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Third Law

Harmonic
oscillator

Dissipative
systems

Harmonic oscillator

Free Brownian particle

Third Law of thermodynamics

Walter Hermann NERNST
(1864 - 1941)

„mein Wärmesatz“
(during his lecture August 15, 1905)

∆H −∆G

T
=∆S −→ 0 as T −→ 0



Third Law

Harmonic
oscillator

Dissipative
systems

Harmonic oscillator

Free Brownian particle

Famous exceptions to the Third Law

classical ideal gas

S = N
[
cV ln(T)+kB ln(V /N)+σ]

Moreover:
classical statistical mechanics: n-vector model with
n-dimensional vectors > 1 violates third law.
(e.g. planar Heisenberg (n = 2) or the n = 3 Heisenberg model)



Quantum Brownian motion and the
Third Law of thermodynamics

Peter Hänggi, Michele Campisi,
Gert-Ludwig Ingold, and Peter Talkner

Uni Augsburg

Acta Phys. Pol. B 37, 1537 (2006)
New J. Phys. 10, 115008 (2008)
Phys. Rev. E 79, 061105 (2009)

J. Phys. A (Fast Track) 42, 392002 (2009)
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. . . and Planck’s version

Max PLANCK
(1858 - 1947)

The entropy s = S/N per particle
approaches at T = 0 a constant
(s0 = kB lng(N)/N) value that
possibly depends on the chemical
composition of the system. This
limiting value can generally be set
to zero.
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A bit of thermodynamics

density of states ρ

canonical partition function Z

internal energy U entropy S

specific heat C

Z = ∫
dEρ(E)e−βE

U =−∂ lnZ

∂β
S =− ∂F

∂T
=−∂kB T lnZ

∂T

C = ∂U

∂T
C = T

∂S

∂T

β= 1

kB T
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The problem

T

HS HSB

γ

HBHS

What is the specific heat of a damped system?
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Specific heat from the system energy

Route I
density of states ρ

canonical partition function Z

system energy E = 〈HS〉 entropy S

specific heat C E

Z = ∫
dEρ(E)e−βE

U =−∂ lnZ

∂β
S =− ∂F

∂T
=−∂kB T lnZ

∂T

C = ∂U

∂T
C = T

∂S

∂T

β= 1

kB T
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Specific heat from the partition function

Route II
density of states ρ

canonical partition function Z = TrS+B (e−βH )

TrB (e−βHB )

internal energy U entropy S

specific heat CZ

Z = ∫
dEρ(E)e−βE

U=−∂ lnZ

∂β
S=− ∂F

∂T
=−∂kB T lnZ

∂T

C = ∂U

∂T
C = T

∂S

∂T

β= 1

kB T
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Free energy of a system strongly coupled to an environment

Thermodynamic argument:

Z = TrS+B(e−βH )

TrB(e−βHB )
−→ FS = F −F0

B

F total system free energy
FB bare bath free energy

With this form of free energy the three laws of thermodynamics
are fulfilled.

G. W. Ford, J. T. Lewis, R. F. O’Connell, Phys. Rev. Lett. 55, 2273 (1985)

P. Hänggi, G.-L. Ingold, P. Talkner, New J. Phys. 10, 115008 (2008)

G.-L. Ingold, P. Hänggi, P. Talkner, Phys. Rev. E 79, 061105 (2009)
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The role of quantum dissipation

HSB

γ

HS HB

energy of damped harmonic oscillator

E = 〈HS〉 = 〈p2〉
2M

+ M

2
ω2

0〈q2〉

expectation value of system operator

〈OS〉 =
Tr

[
OS exp(−βH)

]
Tr

[
exp(−βH)

]
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An important difference

Route I E
.= ES = 〈HS〉 = TrS+B(HSe−βH )

TrS+B(e−βH )

Route II Z = TrS+B(e−βH )

TrB(e−βHB )
U =−∂ lnZ

∂β

⇒ U = 〈H〉−〈HB〉B

= ES +
[
〈HSB〉+ 〈HB〉−〈HB〉B

]

For finite coupling E and U differ!
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Entropy of the damped harmonic oscillator

S = kB

[
1− ln(ħβω0)+ ħβγ

2π
+g (λ+)+g (λ−)

]

with g(z) = ln[Γ(1+z)]−zψ(1+z)

leading low-temperature behavior

S = π

3

γ

ω0

k2
BT

ħω0
+O(T 3)

third Law is satisfied 4
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The concept of a partition function. . .

. . . for dissipative quantum systems

Z = Tr
[
exp(−βH)

]
TrB

[
exp(−βHB)

]
harmonic oscillator

Z = 1

ħβω0

∞∏
n=1

ν2
n

ν2
n +νnγ̂(νn)+ω2

0

with νn = 2π

ħβn

〈E〉Z =− ∂

∂β
ln(Z)

= 1

β

[
1+

∞∑
n=1

2ω2
0 +νnγ̂(νn)−ν2

nγ̂
′(νn)

ν2
n +νnγ̂(νn)+ω2

0

]
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The fundamental relation

〈E〉Z =− ∂

∂β
ln(Z) = 1

β

[
1+

∞∑
n=1

2ω2
0 +νnγ̂(νn)−ν2

nγ̂
′(νn)

ν2
n +νnγ̂(νn)+ω2

0

]

?= 1

β

[
1+

∞∑
n=1

2ω2
0 +νnγ̂(νn)

ν2
n +νnγ̂(νn)+ω2

0

]
= 〈E〉

in general: NO

〈E〉Z = 〈H〉−〈HB〉B

= 〈E〉
‖

〈HS〉
+ [〈HSB〉+〈HB〉−〈HB〉B]

6= 〈HS〉



SvN = - k Tr (ρslnρs) ≥ S (T) 

 

C. Hörhammer & H. Büttner, arXiv:0710.1716 

 

?   | δQ/dSvN| ≥ k T ln 2   ? 
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Drude model

damping kernel
γ(t) = γωDe−ωDt

Quantum Langevin equation

M
d2

dt2 q+MγωD

∫ t

t0

ds e−ωD(t−s) d

ds
q = ξ(t)

equivalent equations of motion

q̇ = v

v̇ = z

ż =−ωDz−γωDv

oscillations occur for ωD < 4γ
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Model for a damped free particle

Hamiltonian

H = HS +HB +HSB

= p2

2M
+

∞∑
n=1

(
p2

n

2mn
+ mn

2
ω2

nx2
n

)
+

∞∑
n=1

(
−cnxnq+ c2

n

2mnω
2
n

q2
)

translational invariance: cn = mnω
2
n

= p2

2M
+

∞∑
n=1

(
p2

n

2mn
+ mn

2
ω2

n(xn −q)2
)

Quantum Langevin equation

M
d2

dt2 q+M
∫ t

t0

dsγ(t − s)
d

ds
q = ξ(t)

damping kernel and noise
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Damping kernel and noise

damping kernel

γ(t) = 1

M

∞∑
n=1

c2
n

mnω
2
n

cos(ωnt)

= 1

M

∞∑
n=1

mnω
2
n cos(ωnt)

noise operator

ξ(t) =−Mγ(t − t0)q(t0)+
∞∑

n=1

[
cnxn(t0)cos

(
ωn(t − t0)

)
+ cn

mnωn
pn(t0)sin

(
ωn(t − t0)

)]
=−Mγ(t − t0)q(t0)+

∞∑
n=1

[
mnω

2
nxn(t0)cos

(
ωn(t − t0)

)
+ωnpn(t0)sin

(
ωn(t − t0)

)]
return
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A gas of free Brownian particles

energy

E = 〈p2〉
2M

= 1

2β

[
1+2

∞∑
n=1

γ̂(νn)

νn + γ̂(νn)

]

specific heat

CE = 1

2
+

∞∑
n=1

γ̂2(νn)+ν2
nγ̂

′(νn)

(νn + γ̂(νn))2

return
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Specific heat of a damped free particle

Route I

0

0.2

0.4

0.6

C
E

/k
B

0 0.2 0.4 0.6 0.8 1

kBT /ħγ

ωD /γ=∞
5
1
0.2

explicit results

• T →∞: classical value kB/2
damping constant γ sets the temperature scale

• coupling to the environment ensures 3rd law

• less damping makes the system more classical
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Specific heat from system energy

CE

kB
= x1x2

x1 −x2

[
x2ψ

′(x2)−x1ψ
′(x1)

]− 1

2

with

x1,2 = ħβωD

4π

(
1±

√
1− 4γ

ωD

)
high-temperature expansion

CE

kB
= 1

2
− ħ2γωD

24(kBT)2 +O(T−3)

low-temperature expansion

CE

kB
= π

3

kBT

ħγ − 4π3

15

(
kBT

ħγ
)3 (

1−2
γ

ωD

)
+O(T 5)

return
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Partition function and internal energy

undamped case

Z0 = L

ħ
(

2πm

β

)1/2

with damping

Z = Z0

∞∏
n=1

νn

νn + γ̂(νn)

internal energy compare with energy E

U = 1

2β

[
1+2

∞∑
n=1

γ̂(νn)−νnγ̂
′(νn)

νn + γ̂(νn)

]

= ħωD

2π
ψ

(ħβωD

2π

)
− x+
β
ψ(x+)− x−

β
ψ(x−)− 1

2β

hänggi
Hervorheben
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Specific heat from partition function

CZ

kB
= x2

1ψ
′(x1)+x2

2ψ
′(x2)−

(ħβωD

2π

)2

ψ′
(ħβωD

2π

)
− 1

2

with

x1,2 = ħβωD

4π

(
1±

√
1− 4γ

ωD

)
high-temperature expansion

CZ

kB
= 1

2
− ħ2γωD

12(kBT)2 +O(T−3)

low-temperature expansion

CZ

kB
= π

3

kBT

ħγ
(
1− γ

ωD

)
− 4π3

15

(
kBT

ħγ
)3 [

1−3
γ

ωD
−

(
γ

ωD

)3]
+O(T 5)

return
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Specific heat of a damped free particle

Route II partition function

−0.2

0

0.2

0.4

0.6

C
Z

/k
B

0 0.2 0.4 0.6 0.8 1

kBT /ħγ

ωD /γ=∞
5
1
0.2

explicit results

The specific heat can be negative!?
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Origin of a negative density of states

a simple model:

• system

• one single bath oscillator with frequency ω

ß total system with eigenenergies En and degeneracies gn

Z = TrS+osc(e−βH )

Trosc(e−βHosc )
=∑

n
gne−βEn

(
eħβω/2 −e−ħβω/2)

ρ(E) =∑
n

gnδ(E −En +ħω/2)−∑
n

gnδ(E −En −ħω/2)

return
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Density of states of a damped free particle

Route II

ρ(E) ∼ 1p
E

−2

−1

0

1

2

ρ
ħω

D
L

D
/L

0 2 4 6 8

(E −U0)/ħωD

ωD /γ=∞
= 5
= 1
= 0.2

negative d.o.s.
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Strong coupling: Example

System: Two-level atom; “bath”: Harmonic oscillator

H =
ε

2
σz + Ω

(
a†a +

1

2

)
+ χσz

(
a†a +

1

2

)
H∗ =

ε∗

2
σz + γ

ε∗ = ε+ χ+
2

β
artanh

(
e−βΩ sinh(βχ)

1− e−βΩ cosh(βχ)

)
γ =

1

2β
ln

(
1− 2e−βΩ cosh(βχ) + e−2βΩ

(1− e−βΩ)2

)

ZS = Tre−βH∗ FS = −kbT ln ZS

SS = −∂FS

∂T
CS = T

∂SS

∂T

M. Campisi, P. Talkner, P. Hänggi, J. Phys. A: Math. Theor. 42 392002 (2009)
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2

β
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(
e−βΩ sinh(βχ)

1− e−βΩ cosh(βχ)

)
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1

2β
ln
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Entropy and specific heat
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Conclusions

• specific heat depends on friction strength

• finite damping restores third Law for the
free Brownian particle

C ∝ kBT

ħγ
• dependence on prescription

HSB part of “S” and/or part of “B”
exception: strict ohmic damping

References:

Acta Phys. Pol. B 37, 1537 (2006)
http://th-www.if.uj.edu.pl/acta/vol37/pdf/v37p1537.pdf
New J. Phys. 10, 115008 (2008)
Phys. Rev. E 79, 061105 (2009)
J. Phys. A (Fast Track) 42, 392002 (2009)
Phys. Rev. E 80, 041113 (2009)

http://th-www.if.uj.edu.pl/acta/vol37/pdf/v37p1537.pdf
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Low temperature behaviour of the specific heat

Route II

Free damped particle

CZ

kB
= π

3

1+ γ̂′(0)

γ̂(0)

kBT

ħ +O(T 3)

Damped harmonic oscillator

CZ

kB
= π

3

γ̂(0)

ω2
0

kBT

ħ +O(T 3)

for the damped harmonic oscillator the specific heat is always
positive





HOMEPAGE 
„HANGGI“ 

 
 
GO TO : FEATURE ARTICLES 
 
 
• Quantum Dissipation  

                   and 
      Quantum Transport 
 
 
 
http://www.physik.uni-augsburg.de/ 
theo1/hanggi/Quantum.html 





 
    P. Hänggi 

 
Institut für Physik 

Universität Augsburg 
 
 

Quantum 
Dissipation:  

A Primer 



NOISE-INDUCED ESCAPE 
 
 

 
 
 

 



Reaction-rate theory: fifty years after Kramers 

Peter Hanggi 

Lehrstuhl fur Theoretische Physik, University of Augsburg, 0-8900 Augsburg, Federal Republic of Germany 

Peter Talkner* 

Department of Physics, University of Basel, CH-4056 Basel, Switzerland 

Michal Borkovec 

lnstitut fur Lebensmittelwissenschaft, ETH-Zentrum, CH-8092 Zurich, Switzerland 

The calculation of rate coefficients is a discipline of nonlinear science of importance to much of physics, 
chemistry, engineering, and biology. Fifty years after Kramers' seminal paper on thermally activated bar- 
rier crossing, the authors report, extend, and interpret much of our current understanding relating to 
theories of noise-activated escape, for w-hich many of the notable contributions are originating from the 
communities both of physics and of physical chemistry. Theoretical as well as numerical approaches are 
discussed for single- and many-dimensional metastable systems (including fields) in gases and condensed 
phases. The role of many-dimensional transition-state theory is contrasted with Kramers' reaction-rate 
theory for moderate-to-strong friction; the authors emphasize the physical situation and the close connec- 
tion between unimolecular rate theory and Kramers' work for weakly damped systems. The rate theory 
accounting for memory friction is presented, together with a unifying theoretical approach which covers 
the whole regime of weak-to-moderate-to-strong friction on the same basis (turnover theory). The pecu- 
liarities of noise-activated escape in a variety of physically different metastable potential configurations is 
elucidated in terms of the mean-first-passage-time technique. Moreover, the role and the complexity of es- 
cape in driven systems exhibiting possibly multiple, metastable stationary nonequilibrium states is 
identified. At lower temperatures, quantum tunneling effects start to dominate the rate mechanism. The 
early quantum approaches as well as the latest quantum versions of Kramers' theory are discussed, there- 
by providing a description of dissipative escape events at all temperatures. In addition, an attempt is 
made to discuss prominent experimental work as it relates to Kramers' reaction-rate theory and to indi- 
cate the most important areas for future research in theory and experiment. 
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