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LIST OF SYMBOLS

A(T)
C (1)
D

E

E,
E(A)
EYS

1
J

temperature-dependent quantum rate prefac-
tor

correlation function

diffusion coefficient

energy function

activation energy (=barrier energy with the
energy at the metastable state set equal to
Zero)

Hessian matrix of the energy function at

the stable state )
Hessian matrix of the energy function

around the saddle-point configuration
action variable of the reaction coordinate
Jacobian

Rev. Mod. Phys., Vol. 62, No. 2, April 1990

K (x,x")
M
P(E)

P(E,E")

transition probability kernel

mass of reactive particle

period of oscillation in the classically al-
lowed region

classical conditional probability of finding
the energy E, given initially the energy E'
quantum correction to the classical prefac-
tor

dissipative bounce action

temperature

crossover temperature

period in the classically forbidden regime
metastable potential function for the reac-
tion coordinate

volume of a reacting system

partition function, inverse normalization
partition function of the locally stable state
(4)

partition function of the transition rate
Hamiltonian function of the metastable sys-
tem

complex-valued free energy of a metastable
State

Fokker-Planck operator

backward operator of a Fokker-Planck pro-
cess

total probability flux of the reaction coordi-
nate

Planck’s constant

h(2m)~!

Boltzmann constant

reaction rate

forward rate

backward rate

transition-state rate

microcanonical transition-state rate, semi-
classical cumulative reaction probability
spatial-diffusion-limited Smoluchowski rate
mass of ith degree of freedom

probability density

stationary nonequilibrium probability densi-
ty for the reaction coordinate

momentum degree of freedom
configurational degree of freedom

quantum reflection coefficient

density of sources and sinks

quantum transmission coefficient

mean first-passage time to leave the domain
Q, with the starting point at x

constant part of the mean first-passage time
to leave a metastable domain of attraction
velocity of the reaction coordinate

reaction coordinate

location of well minimum or potential
minimum of state A, respectively

barrier location

location of the transition state

inversion temperature (kp7)~!
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Schematic of stochastic resonance . The cross-
hatched oval represents a black-box system
which receives two inputs: one weak and
periodic, the other strong and random. The
output 1s relatively regular with small
fluctuations.
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QUANTUM SR

INCOHERENT

TUNNELING

E=1

LOW FREQUENCIES
LOW TEMPERATURES

adiabatic quantum coherence

a1l €#0

HIGH FREQUENCIES
HIGH TEMPERATURES

driving induced coherence

(2)

LOW FREQUENCIES
HIGH TEMPERATURES

incoherent regime
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Third Law of thermodynamics

Third Law

,mein Warmesatz“
(during his lecture August 15, 1905)
AH-AG
T

=AS—0 as T—0

Walter Hermann NERNST
(1864 - 1941)



Famous exceptions to the Third Law

classical ideal gas

S=N[cyIn(T) + kgln(V/N) + 0]

Moreover:

classical statistical mechanics: n-vector model with
n-dimensional vectors > 1 violates third law.

(e.g. planar Heisenberg (n = 2) or the n = 3 Heisenberg model)

Third Law

Harmonic oscillator

Free Brownian parti



Quantum Brownian motion and the
Third Law of thermodynamics

Peter Hanggi, Michele Campisi,
Gert-Ludwig Ingold, and Peter Talkner

Uni Augsburg

Acta Phys. Pol. B 37, 1537 (2006)
New J. Phys. 10, 115008 (2008)
Phys. Rev. E 79, 061105 (2009)

J. Phys. A (Fast Track) 42, 392002 (2009)



..and Planck’s version

Max PLANCK
(1858 - 1947)

Third Law

The entropy s = S/ N per particle
approaches at T'=0 a constant

(so = kpln g(N)/N) value that
possibly depends on the chemical
composition of the system. This
limiting value can generally be set
to zero.




"for his contributions in the field of chemical thermodynamics,

particularly concerning the behaviour of substances at extremely
low temperatures”

William Francis
Giauque

LUsA

Lniversity of California
Berkeley, Ca, USA

b. 1895
d. 1982



A bit of thermodynamics

| density of states p |

1
P=r Z = [dEp(E)e PE
| canonical partition function Z |
B aln.}f _ OF _
T ooT
internal energy U | entropy S

BN, e

specific heat C

akB TInZ

oT

Quantum
Brownian
motion and
the 3" Jaw

Specific heat and
dissipation

Two approaches
Microscopic model

Route |

Route Il
specific heat
density of states

Conclusions



The problem

What is the specific heat of a damped system?

Quantum
Brownian
motion and
the 3 Jaw

Specific heat and
dissipation
Two approaches
Microscopic model

Route |

Route I
specific heat
density of states

Conclusions



Specific heat from the system energy

N N Quantum
| density of states p | Brownian
motion and
the 37 law

Specific heat and
dissipation

Two approaches
canonical partition function Z '

Microscopic model

Route |
Route Il
specific heat
density of states
Conclusions

entropy S

i

specific heat C*

AN

system energy E = (Hg)

/




Specific heat from the partition function

Quantum

| density of states p | Brownian

motion and
the 3™ law
Specific heat and
dissipation

Trs +B (e_ BH ) Two approaches

Microscopic model

TrB (e— BHg ) Route |

Route Il

specific heat
density of states
Conclusions

internal energy U | entropy S

N

specific heat C?

canonical partition function Z =




Free energy of a system strongly coupled to an environment

Thermodynamic argument:

_ Trs,s (e_ﬁH)
" Trg(ePHs)

F  total system free energy
Fg Dbare bath free energy

With this form of free energy the three laws of thermodynamics
are fulfilled.

G. W. Ford, J. T. Lewis, R. E O’Connell, Phys. Rev. Lett. 55, 2273 (1985)
P. Hanggi, G.-L. Ingold, P. Talkner, New J. Phys. 10, 115008 (2008)
G.-L. Ingold, P. Hanggi, P. Talkner, Phys. Rev. E 79, 061105 (2009)

Quantum
Brownian
motion and
the 3" Jaw

Specific heat and
dissipation

Two approaches
Microscopic model

Route |

Route Il
specific heat
density of states

Conclusions



The role of quantum dissipation

energy of damped harmonic oscillator

M
E=(Hs) = ;’”Z—M> + 3w3<q2>

expectation value of system operator

Tr [Osexp(—fH)|
(Os) =
Tr [exp(-pH)]




An important difference

Route IT ‘

Trs,p (Hse PH)

E= Ec = (H) =
5= ) = e P
Z_TrS+B(e‘ﬁH) _ 0lnZ
~ Trg(e PH) - 0p

= U=(H)-(Hp)s

-+ o+ [CFRY P |

For finite coupling E and U differ!

Quantum
Brownian
motion and
the 3" Jaw

Specific heat and
dissipation

Two approaches
Microscopic model

Route |

Route Il
specific heat
density of states

Conclusions



Entropy of the damped harmonic oscillator

S=kg|1-In(fifwy) + % +gA)+gAl)

with g2 =In[I'1+2)]-zy(l+2)

leading low-temperature behavior

Ty ]‘% +O(T%)

3 wo hwo

third Law is satisfied ¢/

Harmonic osc

Free Brownia

illator

n particle



The concept of a partition function...

...for dissipative quantum systems

_ Tr[exp(-pH)]
* Trp [exp(~BHg)]

harmonic oscillator

_ 1 1 V%‘ with v —Znn
" Pwo poy VE+ VTV + 03 " hp
(E) ——iln(Z)
z= B

1,8 205 +Vuf (Vi) =V (Vi)

Bl st Vitvalve) +oj




The fundamental relation

1 0 202 + v, 7 (v,) — V3P (v
(Bz——iln(Z)_— 0 2 nY(An) nYZ( n
o0p B =1 VatVal(ve) +
? 1 S 2(0%4—1/"}7(1/")

1+Z

=1 v +vaY (Vi) + “’0

in general: NO

(E)z=(H)—(Hp)B
= (}P + [(Hsp) + (Hp) — (Hg)3l
(Hs)
# (Hs)

=(E)




Swn =-KTr (pslnps) > S (T)

ratio |0Q)/dS, |

0 0.1 0.2 0.3 0.4 0.5
]CT/ﬁwo

C. Hérhammer & H. Bittner, arXiv:0710.1716

Temperature dependence of the ratio |6Q/dS.| (in
bits) with the heat defined by 6Q = T'dS(1") for quasi-static
variations of the oscillator frequency dwo. The system-bath-
couplings are chosen to be v = mwa /T’ = 0.1 (dark line) and
v = mwad/T = 0.5 (gray line). At low T deviations from the
Landauer bound k7 In 2 (dashed line) occur.

2 |6Q/dSy|>kTIn2 ?



Drude model

damping kernel

Quantum

_ —wpt Brownian
Y(t) - '}/(,UDe motion and
the 37 law

Quantum Langevin equation
Specific heat and
dissipation

d? t wp(—s d
M—ad+ M —wpl=8) — o
gz 9+ Mywp . dse 7 (1)

Two approaches
Microscopic model

Route |

Route I
specific heat

density of states

equivalent equations of motion

Conclusions

V=2z

Z=-wpz—Yywpv

oscillations occur for wp < 4y



Model for a damped free particle

Hamiltonian
Quantum
Sl
" :H”HB*HSB )
the 3" law
my - xz = (,‘,21
Z 2 wn n +Z —CpXndg+ 2q2
n=1 mn n=1 2 na)n Specific heat and

dissipation
Two approaches

. . . Microscopic model
translational invariance: ¢, = m,w?

Route |

Route Il

specific heat

2 2 density of states
Z ( n(xn - q) ) Conclusions
n=1

Quantum Langevin equation

2 t d
M@C]'FML dS’}/(t—S)Es‘qzé(t)



Damping kernel and noise

damping kernel

Quantum
1 & C%l Brownian
[ motion and
Y(t) - M nZl mnw% COS(wnt) the 37 law
=77 2 M, cos(@nf) aion
n=1 Two approaches
. Microscopic model
noise Opera‘[or Route |
[e.e] Route Il
_ specific heat
§(1) = —My(t—10)q(to) + ), [cnxn(to) cos (wn(t~ 1))
n=1 =
onclusions
Cn .
+ Pn(to) sin (w,(t— 1)) ]
nWn

= —My(t—1to)q(tp) + Y [Mnw’xn(to) oS (Wt — 1))

n=1

+ Wnpn(to) sin (wn (1 - 19))]



A gas of free Brownian particles

energy
_ <pZ_> _ 1 2 i ?(Vn)
2M 2 1Vt TV

specific heat

1 s 2(vp) + V 7' (vi)
2 +nz::1 (Vn+')/(vn))2




Specific heat of a damped free particle

04 |
)
=
© o2l _wD/YZEO
— 1
— 0.2
0 n 1 n 1 n 1 n 1 n
0 02 04 06 08

k'B T/ hY
* T — oo: classical value kg/2
damping constant y sets the temperature scale

« coupling to the environment ensures 3™ law

* less damping makes the system more classical

Quantum
Brownian
motion and
the 37 law

Specific heat and
dissipation

Two approaches
Microscopic model

Route |

Route Il
specific heat

density of states

Conclusions



Specific heat from system energy

CE X1X2 / ’ 1 Quantum
_— [xzw (x2) —_ xlw (xl)] —_— Bro.wniand
faoe 2 e
with
h wD 4 Specific heat and
xl 2= ﬁ 1 + 1 — —Y dissipation
! wp Two approaches
Microscopic model
high-temperature expansion REsiEl
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Partition function and internal energy
undamped case

with damping
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Specific heat from partition function
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Specific heat of a damped free particle
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The specific heat can be negative!?



Origin of a negative density of states

a simple model:
e system
» one single bath oscillator with frequency w
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Density of states of a damped free particle
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Strong coupling: Example

System: Two-level atom; “bath”: Harmonic oscillator
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Entropy and specific heat
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Conclusions

¢ specific heat depends on friction strength

¢ finite damping restores third Law for the
free Brownian particle
ks T
Cx —
hy
* dependence on prescription
Hgp part of “S” and/or part of “B”

exception: strict ohmic damping
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Low temperature behaviour of the specific heat
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for the damped harmonic oscillator the specific heat is always
positive
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NOISE-INDUCED ESCAPE
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Reaction-rate theory: fifty years after Kramers

Peter Hanggi

Lehrstuhl fiir Theoretische Physik, University of Augsburg, D-8900 Augsburg, Federal Republic of Germany
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Department of Physics, University of Basel, CH-4056 Basel, Switzerland

Michal Borkovec ,
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The calculation of rate coefficients is a discipline of nonlinear science of importance to much of physics,
chemistry, engineering, and biology. Fifty years after Kramers’ seminal paper on thermally activated bar-
rier crossing, the authors report, extend, and interpret much of our current understanding relating to
theories of noise-activated escape, for which many of the notable contributions are originating from the
communities both of physics and of physical chemistry. Theoretical as well as numerical approaches are
discussed for single- and many-dimensional metastable systems (including fields) in gases and condensed
phases. The role of many-dimensional transition-state theory is contrasted with Kramers’ reaction-rate
theory for moderate-to-strong friction; the authors emphasize the physical situation and the close connec-
tion between unimolecular rate theory and Kramers’ work for weakly damped systems. The rate theory
accounting for memory friction is presented, together with a unifying theoretical approach which covers
the whole regime of weak-to-moderate-to-strong friction on the same basis (turnover theory). The pecu-
liarities of noise-activated escape in a variety of physically different metastable potential configurations is
elucidated in terms of the mean-first-passage-time technique. Moreover, the role and the complexity of es-
cape in driven systems exhibiting possibly multiple, metastable stationary nonequilibrium states is
identified. At lower temperatures, quantum tunneling effects start to dominate the rate mechanism. The
early quantum approaches as well as the latest quantum versions of Kramers’ theory are discussed, there-
by providing a description of dissipative escape events at all temperatures. In addition, an attempt is
made to discuss prominent experimental work as it relates to Kramers’ reaction-rate theory and to indi-
cate the most important areas for future research in theory and experiment.
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