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Tasaki-Crooks Fluctuation Theorem and
Jarzynski Equality: State of the art

m Classical
v’ lIsolated system
v" Weak coupling
v" Strong Coupling

= Quantum
v’ Isolated system
v" Weak coupling
v Strong Coupling




What are fluctuation and work theorems
about?

Peter Hanggi,
Michele
Campisi, and
Peter Talkner

Small systems: fluctuations may become comparable to
average quantities.

Can one infer thermal equilibrium properties from
fluctuations in nonequilibrium processes?



Jarzynski’'s equality
C. Jarzynski, PRL 78, 2690 (1997)

Z(tg)ePH(t) non-eq.

Peter Hinggi {H(t)}¢ 4: protocol
Michele H(ty) H(tf) w: work performed
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AF = F(tf) — F(to), F(t)=—-p"tInZ(t)

(-): average over realizations of the same protocol

Jensen’s inequality :  AF < (w) Second Law



Crooks’ fluctuation theorem

Pr(W) _ aF-w)
ptO:tf(_W)

G.E. Crooks, PRE 60,2721 (1999)
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Force (pN)
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wik

D. Colin et al. Nature
437, 231 (2005)




Equilibrium versus nonequilibrium processes

Isothermal quasistatic process:

e‘ﬁH(tO)/Z(to) e—ﬁH(tf)/Z(tf)
quasi-
vk |SYSTEM| static weak  |SYSTEM
contact H (tO) —_— contact H (tf)
AF =w = (w)

Non-equilibrium process:

H (to) Hity)

> Pts to(w) =7 pdf of work
to ts t




Definition of work

A. Classical:

w = /ttf dt m_l(za(tt)’t) = H(Z(tf), tf) — H(z(t-o)7 tO)

Peter_ Hanggi, i .
Michele z(t): Trajectory in phase space

Campisi, and

Peer Taklner  7(t): Starting point taken from Z~1(ty)e #H(z:t0)

B. Quantum mechanical:

w = em(tr) — en(to)
H(t)@n,/\(t) = en(t)‘a@n,)\(t)

work is a RANDOM quantity due to the randomness inherent in
the INITIAL STATE p(tp) and in QUANTUM MECHANICS.



Probability of work

H(t)<Pn,)\(t) = en(t)@n,k(t)
Pa(t) = Z len () (@na(t)]
A

Pn = Tr Pn(tO)p(tO)
= probability of being at energy e,(ty) at t = ty

pn =Pn(to)p(to) Pn(to)/pn
— state after measurement

pn(tf) :Utf,topn U;7t0

p(min) = TrPm(tr)pn(tr)
= conditional probability of getting to energy e, (tr)




Probability of work

Prra(w) =D 6(w — [em(tr) — en(to)])p(m|n)ps




Characteristic function of work

Gthto(u) = /dW eiuwpffyfo(w)
- Z eiuem(tf)e_iuen(tO)Ter(tf)Utf,topn Ultif—,top"

m,n

_ Z TreiuH(tr) Pu(tr) U e—iH(to)pn U{';,topn

_ TreiLlHH(tf)e_iUH(to)ﬁ( tO)
= <eiUH(tf)e_iUH(t0)>t0

HH(tf) = U;i'-f,to H(tf)Utf,foa

p(to) =D Pa(to)p(to)Pa(te), A(to) = p(to) <= [p(to), H(to)]




Work is not an observable

Note: Gt ¢ (u) is a CORRELATION FUNCTION. If work was an
Peter Hinggl observable, i.e. if a hermitean operator W existed then the
ichele L. .
Campisi, and characteristic function would be of the form of an

Peter Talkner
EXPECTATION VALUE
Gw(u) = (e = Tre™W p(to)

Hence, work is not an observable.

P. Talkner, P. Hanggi, M. Morillo, Phys. Rev. E 77, 051131 (2008)
P.Talkner, E. Lutz, P. Hanggi, Phys. Rev. E 75, 050102(R) (2007)



Canonical initial state

B = () ity

to ty

t

p(to) = Z7Y(to)e PH) Z(19) = Tre PH(0)  5(to) = p(to)

GE 1 (B, u) = Z7Y(to) TreHnltr) g=iub(t0) g=H(t0)




Choose u = i3

<e_ﬁw> B /dw e_ﬁwpthfo(w)
= G710 (1) quantum
= Tre BHn(tr) gH (1) 71 ()= H(t0) Jarzynski
_ Tre—ﬂH(tf)/Z(tO) equality

= Z(tr)/Z(to)
_ o BAF




u— —u+ i@ and time-reversal

Z(t0) G () = Tr U, ey, 4 e (CutiIH(b)
= Tr e (CutifH(tr) o= BH(t) - i—utiB)H()

= Z(t)65, (~u+ D)

Pty o (W) _ Z(tf)egw _ o—B(aF-w) | Tasaki-Crooks
Pote(—w)  Z(to) theorem

H. Tasaki, cond-mat/0009244.
P. Talkner, P. Hanggi, J. Phys. A 40, F569 (2007).




Microcanonical initial state

p(to) = wgl(to)5(H(to) — E),
we(to) = Trd(H(to — E)) = e>(E0)/ ke

Peter Hanggi,
compand | we(to): Density of states, S(E, to): Entropy

Peter Talkner

PG (E.w) = wg (to)Tr S(Hu(tr) — E — w)S(H(to) — E)

Phw(Esw)  weyw(tr) olS(E+w,tr)—=S(E.))/ke
pt07tf(E + w, _W) wE(tO)

P.Talkner, P. Hianggi, M. Morillo, Phys. Rev. E 77, 051131 (2008)



Example

Driven harmonic oscillator

H(t) = hwata+ f*(t)a+ f(t)a™, F(t) =0fort < to

Peter Hanggi,
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Peter Talkner . . |f(tf)‘2 ,um 5 . 9 FLCL)U
th,to(u)—eXP{—’U o < )]Z| an n|4|z|"sin -

1 i df(s) Iws
pn = TrPa(t)p(t0) = (nlp(to) ), 2=+ / UL

() 1
(w) = hw|z]?=—="2, (W)= (w)* = 2(hw)*|z|*((a" a)o+3)
(w): independent of initial state;
(-): average w.r.t. initial state p(to) = ), pn|n)(n|.
P. Talkner, S. Burada, P. Hanggi, PRE 78, 011115 (2008).



Perio(W) = Y ar Slw — (hwr — |f(te) 2/ (hw))]

rez
R MC.i.S.
T
B = Bhw
c.i.s.
zZ =

mc.i.s. ng = 0,3
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Candidate experimental check of Jarzynski
equality in the quantum regime

Atom in Paul Trap: Quantum Harmonic Oscillator

m Prepare oscillator in
Peter Ha i,
“Michele - thermal state
Campisi, and B T T T I Ringelektrode
Peter Talkner

m Probe the oscillator
initial eigenstate

m Change trap stiffness

m Probe the oscillator
final eigenstate

>
 Endkappe

m Construct py, ¢ (W)

G. Huber, F. Schmidt-Kaler, S. Deffner, E.Lutz, PRL 101
070403 (2008)



Open Quantum Systems: Weak Coupling

H5(t) H(t) = H(t) + HE + HB

HE(1)Pia(t) = & (£)Pr.a(t),
HBPi,a(t) = eo’?Pi,a(t)a
e’ (tr) — ejg(to) = E = internal energy change

e

— eﬁB = — @ = exchanged heat
po = Z Pi o(t0)poPi.o(to)

Pt to(E, @) = joint PDF for E and Q

th;‘:g(u v) = Trei(qu,(tf)—vHE(tf))e—i(uHS(to)—vHB)ﬁO

P. Talkner, M. Campisi, P. Hanggi, J.Stat.Mech. (2009) P02025



po = Z_l(to)e_ﬂ(HS(to)+HSB+HB) therm. eq. at tp

B
~ pl [1 _/ dﬂ/eﬁ’(HS(to)+HB)5HSBe—ﬂ’(Hs(to)-i-HB)]
0

P8 = Z5 (1) Zg e P (01HHY)

o= Pia(to)poPial(to)

= p§+ 0 ((5HE)?)

thf’,tcoz(u, v) = Trei(qu(tf)—vHﬁ(tf))e—i(uHS(to)—vHB)pg




Crooks theorem for energy and heat

Z5(t0) Gy (u,v) = Zs(tr) G el (—u + i3, —v — if)

Pewo(E, Q) Zs(tr) eB(E=Q) _ —B(AFs—E+Q)
Pto,te(—E, — Q) Zs(to)
w=E—Q: work
M _ o B(BFs—w) Phra(W) o~ BAFs—w)
pt(),tf(_Q7 _W) pgov,ff(_w)

ptf,to (Q W)

Pt to(QIW) = Pro,t (= Q = W), pry.1s(Qlw) = Pif 1(W)




Strong coupling: Quantum Treatment

H(t) = Hs(t) + Hsg + Hp

Fluctuation Theorem for the total system:

Prrro(W) Y(tf)e,aw
pto,tf(_W) Y (ti)

where:
Y(t) = Tre—A(Hs(t)+Hsz+Hg)

and
w = em(tf) — e,-,(to)

en(t)= instantaneous eigenvalues of total system




Free energy of a system strongly coupled to
an environment

Thermodynamic argument:

Peter Hanggi, _ o 0
Michele Fs=F—Fp
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F total system free energy
Fg bare bath free energy.

With this form of free energy the three laws of thermodynamics
are fulfilled.

G.W. Ford, J.T. Lewis, R.F. O’Connell, Phys. Rev. Lett. 55, 2273 (1985);
P. Hanggi, G.L. Ingold, P. Talkner, New J. Phys. 10,115008 (2008);
G.L. Ingold, P. Hanggi, P. Talkner, Phys. Rev. E 79, 0611505 (2009).



Y(t)
Zs(t) = — =

—BHpg
here Zg = Trge™#
whe



pthtf(_W) B

Y(to)

(e7) =

Preto(W) oW Y(tr) _ oW Zs(tr) _ (w—AFs)

Zs(to)

e PAFs



Quantum Hamiltonian of Mean Force

Zs(t) = % = Trge 7171

where B(Hs (£)+ Hsa+He)
1  Trepe PHs se+Hp

H*(t) :==—=1n r6¢

1] TrBe‘ﬁHB

also .
e_ﬁH (t) . TrBe_ﬁH(t)

Zs(t)y — Y(t)

M. Campisi, P. Talkner, P. Hianggi, Phys. Rev. Lett. 102, 210401 (2009).




Strong coupling: Example

System: Two-level atom; “bath”: Harmonic oscillator

€ 1 1
H= 50z +Q (ah—i— 2> + X0z (aTa—i— 2)

Peter Hanggi, 6*

Michele *
Campisi, and H = 02 + Y
Peter Talkner 2

) e % sinh(Bx)
* —artanh
. e+ x+ ﬁar an <1 IPRCTo) cosh(ﬁX))

1 (1 —2e "2 cosh(Bx) + ezfm)

—
75" (1— e 12)2
Zs = Tre AH" Fs = —kpyTInZs
_ OFs . _0Ss
=gr =TT

M. Campisi, P. Talkner, P. Hanggi, J. Phys. A: Math. Theor. 42 392002 (2009)



Entropy and specific heat

Q/e=3
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Q/e=1/3




Summary

m CORRELATION FUNCTION expression of characteristic
function of work valid for all initial states of a closed

system.
Peter Hanggi, m Work is not an oservable.
Michele . .
Campisi, and m Canonical initial states.

Peter Talkner
m Quantum Crooks' fluctuation theorem.

m Quantum Jarzynski's work theorem.

Microcanonical state:

m Crooks type theorem yields microcanonical entropy
changes.

Open Systems
m Weak coupling: Fluctuation theorems for energy and heat
and work and heat
m Strong coupling: Fluctuation and work theorems
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