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PHYSICAL REVIEW A 69, 052109 (2004)

Is the dynamics of open quantum systems always linear?

Karen M. Fonseca Romero,* Peter Talkner, and Peter Hinggi
Instint fiir Physik, Universitit Augsburg, Universititsstrasse 1, D 86315 Augsburg, Germany
(Received 1 December 2003; published 17 May 2004)

We study the influence of the preparation of an open gquantum system on its reduced time evolution. In
contrast to the frequenfly considered case of an initial preparation where the total density matrix factorizes into
a product of a system density matrix and a bath density matrix the time evolution generally is no longer
governed by a linsar map ner is this map affine. Put differently, the evolution is truly nonlinear and cannot be
cast into the form of a linear map plus a term that is independent of the initial density matrix of the open
quantum system. As a consequence, the inhomogeneity that emerges in formally exact generalized master
equations is in fact a nonlinear term that vanishes for a factorizing initial state. The general results are
elucidated with the example of two interacting spins prepared at thermal equilibrium with one spin subjected
to an external field. The second spin represents the environment. The field allows the preparation of mixed
density matrices of the first spin that can be represented as a convex combination of two limiting pure states,
i.¢., the preparable reduced density matrices make up a convex set. Moreover, the map from these reduced
density matrices onto the corresponding density matrices of the total system is affine only for vanishing
coupling between the spins. In general, the set of the accessible total density matrices is nongonvex.
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FREE QUANTUM Brownian
MOTION

Using the path integral methodology in full phase space

of system + bath + interaction
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Table 3
Asymptotic long-time dependence of the mean square displacement [s,(¢) for T=0 and s(¢) for T > 0] and
the antisymmetrized part A"(¢) of the displacement correlation function in terms of the exponent « and the
quantities defined in eqs. (11.19-11.23). The symmetrized part Q"(f) of the displacement correlation
function is given by Q"(¢) = —s(¢)/2

a so(1) [T=0] A'(r) s(t) [T>0
0<a<l 2q. )
a=1 2d, In(s) ~(ah/2p, )1 2D,
x [1+O(n~'(1))]  x[1+0(¢7, 7)) X[1+0@™, )]
1<a<2 2d 1"
x {1+0(" )] J

a=2 2d,t/In’(1) —(h )t/ In(2) 2D,¢/In(¢)
X [1+O(In""(1))] X [1+0(In~(1))] X [1+O(In""(2)))
2<a<3 2d ¢ ’
x [140(t*™)] o
a=3 2d,In(1) ¢ B IERE ) -2 2-a 2(03/2)1 -2 2-a
g o B X [1+ 0% 7)) X[1+0(t %))
I<a constant !
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Fig. 7. (a) The exponent of the asymptotic time dependence of the response function y(¢) is shown as a function of the spectral exponent a. (b) The
solid (dashed) line shows the exponent of the asymptotic time dependence of the mean square displacement s(¢)(s,(¢)) for finite (zero) temperature
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Quantum Brownian motion and the
Third Law of thermodynamics

Peter Hanggi, Michele Campisi,
Gert-Ludwig Ingold, and Peter Talkner

Uni Augsburg

Acta Phys. Pol. B 37, 1537 (2006)
New J. Phys. 10, 115008 (2008)
Phys. Rev. E 79, 061105 (2009)

J. Phys. A (Fast Track) 42, 392002 (2009)



Model for a damped free particle
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A bit of thermodynamics
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An important difference
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Free energy of a system strongly coupled to an environment

Thermodynamic argument:
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" Trg(ePHs)

F  total system free energy
Fg Dbare bath free energy

With this form of free energy the three laws of thermodynamics
are fulfilled.

P. Hanggi, G.-L. Ingold, P. Talkner, New J. Phys. 10, 115008 (2008)
G.-L. Ingold, P. Hanggi, P. Talkner, Phys. Rev. E 79, 061105 (2009)
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Partition function and internal energy
undamped case

with damping
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Specific heat from partition function
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Schematic of stochastic resonance . The cross-
hatched oval represents a black-box system
which receives two inputs: one weak and
periodic, the other strong and random. The
output 1s relatively regular with small
fluctuations.
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where B is the coeffieient of sliding friction if there is slip
between the diffusing molecule and the solution. For N
molecules of solute per c.c. of solution the total resistance
will be N times this, and in the steady state of diffusion will
equilibrate the driving force due to variation of the osmotic
pressure of the solute, namely dp/de, which by the osmotic
laws is RTdefde, if ¢ is the concentration of the solute at

@ and R is the gas constant, Hence N 1V

7 | 1+ 27/8¢ % j’az q
RTE—I% = G VyaN —".—7]—1@“ ) o (@0 A&f é
- :

and the required formula for the coefficient of diffusion with
C for the number of molecules in a gramme-molecule is

FTRT 1480 N e
T 6wpaC l4+29/Be 0 ®)

If B=eo, that is, if there-ismo-slipping of €olution at surface
of molecule, «D is the same for all molecules diffusing through
a given solvent at a given temperature. Now for a large
molecule of g¢olute moving amongst smaller ones of solvent,
we can sce that the slipping is probably small. But in the
other extreme case of a small molecule of solute moving
amongst larger ones of solvent, an effect analogous to slipping
will occur, since the small molecnle will travel a good deal in
the gaps which would be left if the molecules of solvent were
forced almost into permanent contact. We have thus two
extreme cases of the formula.

RT
‘When B:O, D= ml (4)
RT s L] L] . L] ’. .
and when 8=, D=

6mnal
Thus with increasing values of « we should have aD

diminishing from the upper limit RT/47yC, when a is small,

to the lower limit RT/679C, when @ is large. This is
analogous to the actual bchaviour of BiD obtained from
experiment, B being the volume of the molecules in a gramme-
molecule of solute. The first of the following tables contains
the coefficients of diffusion for various gases through water
determined by Hiifner *. I have reduced these all to a tem-
perature of 16° C., and expressed them with the second as unit
of time instead of the day. The values of B ate taken mostl

from ‘ Further Studies on Molecular Force’ (Phil. Mag. [6]
xxxix.). In the second lust row are given the values of

* Wied. dzn. 1897, vol. x1., and Zeit. f. Phys. Chem. xxvil.
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