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Second Law

Rudolf Julius Emanuel Clausius

(1822 — 1888)

Heat generally cannot
spontaneously flow from a

material at lower temperature to
a material at higher temperature.

5Q = TdS

(Ziirich, 1865)

William Thomson alias Lord Kelvin
(1824 — 1907)

No cyclic process exists whose sole
effect is to extract heat from a
single heat bath at temperature T
and convert it entirely to work.
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SECOND LAW

Quote by Sir Arthur Stanley Eddington:

“If someone points out to you that your pet theory of the universe is in disagreement
with Maxwell’s equations — then so much the worse for Maxwell’'s equations. If it is
found to be contradicted by observation — well, these experimentalists do bungle
things sometimes. But if your theory is found to be against the second law of
thermodynamics | can give you no hope; there is nothing for it but to collapse in
deepest humiliation.”

Freely translated into German:




MINUS FIRST LAW vs. SECOND LAW

-1st Law

R 2nd Law




GI1BBS, JOSIAH WILLARD.

Elementary principles
in statistical mechanics

CHAPTER VIIL

ON CERTAIN IMPORTANT FUNCTIONS OF THE
ENERGIES OF A SYSTLEM.

Ix order to comsider more particularly the distribution of a
canonical ensemble in energy, and for other purposes, it will
be convenient to use the following definitions and notations.

Let us denote by V the extension-in-phase below a certain
limit of energy which we shall call e. That is, let

v= ... [ap..

the integration being extended (with constant values of the
external codrdinates) over all phases for which the energy is
less than the limit e.  'We shall suppose that the value of this
integral is not infinite, except for an infinite value of the lim-
iting energy. This will not exclude any kind of system to

. dq,, (265)
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CHAPTER XIV.

DISCUSSION OF THERMODYNAMIC ANALOGIES.

I¥ we wish to find in rational mechanics an @ prior: founda-
tion for the principles of thermodynamies, we must scek
mechanical definitions of temperature and entropy. The
quantities thus defined must satisfy (under conditions and
with Himitations which again must be specified in the language
of mechanics) the differential equation

de = T(l’r} — A, da; — Ag d(bg — etc., (482)
where ¢, T, and 5 denote the energy, temperature, and entropy
of the system considered, and A4, de;, etc., the mechanical work
(in the narrower sense in which the term is used in thermo-

dynamics, <.e., with exelusion of thermal action) done upon
external bodies.

The quantity in the equation which corresponds to entropy
is log V, the quantity V7 being defined as the extension-in-
phase within which the energy is less than a certain limiting

value (e).
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Entropy in Stat. Mech.

S = ]{7]3 In Q(E, V, )

QM: Q¢ (E,V,.. 21

0<E,<E
classical
1

Gibbs: g = (N! hDOF> /dF@ (E — H(q,p;V, ))

0 Qg
OF

X /dF5 (E — H(q,p;V, ))

density of states

Boltzmann: (g = ¢



Thermodynamic Temperature

0Q"" =TdS + thermodynamic entropy

S = S(E,V,Ny, Ny, ... M,P,..)

S(FE,...): (continuous) & differentiable and

monotonic function of the internal energy E

05\ _ 1
OE) T



Ui
Microcanonical thermostatistics

P H(Z)=E

q
W
D-Operator DoS
S(E— H w(B, Z) = Ta[§(E — H)] > 0
rem z) = e
)= IntDoS
Thermodynamic Entropy ?
Se(F) = In (e w) Sa(F) =1n{)

VS.
Boltzmann (?) Gibbs (1902), Hertz (1910)




Boltzmann  vs. Gibbs 2

v(E,Z) = 0w/OE,
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‘Non-uniqueness’ of temperature

Temperature does NOT determine direction heat flow.
Energy is primary control parameter of MCE.



Proof:

1 0Tc\ 1 () 10 -
C <8E T kg \Q ) kg (V)2

1 mﬂ}_ 1 (1_T_G>
kg ()2 kg Th
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arxiv: 1304.2066

Consistency requirements

Consistent thermostatistical model (p,.S) must fulfill

(08 03 03 1 p a;
dS—<8E>dE+(av>dV+Z(aAi>dAz :de+?dv+Z?dAi‘

1

where

e.g. for pressure (1 =0)

0S
:T —_—
p=1(5




| i
First law

dEE = o0Q) + 0A = TdS—andZn

0 =1(02) 02,
Gibbs

£ (228) =22 foe -] - Lnf-Loe— )

y
o (o) sz o

see also Campisi, Physica A 2007
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| T
First law

dEE = o0Q) + 0A = TdS—andZn

pi=T (8_‘9) ! <8_H>
! 0Z; E,Z,#7Z, 0Z; E

Gibbs & m— Boltzmann x

see also Campisi, Physica A 2007



n:=-
Second law s

Gibbs Sc(E) =nQ

Q(Ea+ E3)

/
Ex+Es E'
— / dE’/ dE"wa(E"\ws(Eaq+ Eg — E')
0 0

Es+Esg E 4
dE,/ dE”wA (E”)wg (EA + By — E’)
0

A Eg
— dE//w_A (E//) / dE//,CUB (E///)
0 0

=Qa(Eq) Qs(E3).

—>  Scas(Ea+Es) > Sau(Ea) + Sas(Es)
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n:=-
Second law s

Boltzmann Sp(E) = In (ew)
Ea+E3
ew(EA —|—EB) = 6/ dE’wA(E’)wB (EA + Egp —E’)
0

Z cwalEa)ws(Es)

X



Zeroth Law

aalie==—f,

\‘:E':f‘/

A in equilibrium with B:  fag(pa, Va;ps, Vs, ...)
B in equilibrium with C:  fgc(ps, VB;pc, Ve, ...
= A in equilibrium with C < fac(pa, Va;pc, Ve, ...)

Transitivity !

0
0
0

Allows the formal introduction of a temperature:
T =Ta(pa,Va;...) = Ts(pB, VB;...) = Tc(pc, Vo --)



Thermal equilibrium i

f
be ore A %
coupling
TA(E4) Te(ER)
H=Hjs+Hp=FE,+Eg=F
after
. A 5
coupling T(E)
(TaA(Ea))E (Tr(ER))E
> - wa(Bg)ws(E— Ey)
(Ti(E)) i = / dE, T,(E;) mi(E/| E) ma(Ea|) = SAEALEE -2



Zeroth law i

T(E)
A B C
(T4(Ea))E (Is(EB))E (Tc(Ec))E

Gibbs

QA(EA) wA(EA)wB(E — EA)
wA(EA) w(E)

Tca(Ba))E = /OOOdEA

— ﬁ/o dEA Qa(Eq)ws(E — Ey)

— To(E)

v



Entropy S(F) second law | first law | zeroth law |equip artition
Eq. (38) |Eq. (37)| Eq. (20) | equipartition
Gibbs In 2 yes yes yes yes
Penrose In 2+ In (Qoo — Q) — In Qo yes yes no no
Complementary Gibbs [In|, — Q] yes yes no no
Differential Boltzmann |In|Q(E + €) — Q(E)] yes no no no
Boltzmann In ew) no no no no
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M
For Gibbs temperature & classical Hamiltonian
systems even more ...

for all canonical coordinates { = (£,...) equipartition

<fz 353 > = 1Ir (fz (953) _ = kplg 5@']’

H(§Z)=E

.. essentially Stokes theorem

W

A. I. Khinchin. Mathematical Foundations of Statistical Mechanics. Dover, New York,
1949.
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Example |:

QE,V) = aB™PVY,

Se(E,V, A) = kg In|ew(FE)]

N
E: <d7 —1) kBTB

VS.

Classical ideal gas

(27m ) 3N/2

~ NIT(dN/2 + 1)

@

Sa(E,V,A) = kgIn|Q(F)]

dN
E — TkBTG




Example |: Classical ideal gas

QE,V) =aBE™?VY,

VS.

(27rm ) 4N/

~ NIT(dN/2 + 1)

@

Sa(E,V,A) = kgIn|Q(F)]

dN
E — TkBTG




Example 3:

E, =an®/L?,

a = h°m?/(2m),

Q:’]’L:

Se(E,V, A) = kg In[ew(E)]

kpls = —2FE <0

0S5p 2F
pB—TB<aL> ——T#p

Dark energy 77?7

VS.

|-dim |-particle quantum gas

n=12,...,00

L\/E/a

Sa(E,V,A) = kg In|Q(F)]

0S¢\ _ 2P
kBTg—QE, pG_TG(@L) T
_ 9E 2E




Example 3:

|-dim |-particle quantum gas

a = h°m?/(2m),

n=12,...,00

Q=n=L\/FE/a

E, =an®/L?,
B 7V7 A) — kB 1I1[€ )]
kpTh —2h7< 0
pe = Ts ) = 2 # P

Dark energy 77?7

VS.

Sa(E,V,A) = kg In|Q(F)]

i

0S¢ 2F
oL

kplag = 2L, pc =1g (—




Inconsistent thermostatistics
and
negative absolute temperatures

JOorn Dunkel and Stefan Hilbert,
nature physics 10: 67-72 (2014)
& ! SUPPL. -MATERIAL !



? Negative Temperature ?

Spin system:  [S|=1/2; ji=~S; H=-) ji;-B

S || B = Two-State-System: €, = —578 < € = +§7B = uB

N =ng+n. &E = puB(n. —n,), typically E <

N!

W =
E | |
(N u—B) ngne!

= Sp = kplnw

DO | =

1 1 _958
§(N+u_8> ITg OF

) o, -
) . -



n[):= SQ[x_, n_, u_, B_] ==
nLog[2] -n/2 (1+x/ (uBn)) Log[l+x/ (uBn)]-n/2 (1-x/ (uBn)) Log[l-x/ (uBn)]
W[x_, n_, u_, B_] := Exp[SQ[x, n, u, B]]
Q[x_, n_, u_, B_] := Exp[SQ[x, n, u, B]] / (2 uB)
Qe[x_,n_, u_, := Derivative[l, 0, 0, 0] [Q] [x, n, u, B]
OB[x_, n_, u_, := Derivative[0, O, O, B] [Q] [x, n, u, B]
@[x_,n_, u_, B_ NIntegrate[Q[y, n, u, B], {y, -nuB, x}]
§B[x_l n_, u_, B ] := NIntegrate[QB[Yl n, u, B] 4 {YI -nl—lBr x]’]
S[x_,n_, u_, Log[&[x, n, u, B]]
T[x_l n_,d_, B_ %[x, n, u, B] /Q[xl n, u, B]
TQ[x_I n_, u_, B_] = Q[xr n, u, B] /Qe[xl n, u, B]
MQ[x_, n_, u_, B_] :=QB[x, n, u, B] /Qe[x, n, u, B]
M[x_,n_,pu ,B ] :=-x/B

B_]
B_]

B_] :
B_]

ne2j= n = 10°2;
m=10"8;
Plot[{SQ[en, n, 1, 1] /n, S[en, n, 1, 1] /n}, {e, -1, 1}]
Plot[{SQ[em, m, 1, 1] /m, S[em, m, 1, 1] /m}, {e, -1, 1}]
Plot[{TQ[en, n, 1, 1], T[en, n, 1, 1]}, {e, -1, 1}, PlotRange » {-100, 100}]
Plot[{TQ[em, m, 1, 1], T[em, m, 1, 1]}, {e, -1, 1}, PlotRange » {-100, 100}]
Plot[{MQ[en, n, 1, 1] /n, M[en, n, 1, 1] /n}, {e, -1, 1}]
Plot[{MQ[em, m, 1, 1] /m, M[em, m, 1, 1] /m}, {e, -1, 1}]
Clear[n, m]

Purple: S_Phi /N
Blue: S_Omega/N

. N=100
x-axis in all graphs is E/(2\mu N)
Purple: S_Phi /N
Blue: S_Omega/N

Out[25]=
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Limit Value = Log 2
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SCIENCE VOL 339 4 JANUARY 2013 IIIII

Negative Absolute Temperature for
Motional Degrees of Freedom

S. Braun,™? ]. P. Ronzheimer,** M. Schreiber,™? S. S. Hodgman,*? T. Rom,*?
l. Bloch,? U. Schneider®?*

Ultra-cold boson gas in optical lattice  10° *°K atoms

H__Jbe—l— Zn,( —1)+VZr
(i)

via Feshbach resonance

e U>0: repulsive interactions
e U<O: attractive interactions

Claim: for U, V<0 spectrum bounded from above,
population inversion in momentum space — T < ()



SCIENCE VOL 339 4 JANUARY 2013

Negative Absolute Temperature for
Motional Degrees of Freedom

S. Braun,™? J. P. Ronzheimer,™? M. Schreiber,* S. S. Hodgman,™? T. Rom,"?

I. Bloch,>? U. Schneider®?*

Because negative temperature systems can ab-
sorb entropy while releasing energy, they give
rise to several counterintuitive effects, such as
Carnot engines with an efficiency greater than
unity (4). Through a stability analysis for thermo-
dynamic equilibrium, we showed that negative
temperature states of motional degrees of free-
dom necessarily possess negative pressure (9) and
are thus of fundamental interest to the description
of dark energy in cosmology, where negative pres-
sure 1s required to account for the accelerating
expansion of the universe (/0).

v’ Carnot efficiencies > |

v’ Dark Energy
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. . . arxiv: 13
Generic spin or oscillator model HiF

Hszjhn, E, = €, 0, =01... L
n_;A:e(€1+...+€N) 0< E\<E,=¢LN
l, = L
- . o
—0— —0—
[, =0




. . . arxiv: 13
Generic spin or oscillator model HiF

N

HNZZ}LTU Egnzefn gn:O,l,L
n=1
Ern=€ell1+...4+LN) 0< E\<E,=¢LN

— 2
Q) g
kp'lg =
g 3 BB TR, —9F
= D
n 9
=
> D
2 ) 5 but
5 0. E = 0.4E, S0 E = 0.6E, >
I
W _10 Pe $98834,,,, : L ANTTL LA ﬁ
0 ! '+~ 0 ' 1t Ig >0
|
0O E//e 10 ITB 0 E//e 10 G
_20 | | . Ll [ |
0 0.5 1
"N = L = 10, Total energy E/E,

184756 states



Measuring 75 vs. TG e

One-particle distribution = T
o 1 i‘rﬁ Schematic experimental distribution
TrN—l [5(E J— HN)] % i\ EOne—parame’[er thermal fit
p1 = Try_1lpNn| = 5l — % -
C(.JN o [] i—ii__.
Low energy £ . >
Energy £

Steepest-descent approximation

G_EE/(kBTB)

p1r =expllnp] = p~ CA

7 =" e EulnTs)
14

see e.g. Huang’s textbook

features Ig and not 1g

—> one-particle thermal fit does not give absolute T =T

Generally

C(OTe\
C—(a—E>




A QUESTION ?




Conclusions

population inversion => microcanonical

bounded spectrum = ensembles not
equivalent

consistent thermostatistics = Gibbs entropy
temperature always positive
(‘by construction’)

no Carnot efficiencies > 1

Hilbert-Hanggi-Dunkel, Phys.Rev. E 90: 062116 (2014)
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