)
:-"',5 POy Zh plyhx) > 0

HOXY)

Quantum Conditional Entropy

von NEUMaANN: S, (9)=-Tr Pn
¥ CoupLING v podiie

.'-l B o
N 5 =5;N QM>- vN(§ ) N

SYSTEM
BATH 2. S8 SR,

2y c can
quan'}um cond, == SvN (322;2 5 (gB s 5:2:‘13)
antropy t*?ean



J. W. Gibbs L. Boltzmann C. E. Shannon
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Strong coupling: Example

System: Two-level atom; “bath”: Harmonic oscillator

€ 1 1
H= 50z +Q (aTa—i— 2> + X0z (aTa—i— 2)

6*

H*:EUerV

) e P sinh(Bx)
* —artanh
. e+ x+ Bar an <1 PR:To) cosh(BX))

1 (1 —2e P2 cosh(Bx) + e26f2)

—
7T 8" (1— e P2)2
Zs = Tre M Fs = —kpyTInZs
_ OFs . _0Ss
=g =TT

M. Campisi, P. Talkner, P. Hanggi, J. Phys. A: Math. Theor. 42: 392002 (2009)



Entropy and specific heat

Q/e=3

Q/e=1/3

M. Campisi, P. Talkner, P. Hanggi, J. Phys. A: Math. Theor. 42: 392002 (2009)



Summary

Classical and quantum mechanical expressions for the
distribution of work for arbitrary initial states

The characteristic function of work is given by a correlation
function

Work is not an observable.

Fluctuation theorems (Crooks and Jarzynski) for thermal
equilibrium states and microscopic reversibility

Open Systems

» Strong coupling: Fluctuation and work theorems
» Weak coupling: Fluctuation theorems for energy and heat as
well as work and heat

Measurements do not affect Crooks relation
and Jarzynski equality
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Fluctuation theorems go beyond the linear response regime to describe systems far from equilibrium.
But what happens to these theorems when we enter the quantum realm? The answers, it seems, are now
coming thick and fast.




A QUESTION ?
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