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1. Why is d = 1 special for interacting electrons?

cf. Sénéchal (1999)
Electrons in a solid

General Hamiltonian: Ĥ = Ĥ0 + Ĥint

Kinetic energy (single energy band)

Ĥ0 =
∑

σ=↑,↓

∑

k

εk ĉ
+
kσ ĉkσ

d = 1: Fermi surface consists of two Fermi points

π0 kF

vFEF

–
kF

(R)(L)

holes

electrons




Λ

Coulomb interaction:

Ĥint = 1

2L

∑

kk′qσσ ′
V σσ

′
kk′q ĉ

+
k+qσ ĉ

+
k′−qσ ′ĉk′σ ′ĉkσ

⇒ creates two particle-hole pairs in Fermi sea

spectrum of Ĥ: complicated many-body problem!
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Propagation of particle-hole pairs

d = 1:

π0 k

k

F

εF

–kF

ε(k)

k

E

⇒ particle/hole have approximately same velocity vF
⇒ coherent propagation almost like a single particle

d = 2:

k

Ek

k

kx

ky

kF

⇒ particle-hole pair with small relative k can be created at various E

⇒ incoherent motion more likely

Momentum distribution:

kkF

n(k)

Luttinger liquid (d = 1)

Z

kkF

n(k)

Fermi liquid (d ≥ 2)
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2. The bosonization method

Fermionic field operators

Let us consider a standard fermion on the line x = −L
2
. . . L

2
:

{ψ̂(x), ψ̂+(x′)} = δ(x − x′) if x,x′ ∈ [−L
2
;
L
2
] ,

{ψ̂(x), ψ̂(x′)} = 0 ,

with boundary conditions (periodic: δ = 0, antiperiodic: δ = 1)

ψ̂(x + L
2
) = eπiδ ψ̂(x − L

2
) , δ ∈ [0; 2) .

We expand in Fourier components

ψ̂(x) = 1√
L

∑

k

e−ikxĉk ,

where k = 2π
L
(nk − δ

2
), with nk ∈ Z, and

{ĉk, ĉ+k′} = δkk′ ,

{ĉk, ĉk′} = 0 .

Note:

• L is large but finite ⇒ wavevector k is discrete

• no periodic lattice ⇒ number of modes nk is infinite
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Vacuum state and normal ordering

Consider a non-interacting system

with energy dispersion εk.

εk is increasing with k

⇒ all states with (say) k ≤ 0

are occupied

⇒ infinite Dirac sea

emptyfilled

k

εk

We define a vacuum state |0〉
0

ĉk|0〉0 = 0 for k > 0 , ĉ+k |0〉0 = 0 for k ≤ 0 , (1)

a corresponding normal ordering

∗
∗ÂB̂Ĉ...

∗
∗ = ÂB̂Ĉ... −

0
〈0|ÂB̂Ĉ...|0〉

0
for Â, B̂, Ĉ, ... ∈ {ĉk, ĉ+k }

and the number operator:

N̂ =
∑

k

∗
∗ĉ
+
k ĉk

∗
∗ =

∑

k>0

ĉ+k ĉk +
∑

k≤0

(−ĉ+k ĉk)︸ ︷︷ ︸
ĉ
k
ĉ+
k
−1

=
∑

k

(
ĉ+k ĉk − 0

〈0|ĉ+k ĉk|0〉0
)
.

• N̂ has eigenvalues N ∈ Z

• we define |N〉
0

as |0〉
0

with lowest |N| extra particles/holes

• Hilbert space HN contains all states with N̂-eigenvalue N

• Fock space Fc =H0 ⊕ H1 ⊕ H−1 ⊕ H2 ⊕ H−2 ⊕ ...
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Bosonic particle-hole excitations

Consider density operators ρ̂q =
∑

k

ĉ+k+qĉk

and their commutation relations:

[ρ̂q, ρ̂q′] =
∑

k

(
ĉ+k+qĉk+q′ − ĉ+k+q−q′ĉk

)
← NOT separately convergent

=
∑

k

(
∗
∗ĉ
+
k+qĉk+q′

∗
∗ − ∗∗ĉ+k+q−q′ ĉk∗∗ ← separately convergent

+
0
〈0|ĉ+k+qĉk+q′|0〉0 − 0

〈0|ĉ+
k+q−q′ ĉk|0〉0

)

= δqq′
∑

k

(
Θ(k+ q ≤ 0)−Θ(k ≤ 0)

)

︸ ︷︷ ︸
∝ q

• exact only if bottom of band extends to k = −∞
• very different from d ≥ 2 where [ρ̂q, ρ̂q′] = 0

Define bosons: b̂+q =
i√
nq

∑

k

ĉ+k+qĉk for q > 0

• they obey [b̂q, b̂
+
q′] = δqq′ and [b̂q, b̂q′] = 0

⇒ particle-hole excitations are independent bosons!

• b̂q|N〉0 = 0 ⇒ in eachHN the state |N〉
0

is vacuum for b̂q

⇒ boson normal-ordering = fermion normal-ordering

• bosons commute with N̂
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Reorganization of Hilbert space

Bosonic basis states: |N; {mq}〉 =
∏

q>0

(b̂+q )
mq

√
mq!

|N〉
0

Example:

|N;{m  }>q

k

1 12 4 5

0|N>

Claim: Hilbert spaceHN (all states with N fermions) can

be obtained by acting with bosons on Dirac sea |N〉
0

Step 1: “Kronig identity”

∑

q>0

q ∗∗b̂
+
q b̂q

∗
∗ =

∑

k

k ∗∗ĉ
+
k ĉk

∗
∗ −

2π

L

N̂(N̂ + 1− δ)
2

Note:

• b̂+q b̂q contains 4 fermions, but only N̂2 survives

• can be verified via commutators with density operators

• purely algebraic identity, does not use bosonic commutators

• holds even for finite Fermi sea; works only for linear prefactor

• kinetic energy with linear dispersion is quadratic in bosons!

7



Equivalence of Fock spaces

Step 2: Completeness of bosonic states

• bosons are defined in terms of fermions ⇒ Fb ⊆ Fc
• calculate a sum of positive quantities using fermions and bosons

Grand partition function for non-interacting Hamiltonian: (δ = 1)

ĥ0 =
∑

k

k ∗∗ĉ
+
k ĉk

∗
∗ =

π

L
N̂2 +

∑

q>0

q ∗∗b̂
+
q b̂q

∗
∗ (Kronig)

1) In fermionic basis:

Zc = Trc[e
−βĥ0] =

∞∏

n=1

(1+w2n−1)2 , w = e−βπ/L

2) In bosonic basis: |N; {mq}〉 has ĥ0-eigenvalue πN2/L+
∑

q>0

qmq

Zc =
∞∑

N=−∞
wN

2
∞∑

M=0

P(M)w2M =
∞∑

N=−∞
wN

2
/ ∞∏

M=1

(1−w2M)

where P(M) = number of partitions of integer M

⇒ Zc = Zb due to an identity for the elliptic theta function ϑ3

bosonic Fock space spans full fermionic Fock space
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The bosonization identity

Commutator of bosons with fermions:

[b̂q, ψ̂(x)] =
i eiqx√
nq

ψ̂(x)

⇒ b̂qψ̂(x)|N〉0 =
i eiqx√
nq

ψ̂(x)|N〉
0︸ ︷︷ ︸

eigenstate of b̂q!

due to b̂q|N〉0 = 0

Coherent-state representation:

ψ̂(x)|N〉
0
= λN(x) exp

[ ∑

q>0

i eiqx√
nq

b̂+q
︸ ︷︷ ︸
≡ −iϕ̂+(x)

]
F̂ |N〉

0

“Klein factor” F̂ deletes one fermion (which is something bosons

can’t do):

[N̂, F̂] = −F̂ , [N̂, F̂+] = F̂+ , F̂ F̂+ = F̂+F̂ = 1 , F̂2 = F̂+2 = 0

Now express any state |N〉 in terms of b̂+q ’s acting on |N〉
0
, and

commute these through ϕ̂+(x):

ψ̂(x) =
√

2π
L
e−

2π
L (N̂−

δ
2)x F̂ e−iϕ̂+(x) e−iϕ̂(x)

“bosonization identity”

• operator identity in Fock space, independent of Hamiltonian

• right-hand side is normal ordered
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Bosonic fields

We use the bosonic field ϕ̂

ϕ̂(x) = −
∑

q>0

e−iqx√
nq

b̂q e
−aq/2 , regularized by a → 0+

and the hermitian field φ̂(x)

φ̂(x) = ϕ̂(x)+ ϕ̂+(x)

with commutators (for L → ∞)

[ϕ̂(x), ϕ̂+(x)] = − ln
(

2π
L
(x − x′ − ia)

)

[φ̂(x), φ̂(x′)] = −iπ sgn(x − x′)

This leads to the expression

∑

q>0

q ∗∗b̂
+
q b̂q

∗
∗ =

1

4π

∫
dx ∗∗(∂xφ̂(x))

2∗
∗

and allows fields in bosonization identity to be combined:

e−iϕ̂+(x) e−iϕ̂(x) =
√

L

2πa
e−iφ̂(x)︸ ︷︷ ︸

not normal ordered!

but this introduces a factors a−1 ⇒ limit a→ 0 must be delayed
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3. Tomonaga-Luttinger model

The Hamiltonian

Consider two branches:

one right-moving fermion, ΨR(x) = ψ1(x),

one left-moving fermion ΨL(x) = ψ2(−x)

Ĥ0 = v0
F

∫
dx ∗∗Ψ̂+R i

∂

∂x
Ψ̂R − Ψ̂+L i

∂

∂x
Ψ̂L
∗
∗

= v0
F

∑

η=1,2

∑

k

k ∗∗ĉ
+
kηĉkη

∗
∗

= v0
F

∑

q>0,η

q ∗∗b̂
+
qηb̂qη

∗
∗ +

v0
Fπ

L

∑

η

N̂2
η

k

εk

L R

⇒ kinetic energy is quadratic in bosons (as before)

Coulomb interaction acts on the densities ρ̂L,R(x) = Ψ̂+L,R(x)Ψ̂L,R(x):

Ĥint =
∫∫
V2(x − x′)∗∗ρ̂L(x)ρ̂R(x

′)+ ρ̂R(x)ρ̂L(x
′)∗∗dxdx

′

+
∫∫
V4(x − x′)∗∗ρ̂L(x)ρ̂L(x

′)+ ρ̂R(x)ρ̂R(x
′)∗∗dx dx

′

⇒ interaction is quartic in fermions, quadratic in bosons

ĤTL = Ĥ0 + Ĥint is quadratic in bosons

and can be diagonalized
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Diagonalization of ĤTL

Bosonic form of ĤTL:

ĤTL =
∑

q>0,η

(
v0
Fq +

g4(q)q

2π

)
∗
∗b̂
+
qηb̂qη

∗
∗

+
∑

q>0

g2(q)q

2π
∗
∗b̂
+
q1b̂

+
q2 + b̂q1b̂q2

∗
∗

+ 2π
L

[(
v0
F +

g4(0)

2π

)N̂2
1 + N̂2

1

2
+ g2(0)

2π
N̂1N̂2

]

Couplings:

g2,4(q) = Fourier transforms of V2,4(x − x′)
≈ g2,4(0) for q < qc, else ≈ 0

Bogoljubov transformation: B̂qη =
1+ K
2
√
K
b̂qη +

K − 1

2
√
K
b̂+qη̄

ĤTL = π
2L

[
vNN̂ 2 + vJĴ2

]
+

∑

q>0,η

vFq
∗
∗B̂
+
qηB̂qη

∗
∗ free bosons!

with N̂ = N̂1 + N̂2 , Ĵ = N̂1 − N̂2

vN = v0
F +

g4 + g2

2π
, vJ = v0

F +
g4 − g2

2π
,

vF =
√
vNvJ , K =

√
vJ/vN

ĤTL is completely solvable!

12



Momentum distribution

Expectation values of fermion fields can be calculated with

bosonization identity:

〈ψ̂+ν (x)ψ̂ν(0)〉 =
i

2π

1

x + i0+
(

(2/qc)
2

x2 + (2/qc)2
)γ

,

∼ (1/x)d for small x, or K = 1 ⇒ as in free case

∼ (1/x)1+γ for large x and K ≠ 1

“anomalous dimension” γ = 1

2
(K + 1

K
− 2)

Momentum distribution:

n(k) = 〈n̂Phys
k 〉 =

∫
dx e−ikFx 〈ψ̂+ν (x)ψ̂ν(0)〉

= n(kF)− const · sgn(k− kF) · |k− kF|γ

-2.0 -1.0 0.0 1.0 2.0
(k-kF )/k c

0.0

0.2

0.4

0.6

0.8

n +

(Schönhammer 1997)

• continuous momentum distribution

• divergent derivative at kF

• characteristic for Luttinger liquids
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Field theory of the free system

Let us consider the hermitian fields

φ̄η(x) = ϕ̂η(x)+ ϕ̂+η (x)+
2πx

L
N̂η

and the combinations

Φ̂0(x) = 1√
4π
[φ̄1(x)− φ̄2(x)]

Θ̂0(x) = 1√
4π
[φ̄1(x)+ φ̄2(x)]

with commutators

[Φ̂0(x), Φ̂0(x
′)] = [Θ̂0(x), Θ̂0(x

′)] = 0

[Φ̂0(x), ∂x′Θ̂0(x
′)︸ ︷︷ ︸

Π̂0(x)

] = iδ(x − x′) ⇒ canonically conjugate

Then the non-interacting TL Hamiltonian is

Ĥ0 =
v0
NN̂ 2 + v0

J Ĵ2

2π−1L
+

∑

q>0,η

v0
F
∗
∗b̂
+
qηb̂qη

∗
∗

= v
0
F

2

∫
dx ∗∗ Π̂0(x)

2 + (∂xΦ̂0(x))
2 ∗
∗

⇒ free massless bosonic field in 1+ 1 dimensions
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Field theory of the interacting system

ĤTL has the same form as Ĥ0, only with renormalized parameters:

ĤTL = vNN̂
2 + vJĴ2

2π−1L
+

∑

q>0,η

vF
∗
∗B̂
+
qηB̂qη

∗
∗

⇒ “refermionize” ĤTL by defining Π̂ and Φ̂ in terms of B̂ and B̂+:

ĤTL = vF
2

∫
dx ∗∗ Π̂(x)2 + (∂xΦ̂(x))2 ∗∗

They are related to Π̂0 and Φ̂0 by

Π̂(x) = 1√
K
Π̂0(x) , Φ̂(x) =

√
K Φ̂0(x)

Useful for calculation of correlation functions:

”mass operator” M̂(x) = ΨR(x)
+ΨL(x)+ h.c.

∼ ei
√

4πΦ̂0(x) + e−i
√

4πΦ̂0(x)

a
∼ O(Φ̂2

0)

Result:

〈M̂(x)M̂(0)〉 ∼ a
2(K−1)

x2K

⇒ M̂ has scaling dimension K
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4. Spin-charge separation

We now include the electron spin σ =↑, ↓ in ĤTL:

interaction: V(x − x′)ρ̂(x)ρ̂(x′) −→ Vσσ ′(x − x′)ρ̂σ(x)ρ̂σ ′(x′)

Hamiltonian: ĤTL −→ Ĥ
↑,↓
TL

⇒ Ĥ↑,↓TL separates into two independent parts:

• a “charge” part with symmetric combinations of ↑ and ↓
• a “spin” part with antisymmetric combinations of ↑ and ↓

spin-charge separation: Ĥ
↑,↓
TL = ĤTL,c + ĤTL,s

with interaction-dependent “charge” parameters vc, Kc
and “spin” parameters vs, Ks

Luttinger liquid phenomenology (Haldane 1981) for low T :

specific-heat coefficient γ:

(C = γT )

γ

γ0

= 1

2

(
v0
F

vc
+ v

0
F

vs

)

compressibility κ:
κ

κ0

= v
0
F

vc
Kc

susceptibility χ:
χ

χ0

= v
0
F

vs
Ks

LL parameters can be obtained from thermodynamic properties
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Summary

Bosonization of one-dimensional many-fermion systems:

• exact solution at Hamiltonian level

• calculation of correlation functions

Spin-charge separation:

• spin and charge excitations are independent

• occurs only in d = 1

Luttinger liquids:

• continuous momentum distribution with infinite slope

• non-universal vc, Kc, . . . determine low-energy spectrum

• obtain parameters from low-T thermodynamics
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