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Zusammenfassung

Motiviert von dem Wunsch (i) die Modellabhingigkeit der Beschreibung der Quanten—
Brownschen Bewegung zu untersuchen und (ii) den iiblichen Caldeira-Leggett Zugang zu
erweitern, fithren wir ein Bandzufallsmatrix—-Modell fiir die System—-Bad Wechselwirkung
ein. Mit Hilfe dieses Modells leiten wir Markovsche Mastergleichungen fiir die Zeitentwick-
lung eindimensionaler Quantensysteme, die schwach mit dem Warmebad gekoppelt sind,
her. Wir betrachten zwei Formen der Zufallsmatrix—-Kopplung. Insbesondere diskutieren
wir eine genaherte Form, symmetrisch sowohl in den System- als auch in den Badvariablen.
Wir finden, dal diese Form mit der “rotating wave” Niherung zusammenhangt. Wir
studieren ausfiihrlich zwei einfache Systeme — den gedampften harmonischen Oszillator
und das Zweiniveau—-System. Unsere Ergebnisse stimmen vollkommen mit den Resultaten
des Caldeira—Leggett Modells und mit den Agarwal Gleichungen iiberein. Dies beweist
die Modellunabhangigkeit dieser Markovschen Mastergleichungen. Die Mittelung iiber das
Zufallsmatrix—FEnsemble wird mit Hilfe einer diagrammatischen Stérungsentwicklung und
mit der Supersymmetrie-Methode ausgefiihrt. Die letztere Methode dient der Erweiterung
unseres Zufallsmatrix—-Modells auf Situationen, in denen die Umgebung stark durch das
System beeinflufit wird.

Abstract

Motivated by the desire to (i) investigate the dependence of the description of quantum
Brownian motion on model assumptions and (ii) go beyond the standard Caldeira-Leggett
approach, we use a random band-matrix model for the system—bath interaction to derive
Markovian master equations for the time evolution of one-dimensional quantum system
weakly coupled to a heat bath. We consider two forms of the random-matrix coupling.
In particular, we discuss an approximated form, symmetric in both the variables of the
system and the bath, which is found to be related to the rotating wave approximation.
We study in detail two simple systems, the damped harmonic oscillator and the dissi-
pative two—level system. Our results are in complete agreement with those of earlier
models, like the Caldeira-Leggett model and with the Agarwal equations. This proves the
universality of these Markovian master equations. The average over the random—-matrix
ensemble is performed by employing a diagrammatic perturbation expansion as well as
the supersymmetry technique. The latter method is suitable for further generalization of
our random-matrix model to situations where the environment is strongly influenced by
the system.
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Chapter 1

Introduction

The description of the interaction of an open system with its environment is an important
problem both in classical and in quantum physics. If the environment is modeled as a
heat bath, the interaction will lead to relaxation and dissipation processes in the system,
and to an irreversible approach toward equilibrium [Cof85, Wei93]. A typical example
of an open system, taken from classical mechanics, is a heavy particle (the system) in
suspension in a viscous fluid (the surrounding medium). Due to the incessant bombard-
ment by the molecules of the liquid, the particle moves in a complex, highly irregular
way [Ein56]. Brownian motion, as this irregular movement is now called, is perhaps the
simplest dissipative process and, since its first systematic observation in 1827, it has be-
come the archetype of all open systems (an account of its historical development can be
found in Ref. [Bru76]). Brownian motion has been intensely investigated, both in clas-
sical [Wax54, Cof85] and in quantum mechanics [Gra88, Wei93] and the classical theory
is quite well understood [Wax54, Cof85]. One may start either from a Fokker-Planck
equation which describes the relaxation to equilibrium of the phase—space density of the
Brownian particle, or, equivalently, from a Langevin equation for its position coordinate '.
On the other hand, the situation is not so clear at the quantum level. The reason for this
is that for most complex systems, a detailed understanding of the microscopic origin of
damping is not available and the corresponding Hamiltonian is simply unknown [Wei93].
One has then to resort to model Hamiltonians to describe the system—environment inter-
action. Starting from such a Hamiltonian, one may for instance derive a master equation
for the system which reduces in the appropriate limit to the classical Fokker—Planck equa-
tion 2. During the last decades, various models of this type have been introduced in
different branches of physics and chemistry. Notable examples are the Redfield theory
in nuclear magnetic resonance [Red57, Red65], the Oppenheim—Romero-Rochin model in
condensed—phase chemical physics [Opp87], the phase—space approach of Agarwal in quan-
tum optics [Aga73], and the influence functional method used by Caldeira and Leggett in
condensed—matter physics [Cal83a]. The Markovian master equations obtained in these
approaches have recently been compared in Ref. [Koh97].

The standard model for quantum dissipation (the Caldeira-Leggett model) consists of
a quantum system coupled to an infinite set of harmonic oscillators. Caldeira and Leggett

'However there are still some open questions concerning the microscopic foundations of these equations
(see e.g. Ref. [Maz78]).

2One may also describe the evolution of the system in terms of a quantum Langevin equation [For65,
For87, For88].
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have shown that it is always possible to treat the bath as an ensemble of independent
oscillators provided the system—bath coupling is weak. These authors also assumed that
the coupling is linear in both the position coordinate of the quantum system and the bath
variables. For the quantum system, this choice follows from the requirement that, in the
classical limit, the friction force in the Langevin equation should be linear in the velocity.
For the bath, the choice was primarily made for computational convenience: To make the
elimination of the bath coordinates tractable, the restriction to linearity is necessary. To
the best of our knowledge, there is no compelling argument for choosing the interaction
term linear in the bath coordinates.

It is expected, of course, that the relaxation process described by a master equation
should be insensitive to the detailed form of the system—bath interaction. The first motiva-
tion of this work aims at proving this statement. We do so with the help of an alternative
model for the interaction. We use an ensemble of random matrices. The ensemble en-
compasses all forms of system—bath interaction which are linear in the position coordinate
of the quantum system, and which respect fundamental symmetries of the problem like
time-reversal invariance. The ensemble is characterized by a few parameters which es-
tablish the relevant time scales. The Markovian master equations derived in this fashion
are then valid for all possible forms of the interaction between quantum system and heat
bath, except for a set of measure zero. We find that in the high-temperature limit, the
Markovian master equations derived by Caldeira and Leggett and others are independent
of both the specific structure of the bath and of the specific form of the system—bath inter-
action. This establishes the universality of the Markovian master equation for quantum
Brownian motion.

A second motivation for our work relates to the use of random—matrix models in
closed quantum systems with many degrees of freedom. In such systems, only few degrees
of freedom usually command physical interest. We refer to such degrees of freedom (to the
remainder) as to the collective (the remaining) degree(s) of freedom, respectively. A case
in point is nuclear fission. Here, interest is focussed on the shape degree of freedom, and
little attention is usually paid to the intrinsic degrees of freedom of the fissioning nucleus.
In cases like this, the dynamical behavior of the remaining degrees of freedom depends,
however, strongly on that of the collective degree of freedom and, therefore, cannot be
modeled as a heat bath. The success of RMT in self-bound many-body quantum systems
[Guh98] then suggests that we model the remaining degrees of freedom in terms of a
suitable random-matrix model. We have in mind an ensemble of random matrices which
depends parametrically on the collective degree(s) of freedom. Such an approach has been
taken in the papers by Bulgac et al. [Bul96]. Before investigating the consequences of
such an idea, it is necessary to study the limiting case where the environment can indeed
be modeled as a heat bath, and to ask whether in this case, the heat bath can be replaced
by a suitable random-matrix model. Our proof of universality answers this question in
the affirmative.

The thesis is organized as follows. In the next chapter, we will consider two models
for system plus bath: First, we will briefly review the Caldeira—Leggett model, where the
system is linearly coupled to a set of harmonic oscillators, and then present our random-—
matrix model with emphasis on the statistical properties of the interaction, a random
band-matrix. In both cases, an approximate form of the interaction Hamiltonian will
be distinguished: The rotating wave approximation and the symmetrized random-matrix
coupling, respectively. In chapter three, we shall evaluate the ensemble average of the evo-



lution equations for the total system, namely, the Dyson equation for the time—evolution
operator and the von Neumann equation for the density operator. The limit of weak
coupling will be considered and averaging will be performed using a diagrammatic per-
turbation expansion. The fourth chapter is devoted to the derivation of the averaged
Markovian master equation for the reduced density operator of the system. We will start
from the foregoing evolution equations and consider the two forms of the random-matrix
interaction separately. In chapter five, we apply our results to the damped harmonic os-
cillator and to the dissipative two-level system, respectively. We show that in the limit of
large bandwidth we recover the Agarwal equations and in the high—temperature limit the
Caldeira—Leggett master equation. Chapter six deals with a discussion of the symmetrized
form of the random—matrix coupling. To this end, we will use the quantum Langevin equa-
tion approach to quantum relaxation. A comparison with the rotating wave approximation
will be made and we will show that both approximations agree in the low temperature
limit. In chapter seven, we employ the supersymmetry method to calculate the average
over the random—matrix ensemble. This will provide us with a formalism which is more
suitable for handling parameter dependent random matrices. This constitutes, therefore,
a first step towards a generalization of our random-matrix model for quantum Brownian
motion. In the last chapter we summarize our results.
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Chapter 2

Description of the models

2.1 Introduction

This chapter is devoted to the presentation of two microscopic models for quantum Brow-
nian motion, the Caldeira—Leggett model and our random—matrix model, respectively.
We begin in Section 2.2 with a brief review of the standard oscillator bath model. We
will consider both, the fully coupled Hamiltonian and the corresponding Hamiltonian in
the rotating wave approximation. The Markovian master equations obtained within this
model will then be applied to two simple systems, namely the damped harmonic oscillator
and the dissipative two-level system. We will consider the classical limit of these evolution
equations and discuss their correspondence with the classical Fokker—Planck and Langevin
equations. In Section 2.3, we will present the random band-matrix model. As for the pre-
vious model, we shall distinguish two forms of the system—bath interaction: Form (I) which
is not symmetric in the system—bath parameters and an approximated, symmetrized form
(IT). The latter will be shown to be related to the rotating wave approximation.

2.2 Oscillator bath models

We consider a simple quantum system interacting with a large environment, considered as
a heat bath. We denote by S the system of interest and by B the heat bath. The system
S could be, for instance, a particle of mass M moving in a potential U(z) or a spin degree
of freedom. We write the total Hamiltonian for system plus bath as

where Hg and Hp are the unperturbed Hamiltonians of the system S and of the bath B,
respectively, and W is the interaction Hamiltonian between the system and the bath.
When the coupling between S and B is weak, in the sense that any bath degree of
freedom is only weakly perturbed by its interaction with the system, then it is appropriate
to make the following simplifications: (i) one may just consider the linear response of
the bath to the system and (ii) one is allowed to describe the former in the harmonic
approximation (see Appendix C of Ref. [Cal83b]). In the limit of weak coupling, one
may thus consider the following model in which the system is linearly coupled through
its position operator to a collection of harmonic oscillators. This model is known as

7
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the “oscillator bath” model or the Caldeira—Leggett model [Cal83a]. The corresponding
Hamiltonian may be written as

2

H—m—l-U +xZgzxz+Z<

w2x2> . (2.2)

Here xz and p (z; and p;) are the position and momentum operators of the system (of the
bath oscillators, respectively). The g;’s are the coupling constants and the m;’s and w;’s
are the masses and frequencies of the bath oscillators. This model has been introduced
by Ullersma [Ull66] to study the simplest model of a dissipative quantum system that one
can envisage, the damped harmonic oscillator. In subsequent years, the model has been
extended to other simple systems, including the damped free particle and the dissipative
two—level system. The oscillator bath model has been analyzed by employing a number
of different approaches, such as projection operator techniques [Aga7la, Zwa73], iterative
methods [Car75], path integral formulations [Cal83a, Gra88, Hu92, Kar97|, cumulant ex-
pansions [Mun96] and flow equations [Ker98]. It should be stressed that weak coupling
between system and bath does not mean that the Hamiltonian (2.2) applies only for weak
damping of the system. On the contrary, Eq. (2.2) is quite compatible with strong damp-
ing [Cal83b]. For further reference, we shall review in the sequel some results concerning
the damped linear oscillator and the dissipative two—level system, obtained within the
oscillator bath model. We will follow the treatment of Agarwal [Aga73, AgaT74].

2.2.1 Fully coupled model

In this section, we shall describe the quantum relaxation of a harmonic oscillator and a
two—level system interacting with an oscillator bath . To this end, we will utilize statistical
methods which were originally developed in the context of stochastic processes [Kam81].
More precisely, we shall write down a master equation for the reduced density operator of
the system and a Fokker—Planck equation for the corresponding phase-space distribution.
Both equations give the time evolution of the system S.

Damped harmonic oscillator

We consider a linear harmonic oscillator with mass M and frequency w. The corresponding

Hamiltonian Hg reads
P’ 1 2,2
Hg=-—+4+ -—Mw"z”" . 2.3
S = 5af + 5 (2.3)
Expressing the position and momentum operators in terms of the annihilation and creation

operators a; and al (we put A = 1 throughout) [Mes62],

(af +a;) pi =iy — (a;' —a;) , (2.4)

T; =

2Mw

we may write the Hamiltonian (2.2) as

Hype = wala + Zwia}ai + Z K (a + aT) (ai + aiT) , (2.5)
i i
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1 1
==\ G; . 2.
Kj 2\ Mwmw; gi ( 6)

The damped oscillator whose evolution is determined by the Hamiltonian (2.5) is called
“fully coupled oscillator” (FC oscillator) [Lin91] or “non-rotating wave oscillator” (NRW
oscillator) [Mun96]. The latter designation refers to an approximation of (2.5), the so
called rotating wave approximation, which will be presented in the next section.

Let p(t) be the density operator for system plus bath. The von Neumann equation for
p(t) is given by

with

p(t) =U®)pO)U () (2.7)

where the time—evolution operator U(t) = e ** obeys Dyson’s equation
t
U(t) = Vo) — i [ dnUio(t = t)WU(n) | (2.8)
0

and where Up(t) = e *Ho! denotes the free time-evolution operator. We define the reduced
operator for the system S by

ps(t) = trg [5(2)] . (2.9)

where the trace is taken over the bath states.
Before we proceed to discuss the derivation of the equations of motion of the system
S, let us specify the three assumptions involved:

(i) The system S and the bath B are initially uncorrelated. Then

p(0) = ps(0) @ pr(0), (2.10)

is the product of the initial density operators pg(0) and pp(0) for system and bath,
respectively.

(ii) The bath is at ¢ = 0 in thermal equilibrium at temperature T,

pB(0) = exp(—pBHp)/trp [exp(—BHg)] , (2.11)
with 8 = (kT)"1.

(iii) The bath oscillators are closely spaced in frequency so that summation can be re-
placed by an integration by introducing the density of states p(w;), such that p(w;)dw;
gives the number of oscillators with frequencies lying between w; and w; + dw;,

Z...:/dwip(wi)... . (2.12)

Starting from the von Neumann equation (2.7), a master equation for the reduced density
operator pg(t) may be obtained by suitably eliminating the bath coordinates. This can be
done by employing a method developed by Zwanzig [Zwa61] that makes use of a projection
operator chosen to project pg(t) out of the total density operator p(¢). We introduce the
time—-independent projection operator P given by

P...=ppO)trp..] . (2.13)
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Upon multiplying both sides of Eq. (2.9) by P, one readily finds

Pp(t) = pp(0)ps(t) - (2.14)

Combining Eqgs. (2.7) and (2.14) and using standard projection techniques, together with a
weak—coupling, short—-memory approximation (Born—-Markov approximation), the master
equation for pg(t) is found to be (ignoring the level shift) [Aga7lal,

»
L2 = —iwfala, ps]

R R R R R R R 2
— y(alaps - 2apsa’ + psa’a+ a*ps — apsa— a'psal + psal”)

— ynan(2laf, [a, ps]] + o, [, ps]] + [a, 0, psT]) (2.15)

where v is the damping coefficient,

2
v = mp(w)|s(w)|”, (2.16)
and nyy, is the average occupation number at frequency w,
1

Nh = g1 - (2.17)
The master equation (2.15) determines the time development of the damped harmonic
oscillator and describes its approach to equilibrium as a result of the coupling to the
heat bath. Alternatively, one may describe the relaxation of the damped oscillator from
the point of view of the corresponding Fokker-Planck equation, which gives the time
evolution of the probability density function for the system. This can be accomplished by
using a quasi—probability representation for the density operator, for example the Wigner
representation. With the help of the Weyl transform [Hil84],

O(z,p) = /dy (x — %|O|x + %) ey, (2.18)

which associates to any system operator O a phase space function O(z,p), one can easily
convert the operator master equation (2.15) into a Fokker-Planck equation. This yields
[AgaT7la, Cal83a]

Oprc(t) 0
ot oz

0 1.0°
2z ] 5 [(Mw?5 + 29p) prc| + 2Mwy (s + ) 8;;;0 ,

5 (2.19)

where the Wigner function ppc(z,p,t) is the Weyl transform of pg(t)/2mw. The Fokker—
Planck equation (2.19) is stochastically equivalent to the Langevin equations [Aga7la]

i= WV p=—2yp — Mw?z + Fao(t) , (2.20)
where Fyo(t) is a real Gaussian random process with the properties
(Fre(t)) =0, (Fpo(t)Fre(t')) = 2Dpc 6(t — 1) . (2.21)

Here the diffusion coefficient Dy is given by

1
Dy = 2Mwy(ny, + 5) . (2.22)
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It is worthwhile to note that the Eqgs. (2.20) are of the same form as the equations describing
the Brownian motion of a classical oscillator and that in the classical limit Eq. (2.22)
reduces to the well-known Einstein relation [Ris89]

Dyo = 2M~kT . (2.23)

This shows that the Hamiltonian (2.5) reproduces the results of classical Brownian motion
in the high-temperature limit and that it can therefore be considered as describing a
quantum generalization of Brownian motion.

Dissipative two—level system

Let us now consider a two—level system with upper (lower) level |+) (]—), respectively).
We introduce the Pauli spin matrices 0., 0, and o, [Mes62]. The Hamiltonian of the

system takes then the form

1
HS = 5(,()0 Oy (224)

where wy is the energy separation between the two levels. We introduce the raising and
lowering operators o4 = % (0, + 0,) which satisfy

=L oo = [ = 504 e)
L B T (A (2.25)

The total Hamiltonian for the two—level system coupled to the bath of harmonic oscillators
takes the form

Hyo = %woaz +> wia}ai +> ki (U+ + U—) (az' + aiT) , (2.26)
i i

where k; is given by Eq. (2.6). By implementing the same procedure as in the previous
section and performing similar approximations, one may derive from (2.26) a Markovian
master equation for the dissipative two—level system. One arrives at

d 1 )
P = Tigwo [02, ps]
+ 7(a+ﬁ50+ o _pso_ +20_pgos — 010 ps — ﬁsam,) . (227

The parameter + is defined as in Eq. (2.16). The equation (2.27) has been used by Agarwal
[AgaTlb, Aga74] to describe spontaneous emission (i.e. ny, = 0) of a two—level atom.

2.2.2 Rotating wave approximation model

We now turn to the discussion of a common approximation of the fully coupled Hamiltoni-
ans (2.5) and (2.26), known as rotating wave approximation (RWA). This approximation
has originally been applied to magnetic spin resonance [Abr62] and consists in omitting
rapidly varying off-resonant terms. The rotating wave approximation is best understood
by the following considerations [Lou73]. We will restrict ourselves to the two-level sys-
tem Hamiltonian (2.26), but it should be obvious that our arguments equally apply, with
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trivial modifications of notation, to the oscillator Hamiltonian (2.5). When there is no
system—bath coupling, x; = 0, the Heisenberg operators have a time dependence given by

o (t) = a+(0)ei‘f°t, ai(t) = a;(0)e™" ",
o (t) = o (0)e vl a;t(t) = a;1(0)e! ¥t (2.28)

such that, near resonance wy =~ wj, the (off-resonant) interaction terms o_a; and a_|raz~]L
are rapidly oscillating in time at frequencies +(wy + w;), whereas the (resonant) terms
ota; and o_a;t are practically constant. For x; < w; >~ w, it is expected that this is still
the case when the coupling is turned on. Then, since the high—frequency terms will almost
average to zero, one may neglect the latter with respect to the near resonant terms. This
approximation is equivalent to decomposing the linearly polarized field into two opposite
circularly polarized waves and keeping only the one rotating in the same sense as the spin
precession. This explains the name rotating wave approximation. For the case of a spin %
system in a magnetic field, it was shown by Bloch and Siegert [Blo40] that the effect of the
counter—rotating terms is indeed negligible provided the field is not too strong. Important
early studies of the oscillator bath model in the rotating wave approximations include the
works of Senitzky [Sen60, Sen61], Lax [Lax66a, Lax66b], Louisell and Marburger [Lou67],
and Agarwal [Aga69].

Damped harmonic oscillator

The RWA Hamiltonian for the damped harmonic oscillator may be obtained from the FC
Hamiltonian (2.2) by suppressing the non-resonant terms aa; and afa;' in the interaction.
This gives
Hpwa = wala + Zwiaitai + Z Ki (aai]L + aTai) . (2.29)
(3 13

By using the same techniques and approximations as those presented in Section 2.2.1,
one may derive from (2.2) a master and a Fokker-Planck equation for the RWA oscillator
[Aga73]. This leads to the following master equation for the reduced density operator

dps(t)
dt

= — iwlata, ps(t)] — 7 (alaps(t) — 2apsal + ps(tala)

~ 2ym(alaps(t) — aps(t)a’ — alps(t)a + ps(taa’) . (230)
and the corresponding Fokker—Planck equation can be written in the form

Oprwa®) _ 0 [(

0= 1 2 [( o]+ )]

1
+ (nth+§>

In the above equations v and ny, are defined by Egs. (2.16) and (2.17), respectively, and
Prwa (z,p,t) is the Weyl transform of pg(¢)/2m. As in the preceding section, the Fokker—
Planck equation (2.31) is equivalent to a Langevin equation which can be written as

1 o2 PRWA 0? PRWA
— M
Mw 0x? + M Op?

(2.31)

P=t—ym+ Faa(t)  and  p=—Mo’m -+ Fha(),  (2:32)
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where FZ,, (t) and Fhya(t) are two independent real Gaussian random functions with zero
mean and
2y(nun + 1)

(Fawa (t) Fra () = Y 5(t—t'),

(Fhr (6) Rl () = 270 + ) Mw (s — ) (2.33)

Egs. (2.32) clearly show that the RWA oscillator is not a mechanical oscillator because
% # p/M. We will discuss this point in detail in Chapter 6.

Dissipative two—level system

We conclude this section by considering the RWA form of the dissipative two—level sys-
tem (2.26). In analogy to the Hamiltonian (2.29) for the damped oscillator, the RWA
Hamiltonian for the two-level system is given by
Hyo = - ! f 2.34
Fo = 5000z + Zwiaiai + Z Ki (o+a¢ +o_a; ) , (2.34)
13

)

and the master equation satisfied by ps(¢) can be found to be of the form [Aga74]

dpg(t 1 . A N A«
dt( ) = —ijw (02, ps] — ’)/(U+O'_p5(t) —20_psoy + ps(t)a+a_)

— 2yny, (U+07ﬁs(t) —o_ps(t)oy —oyps(t)o- + ﬁs(t)UfUJr) . (2.35)

The damping constant v is again defined by Eq. (2.16) and ny, is given by Eq. (2.17) with
w replaced by wy.

2.3 Random band-matrix model

The present section is concerned with the presentation and discussion of the random-
matrix model for quantum Brownian motion. More specifically, we shall study the prop-
erties of a small quantum system S coupled to a large heat bath via a random band-matrix
interaction.

Random—matrix theory (RMT) was originally introduced by Wigner to describe spec-
tral fluctuations of quantum many—body systems such as nuclei and has since been applied
successfully in a wide range of other fields such as quantum chaos and disordered meso-
scopic systems [Guh98]. To the best of our knowledge, a random—matrix approach to
relaxation has been first developed in nuclear physics in the context of deeply inelastic
heavy—ion collisions [Ko76, Aga77, Aga79]. Since then, related models have been used to
describe relaxation of a non—degenerate two—level system [Mel88, Pey91], dissipation in
complex quantum systems [Wil90, Bul96] and, more recently, the dynamics of a simple
quantum system in a complex environment [Bul98].

2.3.1 Non-symmetrized coupling

We write the Hamiltonian of the composite system in the form

H=HsIg+1ls®@Hg+QQV =Hy+W , (2.36)
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where, as in Section 2.2, Hg and Hp describe the system S and the bath B, respectively,
and W = @ ® V is the system—bath interaction. In the present approach, in contrast to
the Caldeira—Leggett model (2.2), the actual form of Hp is not specified. In particular,
there are no bath oscillators. We denote by |m), m =0,...,Ng (|a), a =0,...,Np) the
eigenstates of the system (bath) Hamiltonian with eigenvalues E,, (e, respectively),

Hlm) = Bynlm) , Hgla) = ala) . (2.37)

Here Ng and Npg are the dimensions of the Hilbert spaces Hgs and Hp of the system and
the bath, respectively. The product states |ma) form a complete set for the composite
system. We make assumptions which are similar to those used in the oscillator bath model.
Namely,

(i) we assume that the interaction is turned on at ¢ = 0 and that at that initial time S
and B are not correlated, p(0) = ps(0) ® pg(0).

(ii) we assume further that at all times ¢ > 0 the bath is in thermal equilibrium at
temperature T,

. 1 _
pp=—> e " la)al, (2.38)
a

where Z is the canonical partition function.

(iii) finally, we take the heat bath sufficiently large so that the energy eigenstates ¢, are
closely spaced. The energy spectrum may then be characterized by the density of
states p(e).

We show below that expression (2.38) is equivalent to
pp=laa@]  and  p(et) = poe (2.39)

where the state |a*) is defined by the temperature T

In the Hamiltonian (2.36), @ is an operator which acts on the system S, and V is a
Gaussian random band-matrix acting on the bath. The first two moments of V' are given
by

Vap =0 VarVed = (SacObd + Saadbe) Vap? (2.40)
where the matrix V,;, respects time-reversal symmetry and has non-zero elements only in
a band of width A along the diagonal. More specifically, we adopt a form first given in
Ref. [Ko76]. This paper also contains a detailed justification of the form of Eq. (2.40).
This form has been widely used later, cf. Refs. [Aga77, Aga79, Bul96, Bul98].

_2 1 (Ea,—eb)2

Va? = Aolplea)plen)] 2 e 5t (2.41)
Here A is the strength of the coupling, p(e) the density of states of the bath, and A the
bandwidth. For W, this implies

(I) Wﬁ,m =0 Wﬂ”Wff = (6a06bd + 6ad6bc)anqum . (2'42)

The form of the Hamiltonian (2.36) is a generalization of the Hamiltonian considered
in Refs. [Mel88, Pey91]. There it was motivated by the observation that in relaxation
problems, the process is frequently found to be insensitive to the details of the interaction.
One may therefore construct an ensemble of interactions and calculate the average of the
observable over this ensemble. We show in the next chapters that the relaxation of a
Brownian system is indeed independent of the specific form of the coupling to the bath.
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2.3.2 Symmetrized coupling

In Eq. (2.42), only the part of the interaction acting on the bath is modeled as a random
matrix. This is physically sensible since only the bath is supposed to be a complex system.
We observe that, as a consequence, the variance (I) of W has the inconvenient feature of
being not symmetric in the variables of both the system and the bath. Therefore, we also
consider a symmetrized form (IT) of W where the entire interaction behaves as a random
matrix. This form may be thought of as an approximation to the full form (I). We show
later that form (IT) leads to the rotating wave approximation. It is given by

(H) Wé’;" =0 ng"Wqu = (5a05bd5mp5nq + 5ad5b05mq5np)|an|2m : (2'43)

In the sequel, we shall refer to form (IT) as the symmetrized random-matrix coupling
(SRM).

2.3.3 Parametrization of the bath

The equivalence of Eqs. (2.38) and (2.39) is closely related to the equivalence of the
microcanonical and the canonical ensemble in the thermodynamic limit Ny, — oo [Hua80).
We thus consider a thermodynamical system in contact with a heat bath. The (canonical)
partition function is given by

Z(8) = / de p(e)e P = / de e BHInA(E) (2.44)
0 0

Since € and Inp(e) grow with Ny, the integral can be evaluated by a saddle-point ap-
proximation. Expanding the integrand up to second order around its maximum e*, we

00 2 nole
Z(B) = p(a*)e_ﬁg* /0 de exp <%(5 —*)? <818752()> > ) (2.45)

The distribution in energy is a Gaussian centered at €* with a width

obtain

Oe?

Ae = (—M>_§ = VKT2Cy . (2.46)

e=¢*

We have used the fact that & In p(¢) is the microcanonical entropy. For Ny, — oo, Ae/e* ~
1/4/ Ny, becomes negligibly small and the Gaussian approaches a d-function. Hence,

pp = e P laylal ~ [a*) (o' (2.47)

where |a*) is the eigenvector corresponding to the eigenvalue ¢*. Moreover, according to
Eq. (2.45) the density of states can be approximated locally by

p(e*) = poe’ (2.48)

where pq is given by

po = Z(B)/\/7kT2Cy; . (2.49)
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Chapter 3

Averaging: Diagrammatic method

3.1 Introduction

There are two basic equations which govern the time development of a quantum system
coupled to a (large) quantum environment [Mes62]: Dyson’s equation for the evolution
operator U(t) and von Neumann’s equation for the density operator p(t). They both
depend on the total Hamiltonian H. In the random—matrix approach to quantum Brow-
nian motion presented in Chapter 2, a part of the interaction between the system and
the heat bath was modeled by a Gaussian random matrix. Because of the presence of
a stochastic quantity in the Hamiltonian, the time—evolution operator and, consequently,
the density operator are themselves random variables. We therefore have to determine
their average over the random-matrix ensemble. Three different tools are available to
calculate the mean values of these two operators [Guh98]. The first method consists in
a diagrammatic perturbation expansion. The two others methods, the replica trick and
the supersymmetric approach, are based on a non—perturbative field-theoretical formula-
tion. Supersymmetry is the most powerful of the three averaging techniques and is thus
most appropriate to treat further generalizations of the random—matrix model. Tt will be
introduced in Chapter 7.

The aim of the present chapter is to use the diagrammatic method to calculate the
ensemble average of the operators U(t) and p(t), in the limit of weak coupling. This
averaging procedure consists in [Aga75a, Aga75b] (i) expanding the operators in powers
of the random interaction W (Born series) then (ii) averaging each term using the Wick
theorem for Gaussian random variables and finally (iii) summing up the whole series. This
method is most conveniently implemented in Fourier space. We shall always work in the
limit in which the dimension Np of the bath matrices tends to infinity and consistently
omit terms of order Ny 1 and smaller.

The results obtained in this chapter will be used in Chapter 4 as starting point for the
derivation of the master equation for the system S. In Section 3.2 we shall calculate the
ensemble average U (t) of the time—evolution operator. We will begin with the symmetrized
form of the variance defined in Section 2.3. In this case, a solution of the averaged Dyson
equation can be found in closed form. For the non-symmetrized coupling, it will turn out
that the diagrammatic method can not easily be implemented as such. Nevertheless, a
variant of the method, valid only for weak—coupling, will be developed. This will permit
us to determine the time derivative of the matrix elements of U(t). In Section 3.3, we
shall then evaluate the averaged density operator p(t).

17
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3.2 The average time—evolution operator
To begin with, we introduce the propagator K(t) which is defined by

K(t) = U(t)0(t) = e (1) (3.1)
and which obeys the Dyson equation

K(t) = Ko(t) —i[w A Kot — t)WEK (t1) | (3.2)

where Ky (t) = e~"0!)(t) is the free propagator and 0(¢) the unit step function. Unlike the
Dyson equation (2.8) satisfied by the time-evolution operator U(t), the above equation is
given in terms of a convolution integral and its Fourier transform is thus easily calculated.
This is our motivation for considering the propagator instead of the evolution operator.

To determine the average K(t) = U(t)0(t), we use the energy representation and
introduce the following pair of Fourier transforms

1 f[o° . 1 00 )
G(F) = - / aeP K@), K@) = / dEcP'Q(E) . (33)
> i J oo
The transforms of (3.1) and (3.2) are then given by
1
E)= 77" * 4
G(B) =g 120 (3.4
and

G(E) =Gy(E)+ Go(EYWG(E) , (3.5)

respectively. In Eq. (3.4) an infinitesimal positive increment 7 has been added to ensure
the convergence of the Fourier integral.

Born series

The first step in evaluating the ensemble average G of the propagator is to expand G in
a power series with respect to W. By successive iteration of Eq. (3.5), we obtain

00
G=Gy+G WGy +GWGWGoy+...= Z GO(WG())S . (3.6)
5=0

Wick theorem

To perform the average of a typical term in this series, Go(WGg)*, we use Eqs. (2.42),
(2.43) and Wick’s theorem. According to this theorem (see e.g. [Kam81, Ris89]), a product
of s Gaussian variables with zero mean values has zero average if s is odd, and for even
s the average is given by summing over all possible ways of taking the average of pairs of
W’s. The W’s belonging to such an averaged pair are then said to be “contracted”. We
exemplify this rule by the first non-trivial term appearing in the expansion (3.6): the term
of fourth—order. In this case we have three “Wick contractions”, i.e., three different ways
of forming pairs of W’s,

| [ | [ — | M
(WGo)E = WGo WGy W Go WG+ WGy WGy WGy WGo+ WGy WGy WGo WGy .
(3.7)



3.2. THE AVERAGE TIME—-EVOLUTION OPERATOR 19

In the foregoing expression, the average of a pair is indicated by a “contraction line”
connecting the W’s. The Wick theorem is exact and entails no approximation. An ap-
proximation is introduced, and the number of terms contributing to fixed s is considerably
reduced, by omitting terms which are relatively small of order Ny L. We recall that we
work in the limit in which Np is infinitely large. Due to the fact that W’s with different
indices are uncorrelated, see Egs. (2.42) and (2.43), the last term on the r.h.s. of (3.7) is
of order N ! compared with the other two and can thus be neglected. This can easily be
seen by direct evaluation of the matrix elements of the right side of Eq. (3.7): We find
that the first two terms are written as a sum over Ng X Np elements, whereas the last
one contains only Np matrix elements. As a general rule, the terms of leading order in
Ny ! are those in which contraction lines do not intersect [Ver84]. Application of this rule
to the expansion (3.6) leads to

_ [ | [ |
G = Go+GWGEyWGy+ GaWGy WGy WGy WG
[ — 1 |
+ GoWGy WG WG WG+ ... (3.8)

Eq. (3.8) can also be written as an integral equation for G,
— 1
G=Gy+GWGWG . (3.9)

This equation is valid in the general case, including strong coupling.

Weak coupling

In the limit of weak coupling, a further reduction of the number of terms in the series (3.8)
occurs. We show below that in this limit the second term on the r.h.s. of Eq. (3.7) also
gives a negligible contribution. More generally, when the coupling between the system
and the bath is weak, only contractions between adjacent pairs of W’s have to be taken
into account. The average of Eq. (3.6) then takes the following form

— 1 I | I |
G = Gy+GWGWGy+ GaWGaWGE WG WG+ ...
1
= Go+GWG WG - (3.10)

By comparing the integral equations (3.9) and (3.10), we observe that the weak—coupling
limit amounts to formally replacing G' by G between the contracted pair of W’s.

Resummation

After having performed the average of each term in the series expansion of G, we now
come to the remaining step: the resummation of the series. The weak—coupling expansion
(3.10) is geometric and can readily be summed up. We obtain

— 1 1 1
G = G (1 + WG WG, + (WGOWG0)2 + (WGOWG0)3 +.. )

= @G 1

- 3.11
I WGW G, (3.11)

We note that this is a closed expression for the averaged propagator G '. It depends solely
on the free propagator Go(E) = (E+in— Hy) ! and on the second moment of the random
interaction.

'For strong coupling, this is replaced by the Pastur equation [Pas72], G =Gy instead.

1
1-WGoW G’
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3.2.1 Case (II): Symmetrized coupling

Let us now move to the explicit evaluation of the ensemble-averaged propagator G .
We start with the approximated form (II) of the coupling. A direct consequence of the
symmetrized variance of W is that the SRM propagator is diagonal in the energy basis.
To demonstrate this, we calculate the matrix elements of G. From Eq. (2.43), we easily
find that

Wil Wl = S Oy Wi (3.12)
Moreover, since the free propagator G is itself diagonal,

1
E-I-in—(En-l-&b)

(nb|Go(E)|[n'b) = 8 Spy = G vy (Go )b (3.13)

we get

(b WGWn'b) =3 Wi (Go)uun, Wy (Gl

n1by

= Gun O (Go)np 3 Wip"*(Go)nyp, - (3.14)

ni1by
The matrix elements of G in Eq. (3.11) may hence be written in the form

5nn’ 5bb’

E+in— (En+ ) — Xy Winr 2 (Go)nb,

6nn’6bb’
= , 3.15
E+in— (E, +€,) — Ry (E) (3.15)

(nb|G(E)n't) =

which shows that G is diagonal in the unperturbed energy basis [nb). In the last line of
Eq. (3.15), we have introduced the self-energy R(E) which is defined by

1
E+in— (E, +ep)

Rnb(E) = Z WIZIL)TIQ

niby

(3.16)

We see that the whole dependence on the interaction W of the averaged propagator is
contained in R(F). The self-energy therefore represents the effects of the coupling between
the system and its environment [Gol64]. On using the Plemelj identity,

F 'L7T(5(E — Eo) s (3.17)

1 1
li -
W E+in—Ey = E— E

where P denotes the Cauchy principal value, we can rewrite Eq. (3.16) as

Rl B) = Auy(B) — i 22 E) (3.18)
where
nb(E) = P%E—(Em-l-ebl) :
Top(E) = 20 WiM25(E — (Bu, +21,)) - (3.19)

niby
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For sufficiently high temperature, ', (E) and A, (E) depend weakly on energy (see Chap-
ter 5) and may be approximated by their values at £ = E,, + &,. We then have

A A Wg’?IZ
nb = Anp(En +ep) = szb Foter—(Bn 1ep)
Ty = Tup(Bn+ey) =21y Wy "126(E +ey— En, —ep,) (3.20)
nibi
For the averaged propagator (3.15), this yields
Gny(E) = ! : (3.21)

E+in— (Bn +ep+ App) +ilge

Transforming back to time representation with the help of (3.3), we obtain

. T
Konp(t) = ¢ (Bntet w52 g () (3.22)
from which we finally derive
T (1) = e i(Bntent-Bn)i="gbt (3.23)

This is the averaged SRM evolution operator evaluated in the limit of weak coupling
between the system and the bath. The physical interpretation of the real and imaginary
parts of the matrix elements of the shift operator R, A, and Ty, follows immediately
from Eq. (3.23): A,y is the level shift of the state |nb) induced by the coupling between
the system and the bath and I, is the corresponding decay width. Both A, and T',;
give a measure of the intensity of the coupling. Accordingly, these quantities are expected
to be “small” in the weak—coupling limit. We shall make this statement more quantitative
in the next section.

Weak—coupling condition

In the limit of weak coupling, contractions between non—adjacent pairs of W’s are negligi-
ble. This can be shown by inspecting the contributions from the various products of Wick
contractions. We consider here the simplest case and compare [Aga75a, Aga75b]

1 [ — |
(nb|WGoW|nb) and (nb|WGyWG WGy W|nby . (3.24)
For the symmetrized random—maftrix interaction, we are thus led to compare

Z WTle GO n1b1 with Z an? GO n1b1 Z Wn1n22(GU)n2b2 ) (3'25)

b1b2
ni1b1 n1b1 nabs

where Eq. (3.12) has been used. This gives the following weak-coupling condition
Z Wb@?IQ(GO)nlbl < E—Hoypy - (326)
niby

Inequality (3.26) has a simple interpretation. It means that the self-energy R,;(E) has
to be small in comparison with E — Hy,,;, (cf. Egs. (3.13) and (3.15)).
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Actually, it is enough to compare the imaginary parts of the two terms appearing in
(3.24), because the real parts represent level shifts and hence do not contribute to the
decay width. We may then, equivalently, compare

T (E) with ST WM (Go)E i, T, (E) (3.27)

ni1by

This will allow us to express the weak—coupling condition in terms of the parameters of the
system S (the mean level spacing w and the relaxation coefficient v) and the parameters
entering the random—matrix model (the bandwidth A and the temperature T' of the heat
bath ). This will be carried out explicitly in Section 5.2 for the case that the system S
is a harmonic oscillator. Here, we shall state the general rule without proof. Assuming
that |Qun,|?> vanishes unless the states n; and n are close in energy, then, in the high—
temperature limit w < A < kT, T'3(E) may be replaced by T'y,(E, + €3), and in the
weak—coupling limit y < A, the second term in (3.24) may be omitted in comparison with
the first. For a detailed discussion of these parameters and the interpretation of the above
inequalities, we refer to Section 4.4.

Although we have restricted the discussion of the weak—coupling condition to the SRM
case, it should be clear that the conclusions we arrived at in the present section are valid
in general, since averaging depends only on the (bath) random operator V' but not on the
properties of the deterministic (system) operator Q.

3.2.2 Case (I): Non-symmetrized coupling.

In this section, we consider the full, non—symmetrized, form (I) of the random-matrix
coupling. In contrast to the SRM case, the averaged propagator is not diagonal in the
energy representation and we have instead

(nb|G(E)[n't') = oy (nb|G(E)|n'b) . (3.28)

As a consequence, the series (3.10) is not geometric anymore and cannot be summed
easily. We thus have to find another method to evaluate the average time—evolution
operator U (t). We shall actually calculate only the time derivative of the matrix elements
of U(t). This will suffice for the derivation of the master equation for the system S, which
will be carried through in the next chapter. We start with an observation concerning the
averaging procedure. Iterating the Dyson equation (3.5) once,

G=Gy+ GW +G WG WG , (329)
and taking the ensemble average,
— - S 1 —
G=Gy+ GW+GWGWGE =Gy+ GoWGE W G (330)

yields a result which is identical to Eq. (3.10). We recall that Eq. (3.10) has been obtained
after resummation of an infinite diagrammatic expansion. Here we simply iterated Dyson’s
equation once. That both expressions coincide is of course only true for weak coupling,
when only contractions between adjacent pairs of W’s have to be taken into account and
results from Wick’s theorem (see Section 3.2). However, since we are interested in the
weak—coupling limit, the latter method provides an easy means to perform the ensemble
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average, avoiding the resummation of the series (3.10). In the following, we shall make
use of this simple method to compute the average of the evolution operator. Contrary to
what we did in the preceding section, we shall work in the time domain. More precisely,
we will consider the Dyson equation (2.8), written in the interaction picture. We have

= W (t)U (t) (3.31)

where

U(t) = elU(¢) and W (t) = etHotyy =it (3.32)
Using the initial condition, U(0) = U(0) = 1, Eq. (3.31) can also be written in integral
form,
. t - .
O() =1 —i / AW (1) T (1) - (3.33)
0

Inserting this equation into the r.h.s. of (3.31) and calculating the average of the matrix
elements, we obtain

nbU )|n'b) = = -

( | | / dt1 nb|W(t)|n1b1)(n1b1|W(t1)|nng> (n2b2|U(t1)|n’b) . (3.34)
n1by
noby

From Eq. (2.42), we find that Wg,’)?IW,Z})? = by, Quny Qnyny Vin, > and hence

(nb|U( )|n'b) /dT i(Fn—Fny )t oi( Bny +26—Fny =) )T
dt

n1bing

X Quny Qnyins Vib, 2 (nab|U (£ — 7)|n'b) (3.35)

where we have set 7 = ¢t —t1. In the weak—coupling limit, U /dt is small and U (t — 7) may

be replaced by ﬁ(t) 2. This approximation amounts to neglecting memory effects and is
thus a Markov approximation. For large t, we may further use the identity

/ dreP=Fo)m — ;p + n6(E — Ey) . (3.36)
0

E— B,

Neglecting the level shift given by the principal value, this results in

d(nbU(8)[n'b) _ _% S WD € P Er) (bl TT (1) D) (3.37)

nnining
dt v

where we have defined the generalized transition probability per unit time (to be compared
with the Golden Rule result Eq. (4.5))

Wrgz)lnlng =27 Z Qnny anszbl2 5(Enz +ep — Bny — 5b1) . (3.38)

by

2This intuitive argument can be made more rigorous by substituting y = Aot, @(y) = U(t), where Ay
is the strentgh of the coupling, and taking the van Hove limit A9 — 0, t — 00, Aot fixed (see Section 5 of
Ref. [Zwa61]).
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Returning to the Schrodinger picture, Eq. (3.37) takes the form

d{nb[U(0)['b) _

. (B + £9) (U [5)

1 -
— 5 2 Wiknn, (n2blU(0)D) - (3.39)

ninz

This is the expected expression for the time derivative of the matrix elements of U (t) for
the unsymmetrized random-matrix coupling (I). We observe that Eq. (3.39) cannot be
integrated in closed form, since the right-hand side does not only depend on (nb|U (¢)|n'b)
but also on all the other matrix elements (n2b|U(t)|n'b), no # n. In a similar fashion, one

can calculate the time derivative of Ut(t). We find

A G N e C T}

dt
1 9 -
- 52 W i (0]UT(®)[nb} (3.40)
ning
with
2 R
W7EI)TZ'n2n1 = 271— Z QRNL'Qnin %b12 6(En2 + 8b - Enl - 8b1) . (341)
b1
We note that WTEIL non, 18 MOt simply the complex conjugate of W,gk)mm_

In concluding this section, it is instructive to rederive the average SRM evolution oper-
ator U(t) by implementing the simple method developed here. This will shed some light on
the approximations involved. We start with the derivative of the time—evolution operator
as given by Eq. (3.34). We use the symmetrized variance (2.43) and get Wy, W;","* =

Onns Obby Wle“Z. This yields

d(nb|U (¢ t)inb) _

— - S wp? / dreFntes=Fni=a)T (b T — r)nb) . (3.42)

n1by

We then make the Markov approximation, employ identity (3.36) and arrive at

e nni2
dUpp(1) - Wi, ' =
= P 1 t
dt L Z E’ + 8b _ E _ 8b1 Unb( )
—T Z Wb"”126 E,+¢e —E, — 8b1) ﬁnb(t)
niby
. Loy, 7
= (_ZATLI) - T) Unb(t) ) (343)

where we have used the definitions (3.20) of the level shift A, and the decay width I'y.

Finally, we integrate Eq. (3.43) taking into account the initial condition U/(0) = 1. This
leads to

nb

Top(t) = e —idm =800t (3.44)

or, written in the Schrodinger picture,

Unp(t) = e iBnteptlm)t="ght (3.45)
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This expression for the ensemble-averaged evolution operator is identical to the result
(3.23) obtained using the diagrammatic method. However, we emphasize that the ap-
proach used in the present section is restricted to the weak—coupling case, whereas the
diagrammatic method has a much wider range of applicability (including the strong—
coupling limit).

We now investigate the validity of the Markov approximation. We do this by substi-
tuting Eq. (3.44) into the r.h.s. of Eq. (3.42). We obtain

d(nb|U (t)|nb)

- rt
dt = —e~(iBu g 5 /0 dreliPntes=Fay—ep T8+ (3 46)

n1by

Under the conditions

'y K En+5b_En1 — &by >
App < E,+ey—E, —é&, , (3.47)

we can ignore I'y, and A, in the integrand, and with the help of identity (3.36), we
find that Eq. (3.46) reduces to Eq. (3.43). The weak—coupling conditions (3.47) are very
similar to those used by Wigner and Weisskopf in their early work on spontaneous emission
[Wei31]. We also see from these considerations that the weak—coupling condition (3.26) is
actually equivalent to a Markov approximation.

3.3 The average density operator

In this section, we shall apply the diagrammatic technique to calculate the mean value of
the total density operator p(t) for system plus bath. As in Section 3.2, we will introduce
the propagator K (t) and work in Fourier space. The density operator at times ¢,#' obeys
the following von Neumann equation

P ORO() = KD K (F) | (3.48)

where we have used the definition (3.1) for the propagator K(t). We take the double
Fourier transform

F(E,E') = / / dtdt' e PP £t (3.49)

and obtain
p(E,E') = G(E)p(0)G'(E') . (3.50)

Here, the Fourier transform G(FE) of the propagator is given by Eq. (3.5). We next expand
p(E,E') in a Born series and take the ensemble average. We use the expansion (3.6) for
G(E) and its Hermitian conjugate and get

(o el o]

BB, E') =3 3" Go(WGo)p(0)(GEW) G . (3.51)

s=0r=0

In performing the average of this quantity, we use again Wick’s theorem and retain only
products of pairs of W’s. Two W's are said to be “cross-contracted” if one of them oc-
curs in G, the other in Gf. We use the general rule that terms containing contraction
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lines which intersect or cross-contraction lines which cross any other contraction lines
give negligible contributions and can thus be omitted. This means that contributions like
WG WG WG WGy - - - W,E\WGS and WGoW - -- WGEWGS can be neglected. As a result,
we find that G appears sandwiched between two W’s which are contracted across p(0),
and the general term in the expansion (3.48) attains the form

| — — |
GW-- - WGH(0)G W--- WG . (3.52)
The average density operator p may thus be written as

o Y ey [
5=Gp0)G + GWGHO)G WG

= = i1 _
+ GWGWGH0)GWGWG + - (3.53)
or o o 1
5=Gp(0)G + GWGrG WG . (3.54)

3.4 Summary

In this chapter, we have calculated the ensemble average of U(t) and p(¢), the evolution
and density operators for system—plus—bath, using a diagrammatic perturbation expan-
sion. The obtained averaged equations (3.10) and (3.54) completely determine the dynam-
ics of the composite system in the weak—coupling limit. Transforming back to the time
representation, we may rewrite these equations as

_ t t1 1 _
T(t) = Us(t) —/0 dty [ dta Un(t =)W U(ts — t2) W T(t2) (3.55)
and
ptt) = Tnp0)T (1)
t t/ _ 1 _
+ /0 dr ; dr' Ut — )W p(r,7") WUJ[(t' — 7). (3.56)

Egs. (3.55) and (3.56) are the averaged form of the Dyson and von Neumann equation,
respectively. These two equations will be used in the next chapter to derive the averaged
master equation describing the system S.

In the case of the symmetrized random—matrix coupling, Eq. (3.55) can be solved in
closed form: U(t) is diagonal in the energy eigenbasis and its diagonal matrix elements
are given by Eq. (3.23). In contradistinction, for the non—symmetrized coupling, a closed
solution of the averaged Dyson equation is not available. Nevertheless, an expression
for the time derivative of U(t), Eq. (3.39), may be obtained by using a variant of the
diagrammatic method, valid solely in the limit of weak—coupling.



Chapter 4

Derivation of the master equation

4.1 Introduction

This chapter deals with the description of the relaxation of the quantum system S resulting
from its coupling to the heat bath. The difficulty one is confronted with when dealing with
complex systems, is how to achieve such a description in a manageable way. Even though
the microscopic equations (3.55) and (3.56), which were derived in Chapter 3, specify
the averaged time development of the composite system in full detail, they are not very
useful as they stand. They are too complex and contain more information than is actually
needed. Two approximate and more tractable evolution equations are currently used in
the literature [Kam97] ': The master equation and the quantum Langevin equation. In
the present chapter, we shall focus on the master equation and we will defer the discussion
of the Langevin approach to Chapter 6.

To obtain a Markovian master equation for the reduced density operator pg(t) from
the averaged equations (3.55) and (3.56), we shall proceed as follows: (i) solve the Dyson
equation (3.55), (ii) substitute the resulting U(#) into the von Neumann equation (3.56),
(iii) take the trace over the bath degrees of freedom and (iv) differentiate with respect to
time. As we already know from the discussion in Section 3.2.2, it is not always possible
to perform step (i). This is the case, in particular, for the unsymmetrized variance of
Eq. (2.42). Nevertheless, a master equation can still be derived in the weak-coupling
limit.

As a preliminary step to the derivation of the master equation, we shall first evaluate,
in Section 4.2, the ensemble average of the transition probability per unit time. This
calculation up to second order in the random interaction W yields the averaged form
of Fermi’s Golden Rule. In Section 4.3, we shall then carry out the derivation of the
Markovian master equation. We shall again consider the two forms of the random-matrix
coupling presented in Section 2.3. We will conclude this chapter by a discussion of the
different times scales appearing in the random-matrix model, in Section 4.4.

LA new approach, based on a stochastic Schrodinger equation, has been developed recently [Str99a,
Strogb).

27
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4.2 Fermi’s Golden Rule

We suppose in this section that S is initially in some eigenstate |m) with pg(0) = |m)({m)|,
and we ask for the ensemble-averaged probability to find the quantum system in another
state |n) at a later time ¢. We have

Pu(t) = (nlps(t)ln) =Y _(nb|p(t)nb) , (4.1)
b

where the total density operator p(t) is given by Eq. (3.56) with ¢ = #'. In order to obtain
an expression for p(¢) up to second order in W, we replace U(t) by Uy(t) and p(r,7’) by
Ug(T)ﬁ(O)Ug(T,) in the r.h.s. of the averaged von Neumann equation (3.56). This results
in

B(t) = /Ot dr /Ot a7 Uo(t = )W Up()p(O)UL () W U (t =7 | (4.2)

where we have omitted the first term which does not contribute to Py,(t) unless n = m.
Inserting Eq. (4.2) into Eq. (4.1) and evaluating the integrals, we get

. 2
sin(E, +¢ep, — B — Ea)%> (4.3)

P,(t) = nb|W|ma)|? 4
(0= 3 o) ( e

For times much larger than the collision time, ¢ > ta, the factor 4(sin? %xt) /x? is sharply
peaked at z = 0 and may be approximated by 27t d(z). This yields

Po(t) =27ty |[(nb|W|ma)|* 6(Ey + ey — Em — €a) - (4.4)
b

The transition probability per unit time is then defined as

nm t

R

=21 Y |[(nb|W|ma)|* 6(E, + ey — Em — €4) - (4.5)
b

This is the ensemble-averaged version of Fermi’s Golden Rule. We see that Eq. (4.5)
agrees with the result obtained from ordinary second—order perturbation theory [Mes62].

4.3 Derivation of the master equation

We now turn to the derivation of the Markovian master equation satisfied by pg(t). The
equation applies provided the coupling between system and bath is weak. More precisely,
we use the following assumptions.

i) The time ¢ obeys the inequalities to < t < tp. Here to = 1/A is the duration time
of a single action of the interaction and ¢p is the Poincaré recurrence time of the
system. This condition is always needed to describe a relaxation process in terms of
a transport equation.

ii) For all states |n) and |b), the bandwidth A has to satisfy the inequalities w, v < A <
kET. Here v is the relaxation constant and w denotes the mean level spacing of the
system S. For the harmonic oscillator, +y is defined in Eq. (5.10). For other systems,
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an analogous definition applies. Condition ii) requires weak coupling between bath
and system and ensures the validity of the Markov approximation. It also requires
the temperature T to be larger than a minimum temperature k7T, = A and may,
therefore, also be seen as defining a semiclassical approximation.

These assumptions are discussed in more detail in Section 4.4. In the next two subsections,
we treat the two forms of the random—matrix interaction separately.

4.3.1 Case (II): Symmetrized coupling

We begin with the simpler case, that is, with the approximated form (IT). Because the
variance of the random-matrix coupling is symmetric in the system-bath variables, the
averaged Dyson equation (3.55) for the evolution operator can be solved in closed form
(see Section 3.2.1, Eq. (3.23)): U(t) is diagonal in the energy basis and given by

Upt) = e ilPnreo)t="gtt (4.6)

where we have neglected the level shift A,;. The decay width I',;, is given by Eq. (3.20).
To obtain the averaged master equation, we proceed as indicated in the introduction. We
first substitute U(t) from Eq. (4.6) into the averaged von Neumann equation (3.56). We
then take the trace over the bath and arrive at

S (nblp(t, t')|n'b) = ZUnb (nb|p(0) 'Y T, ()

b
tl
+5nn'/d7/ dr' ZUnb t—)

bniby
X |(nb|W|n1b1>| (nq1b1|p(T, T')|n1b1>UL,b(t' —-7'). (4.7)

Here we have used (2.43) to write

(nb|W|n1b1)(n2b2|W|n’b> ~ 6nn’6n1n26b1b2 |(nb|W|n1b1)|2 . (4.8)

By arguments similar to those presented in Section 3.2, one can show that the terms we
have omitted in Eq. (4.8) give a negligible contribution in the limit Np to infinity. We
now take the time derivatives with respect to ¢t and ¢, use

%Unb(t) = - (% + Z(En + 51))) Unb(t)a (49)

and its Hermitian conjugate, and find
9 0 VRN
<§ + @> ;(nb|p(t,t )n'b) = —i(Ep, — Ey ; nb|p(t,t')|n'b)
1
_5 Z nb T r ’b nb|ﬁ(ta tl)|n,b>
b

Foun Y [(nb|W|nib)[? / dity PR DT by (4 41, ) b
bn1by

o _
Fonnr Y [(nb|W niby) | / dt, eI En )T (0 by 1B(4, )+ £,)[naby) | (4.10)
bniby
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where we have put £y =7 —t and ) = 7" — 1.

The right-hand side of Eq. (4.10) is easily interpreted. The first term describes the
free motion. The second term (the “loss term”) corresponds to transitions which deplete
the states n and n' whereas the two last terms (“gain terms”) correspond to transitions
which feed the state n (we shall discuss the absence of off-diagonal gain terms in more
detail in Chapter 6). The gain terms are non—local in time and, therefore, involve memory
effects. In the limit of weak coupling, however, the process becomes Markovian and the
memory effects play no role [Wei80]. To see this, we note that for short times (to zeroth
order in W), Eq. (3.56) reduces to

p(t,t") = Uo(t)p(0) o' (') . (4.11)
We use this form in the gain terms and accordingly approximate
(niby[p(t + t1,¢)|nib) by e U Frts)b(n, b 5(t, ') |ngby) (4.12)

and
(niby[p(t,t + ) |nib1) by (nbi[p(t, t')|nyby el Pratent (4.13)
Setting t = ', we obtain

d

. 1 ~
7 —(nlps(t)|n') = —i(En — Ew)(nlps(t)In') — 5 > (Tnp + Do) (nb|p(t, ') n'b)
b

+ 0 Y (bW |naby)|* (n1b1 [B(t)|n1br)
bniby

0 0
/ dtle(i(En-i-&b—Enl _5b1)+%)t1 + / dtle(—i(En+€b—En1 —81;1)-1-%)?51 L (4.14)
—t -t

Condition ii) implies that I, < E,, +¢, — By, — ey, ; see also Eq. (3.47). We hence neglect
T',p in the integrands of Eq. (4.14). This amounts to replacing U(t) by Up(t) and is similar
to what we did in Section 4.2 when we calculated the average of the survival probability
P,(t). Moreover, for sufficiently large times, we have

t .
/ dt ! Prtev=Fui=2)t ~ 97 §(E, 4 ey — Ep, — €p,) - (4.15)
—t

For times much larger than the collision time, ¢ > ta, Eq. (4.14) thus reduces to

< tnlps(Dln') = il [Hs, s (0)] ')

- Z |(nb|W |n1b1)|? 6(E, + ey — En, — ep, ) (nb|p(t)|n'b)

bniby
—m > (Wb Wnib)|? 6(E + &5 — En, — e5,) (nb|p(t)n'b)
brniby
+27 O Z |(nb|W|n1b1>|26(En +Ep — Em — 8b1) (n1b1|ﬁ(t)|n1b1) , (4.16)
bniby

where we have used the definition (3.20) of the decay width. It is clear that the transition
probabilities per unit time, W,,, and W,,,, as given by their Golden Rule expressions



4.3. DERIVATION OF THE MASTER EQUATION 31

(4.5),
Win, = 21y [(nb|W|nib)|*6(Ep+ ep— En,— b,
b

Wiin = 21y [(nb|W|nib)|*6(Ep+ ep— En,— b, (4.17)
by

do not depend explicitly on the bath variables b and b,. Consequently, the traces over the
bath can be carried out and we finally obtain the SRM Markovian master equation

2 (ulps @)’y = =i (o] s, p5(8)] I

— Z (M) <n|ﬁ5(t)|n,> + O Z Win, <n1|ﬁ5(t)|n1> : (4.18)

It may seem curious that, in the evaluation of the gain term, it is necessary to invoke
the Markov approximation while in the loss term, the limit of weak coupling apparently
suffices. To explain this fact, we recall that we always work in the limit of infinite matrix
dimension Np. The loss term in the master equation (4.18) is obtained from single-side
Wick contractions, symbolically written as VV( ):( ) or ( ):( )VV, whereas the gain
term is generated by Wick contractions V( ):( )V which connect matrix elements in
both amplitudes. Selection among the first type of Wick contractions is affected by both,
the limit Ng — oo and the weak—coupling limit. From our discussion in Section 3.2, we
know tha,‘m\he three'_V'Vﬁl_clf contractions that correspond to the terms of fourth order,
VVVV VVVV, and VVVV, the last is neglected because Ng — oo and the second,
because of weak coupling. In contradistinction, the form of the gain terms in Eq. (4.10)
is determined entirely by the limit Np — oo. Hence, an additional step is needed to
implement the weak—coupling limit.

4.3.2 Case (I): Non-symmetrized coupling

For the non—-symmetric form (2.42) of the random—matrix coupling, the averaged time—
evolution operator is not diagonal in energy representation. We recall that we have instead

(nb|T ()b = Sy (nbT(£)|nb) . (4.19)

Therefore, the matrix elements (nb|U(t)|n'b') cannot be given in closed form (see Sec-
tion 3.2.2). However, the time derivative of these quantities can be obtained explicitly
in the limit of weak coupling. This suffices to obtain the master equation. Aside from
this difference, the derivation proceeds in complete analogy to that given in the previous
subsection. In analogy to Eq. (4.7), we obtain

S (mblptt, ) n'b) = 3 (nb{T(D)lneb) (riblp(0) Imob) (mob[T (#)]n'B)

b bnins
/ dT/ dr'y "> (nb|U(t — 1) |n1b)an2Qn3n4Vbb2
bny nobs
n3n4

< (2bo|p(7, ) [nabe) (nab| T (¢ — 7')|n'b) | (4.20)
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where we have used that, according to Eq. (2.42),

(n16[W [122b2) (n3bs|W [14b) = b3 Qnyns Qugna Vo, - (4.21)

We take the double time derivative, use Egs. (3.39) and (3.40) for the time derivative of
the averaged evolution operator, the Markov approximation in the gain terms, and the
identity

/ dre'® zP + mo(z) . (4.22)

We neglect the level shift due to the principal-value integral. All these steps yield the
Markovian master equation

d ) —
o <n|ps< )n'y = —i(n [Hs, ps(1)] In')
_ 1 2 _
Z imins (n2 [P (DIn) = 5 > W;L,m<n|ps<t>|n2>
77,177,2 ninz
nlng nlnz

where we have defined the generalized transition probabilities

Wrgz)lnlng =2m Z Qnny anszbl2 6(Eny+ eo— Eny—e,)
b1
5 -
Wr&12ﬂnzn1 =2r Z an’anl %b12 6(En2+ Ep— Enl_ 51)1) )
by

Wr&?z)lmn’ =2r Z anl an’ Vi7b12 6(En1+ €by— E,— 5b) )
b

A -
Wvgn)lmn’ =2r Z Qnny ann’ Vbbl2 5(En2+ ety — Ep— 51)) : (4'24)
b

The master equation (4.23) shows a structure which is quite similar to the SRM master
equation (4.18): the first term on the right side describes the free motion without coupling,
the next two terms are the loss terms which deplete the states n and n’ and the last terms
correspond to the gain terms which feed the states n and n'. It is interesting to note, that
the unsymmetrized random-matrix coupling (2.42) leads to an averaged master equation,
Eq. (4.23), in which gain and loss terms are symmetric, whereas the symmetrized coupling
(2.43) leads to a master equation, Eq. (4.18), in which this symmetry is lost.

4.4 Discussion: Time Scales

In view of the derivation given in the previous section, we discuss the various time scales
appearing in our random-matrix model. These time scales play an essential role in defining
the range of validity of the master equation [Wei80, Rau96].

According to the statistical ansatz in Eq. (2.41), the interaction V' connects eigenstates
of Hp within an energy interval ~ A. Thus, the bandwidth A can be visualized as the
average amount of energy exchanged during a single action of V, and to = 1/A can be
interpreted as the duration time of a single action of V' (i.e., the time needed to transfer
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the energy A). A statistical description in terms of a master equation can be valid only
for times ¢ > ta.

Any dynamical process in a finite-sized system will return (close) to its initial state
after a characteristic time, the Poincaré recurrence time ¢p (in the example of a two-level
system, the Poincaré time corresponds to the Rabi period tp = 27/(E; — E_), where
(Ey — E_) is the energy difference between the two (perturbed) levels [Mes62]). When
the bath is much larger than the system, the recurrence time is essentially determined by
the mean level spacing D of the bath, tp ~ 1/D. Obviously, tp tends to infinity with the
size of the bath. This is the condition of irreversibility. The inequality ¢ < ¢p must be
fulfilled in order to have relaxation.

The weak—coupling condition ii) requires that the relaxation constant 4 be much
smaller than the amount A of energy transferred during a single action of the interac-
tion, v < A (see also Section 3.2.1). This condition has a simple interpretation in terms
of the times that correspond to these energies. The relaxation time ¢t = 1/ must be
much larger than the time tAo = 1/A needed for a single action of V', ta < tg.

There are two time scales which determine the memory time of the heat bath [Asl85,
Lin84]: The time tan (the inverse of the frequency cutoff of the bath in the Caldeira-
Leggett model) and the time t5 = 1/kT. The latter is purely quantum in origin. For high
(low) temperature, thermal (quantum) fluctuations dominate and the memory time of
the bath is given by ta (by tp, respectively). A crossover between thermal and quantum
fluctuations occurs at the crossover temperature kT,,, = A. To guarantee the validity
of the Markov approximation, the temperature must be much larger than the crossover
temperature, A < kKT. This condition can be rephrased in terms of length scales: The
range of the interaction must be much larger than the thermal de Broglie wavelength of
the Brownian particle \jp = 1/V4MET.

4.5 Summary

The present chapter has been concerned with the derivation of a Markovian master equa-
tion for the reduced density operator pg(t), starting from the averaged Dyson and von
Neumann equations (3.55) and (3.56). Our central result is embodied in the master equa-
tions (4.18) and (4.23), obtained for the symmetrized and non-symmetrized form of the
random—matrix coupling, respectively. The equations are valid in a domain of parameter
values specified by the inequalities (i) and (ii) of Section 4.3. Eqs. (4.18) and (4.23) are
completely determined once the transition probabilities (4.17) and (4.24) are known. Both
equations show the typical gain—loss structure. However, the SRM master equation has
the peculiar feature of having no off-diagonal gain terms. This is due to the form (2.43) of
the second moment which supposes that the entire interaction acts as a random matrix:
In our approach, the gain term for these non-diagonal elements vanishes because of the
Kronecker delta for the states of the system S appearing in condition (IT).

Before we end this chapter, let us make a final comment on the fact that the averaged
master equations (4.18) and (4.23) are naturally given in the energy basis |n) of the system
S. Tt is well known that full random matrices which belong to GOE are, by construction,
basis independent, since they are invariant under any orthogonal transformation [Meh91].
On the other hand, random band-matrices single out a specific basis in Hilbert space,
namely the basis in which they have a band structure. In the case of our model, this
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preferred basis corresponds to the energy eigenbasis |b) of the bath Hamiltonian, as shown
by Eq. (2.41). This, together with the conservation of the total energy, explains why
Egs. (3.55) and (3.56) are expressed, after the bath has been traced out, in the energy
eigenbasis of S.



Chapter 5

Applications

5.1 Introduction

In the previous chapters, we have developed a formalism which allows us, in principle,
to calculate the ensemble—averaged density operator for a system interacting with a heat
bath. The present chapter is devoted to the illustration of the results obtained so far.
More specifically, we shall apply the averaged Markovian master equations (4.18) and
(4.23) to two simple quantum systems: The damped harmonic oscillator [Dek81] and the
dissipative two—level system [Leg87]. These two systems are the paradigm of a quantum
dissipative system and have been the object of an intensive study in past years (see [Wei93]
and references therein). We shall compare our master equations with those derived by
Agarwal [Aga73, Aga74] within the oscillator bath model.

We shall begin with the study of the damped harmonic oscillator in Section 5.2. In
Section 5.2.1, we will consider the SRM master equation and compare it with the cor-
responding RWA equation. The range of validity of the SRM equation will then be in-
vestigated and we will derive an expression for the weak—coupling condition in terms of
the parameters of our random—matrix model. Positivity of the density matrix will also be
briefly discussed. In the following section, we shall deal with the unsymmetrized random
coupling. In particular, we shall compare the resulting master equation with the Caldeira-
Leggett equation and discuss the fluctuation—dissipation theorem. Finally, in Section 5.3,
we will examine the case of the dissipative two—level system, again for the two forms of
the random—matrix interaction.

5.2 First Application: Harmonic oscillator

Let us consider a one—-dimensional harmonic oscillator with mass M and frequency w.
The corresponding Hamiltonian Hg is given by Eq. (2.3) and the energy spectrum reads
[Mes62]

E,=(n+1/2) w, n=12.... (5.1)

We assume a coupling linear in the position of the system S and, accordingly, set Q) = x.
We introduce the usual creation and annihilation operators a! and a. We recall that in
terms of these ladder operators, the position operator x may be expressed as

1
2Mw

Tr =

(a+al) . (5.2)
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Due to the tridiagonal structure of this operator in energy representation, we will find
that the elements of the matrix W™ = QnVyp vanish unless |m — n| = 1, defining thus
a one—step process.

5.2.1 Case (II): Symmetrized coupling

Derivation of the SRM master equation

The transition probabilities in Eq. (4.17) are easily evaluated with the aid of Egs. (2.41)
and (2.43). For times ¢t < tp, we can replace the sum over b by an integral and obtain

Won, = 271'2 |anl|2Vbb12 6(En +ep — Eny —ep,)
b

1 2
ep) 12 _Lepoy)
= 97 |an1|2A0/d8b |:P( ) :| 2A2 5(En + Ep — Em — 8b1)
p(gbl)
9 B I 7(En1—En)2
= 27 |Qun, [PAg e Prmi=Fn)e™ o (5.3)

In the last line, we have replaced the density of states p(¢) by the expression (2.39). We
make use of the identities

aln) = v/n|n—1) and a'lny =vVn+1|n+1), (5.4)
together with Eq. (5.2) for Q = z. This gives
1

Qunr = = (Vb1 + Vi Lo i) (5.5)
Substituting (5.5) in Eq. (5.3), we obtain for the only non-vanishing terms
W1 = Wone™ 7% Wins1 = Woln +1)e7
Whoin = Woneg“’ , Whtin = Wo(n + 1)e*§“’ , (5.6)
where we have set Agr o
Wo = me 287 | (5.7)

and used the formula of the energy spectrum. The averaged master equation for the
damped harmonic oscillator takes then the form

d . _
Z(nlps(®)n') = —i(n|[Hs, s (1))In')
1
_5 (Wn—ln + Wn—l—ln +W, in + Wn’+1n’) <n|ﬁ5’(t)|n,>
+(Wans1 (0 + 1Bg(t)n +1) + Wan 1 (n = 1[pg(D)In = 1)) b, (5:8)

or, equivalently,

© nl7s(1)n') = —ieo(n — ')l ()Y — 3 [(n ) @ + 1)+ 2] 7 (1) ')

+(2v(nun + (0 + 1) (0 + 1ps O+ 1) + 2ynmn (0 = 1ps()]n = 1)) b -(5.9)



5.2. FIRST APPLICATION: HARMONIC OSCILLATOR 37

Here, we have defined the relaxation constant,
W sinh P
v = Wy sinh oW (5.10)

and ny, denotes the average number of quanta at temperature T,

1
Th = o1 - (5.11)
The SRM master equation (5.9) is given in energy representation. This form is not very
suitable for a comparison with the RWA master equation. An operator equation can be
obtained with of the help of the identities (5.4). Employing them it is straightforward to
check that (5.9) is the energy representation of the following equation

dﬁs(t) - w [aTa,ﬁg(t)] _ fy(aTaﬁS(t) — QDCLﬁSGT +ﬁ5(t)aTa)

t
—  2ymyy (aTaﬁS(t) — Dapg(t)al — Da'pg(t)a + ﬁs(t)aaf) . (5.12)

In Eq. (5.12) we have introduced the projector D which selects the diagonal part of the
operator on which it operates,

(Do)nn’ = Onn 6nn’ . (5.13)

An important property of the SRM master equation (5.12) is that the dynamics of the off-
diagonal terms decouples from that of the occupation probabilities P, (t) = (n|pg(t)|n).
This is easily demonstrated by setting n = n' in (5.9). We find that the diagonal elements

obey the equation

d— — _
SPult) = 2ynanPaoi(t) + 2y + D0+ 1) P (t)

— 2y[n(2nn + 1) + nun| Pot) (5.14)

Eq. (5.14) does not depend on non—diagonal matrix elements and is of the form of a Pauli
master equation [Pau28]. In this form, the gain—loss structure for the probability of each
state n becomes particularly clear (see Fig. 5.1): The first line is the gain due to transitions
from the states n — 1 and n + 1, and the second term is the loss due to transitions in these
two states. The steady state solution of Eq. (5.14) reads

2y(ng, + 1)nPy = 2ynpnPp_1 - (5.15)
This leads to the thermal distribution for P,

. s e~ nbw

= Py = .
ngp + 1 07 1 e hw

(5.16)

n =
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[n+1)
5 ;
2y (+1)(nep+1) Foe 2y (n+1) ny, Ry
: : ¥ | >
2y(h+) Ry ; ; 2ynngn By
i E In-1>

Figure 5.1: Probability flows in the Pauli equation (5.14) (taken from Ref. [AgaT73]).

Comparison with the RWA master equation

Let us now compare the RWA and SRM master equations (2.30) and (5.12). First, we
note that an essential feature common to these approximate equations is that the diagonal
and off-diagonal elements do not mix. The resulting simplification which occurs in the
description of the open system is one of the reasons why the RWA Hamiltonian is so
widely used in quantum optics ! (see, e.g. [Mey91]). The rationales for this decoupling
are different, however. In the RWA case, it is due to the omission of the rapidly varying
terms in the interaction Hamiltonian, whereas in the SRM case, it stems from the fact that
the entire interaction is taken as a random-matrix. Second, we observe that the evolution
equations for the diagonal terms are identical: In both cases the occupation probabilities
obey Eq. (5.14). This can easily be understood by direct comparison of Eqgs. (2.30) and
(5.12). We see that the two master equations coincide term by term except for the gain
terms apg(t)at and a'pg(t)a. ITn the SRM equation, they are replaced by their projection
onto the diagonal, Dapg(t)a’ and Dapg(t)a. Hence, only the diagonal parts of these
equations are the same. That the coincidence between the SRM and RWA equations does
not extent to the time dependence of the non—diagonal elements (n|pg(t)|n'), n # n', is
due to the form (2.43) of the approximated variance of the random interaction and the
resulting absence of gain terms in the coherence.

Weak—coupling condition

As already indicated in Chapter 4, the averaged Markovian master equation (5.12) is only
valid when the coupling between system and bath is “weak”. Here we wish to investigate
what “weak” really means. More specifically, we want to express a weak—coupling condi-
tion in terms of the parameters of the random—matrix interaction, Eq. (2.41). Following
the discussion at the end of Section 3.2.1, we compare

T (E) and > Wi (Go)2, b, T (B) - (5.17)

n1by

!One may mention, for example, the Jaynes-Cummings model for a dissipative two-level system [Jay63],
which is only exactly solvable under the rotating wave approximation.
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These quantities are calculated as in the preceding section. For the decay width T',,(E)
this gives

Fnb(E) = 27"2|an1|2Z%b125(E_En1_5b1)
ni by
2
_mA 1 BA2 B2A2
= m{”exp (‘W(E‘E"‘€b+w‘7 g

2\ 2 252
+ (n-l—l)exp(—ﬁ(E—En—sb—w—%) +B8A>} . (5.18)

We shall assume in the following that n > 1, so that n + 1 may be replaced by n in the
second line of the above expression. We first show that I',;(E) depends weakly on energy.
From Eq. (5.18) we see that I',,;(F) is written as a sum of two Gaussians, each with width

A: The first Gaussian is centered at £y = E, + ¢, — w + BTN and the second one at

Ey=E,4+¢,+w+ ﬁTAz. The two maxima of the Gauss curves are thus separated by a
distance 2w.

I—nb

T

rnb
| /\/\
t t t —t—t
= Eo E) E

E E E E

Figure 5.2: Two Gaussians centered at F; and E; coalesce in a single Gaussian centered
at Fy in the limit w < A < kT (see text for details).

Under the conditions in which

(a) the bandwidth A is much larger than the level spacing w of the system,
w<<A, (5.19)

(b) and the temperature T of the heat bath is much larger than a minimum tem-
perature kT, = A,

A < kT or, alternatively, BAZ < A, (5.20)

one may omit +w — 3/2A? in the argument of the exponentials in Eq. (5.18). It thus
follows that the two curves coalesce in one single Gaussian of width A and centered at
Ey = E, +¢; (see Fig. 5.2). Moreover, it is possible to neglect the variation of I',;(E) with
energy if the height of this Gaussian, 'y, = Iy (E, + €p) ~ 27yn, is small compared to its
width A. Consequently, if v < A, one can approximate the decay width by its maximum
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value, I',y(E) ~ T'yy. Next, we compute Y-, W,)T,L)?Q(Gg)%lblf‘mbl (E). The evaluation of
the latter is very similar to that of the decay width. We obtain

Z W£?12(G0)7211b1r‘n1b1 (E) = 7 Z |an1 |2 Fnlbl Z Vbb12 6I(E - Enl - 8b1)
ni b1

niby

7TAO

From Eq. (5.21), we deduce that the second term in Eq. (5.17) can be neglected with
respect to the decay width, if

7TAO

T <A, (5.22)

or, equivalently,
T A, (5.23)

where we have used Eq. (5.10) and condition (a). We have thus shown that the SRM
master equation for the damped harmonic oscillator is valid provided the following weak—
coupling—high—temperature condition is fulfilled

w, Yy K< ALKT . (5.24)

We emphasize again that condition (5.24) is neither restricted to the approximated form of
the random—matrix interaction nor to the specific case of the harmonic oscillator. Indeed,
since the symmetrization of the variance does not affect the random bath operator V, it
is clear that (5.24) also applies for the unsymmetrized form of the the random—matrix
coupling. Moreover, the preceding arguments may be easily generalized to systems other
than the harmonic oscillator, by requiring that |Q,n, |> vanishes unless the states n; and
n are close in energy and by identifying w with the mean level spacing.

Positivity

By employing an approach to quantum dissipation based on quantum dynamical semi-
groups, Lindblad has shown that the general form of a Markovian master equation, which
satisfies complete positivity, is given by [Lin76a)]

dﬂcsl’t(t) = —i[H, ps(t)] — %Z (L};Lkps(t) + ps(t)LLLy, — 2Lkps(t)L};) , (5.25)
k

where Lj are operators acting in the Hilbert space of the system S. For the harmonic
oscillator, Lindblad also proved that Markovian master equations cannot simultaneously
fulfill the following three conditions [Lin76b]: (i) The reduced density operator is positive
definite for all times ¢ > 0; (ii) for ¢ — oo, the reduced density operator attains thermo-
dynamic equilibrium; (iii) in the classical limit, the equation is equivalent to the Langevin
equation. Upon rewriting Eq. (2.30) in the following form

dps(t)
dt

= — iwlala, ps(t)] — yrum (aafﬁs(t) + ps(t)aal — 2aTﬁ5(t)a)

]
— y(n + 1) (ataps(t) + ps(t)aal — 2aps(t)a’) , (5.26)
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we recognize immediately that the RWA master equation is of the Lindblad type with
L1 ~ a and Ly ~ af. This guarantees the positivity of the reduced density operator. As
a consequence, the quantum-—classical correspondence with the Langevin equation is lost,
however, since as shown by Eq. (5.16), the RWA equation leads to thermal equilibrium
(cf. also the discussion in Section 6.3.1).

We now examine if the SRM master equation (5.12) is of the Lindblad form. By a
transformation similar to that used in Eq. (5.25), Eq. (5.12) can be restated as

P _ s fala, s (1)) — ynun (aa'Bs(®) + Bs(t)aat — 2Patpg(t)a)

dt
— (g +1) (aTaﬁS(t) + pg(t)aal — 2Paﬁ5(t)af) . (5.27)

Eq. (5.27) clearly shows that the SRM equation is not of the form (5.25). This implies that
the reduced density operator may become negative for some particular initial conditions.
As we will see in the next section, this is also the case for the Caldeira—Leggett master
equation.

5.2.2 Case (I): Non-symmetrized coupling

Let us consider the averaged master equation (4.23) that corresponds to the unsym-
metrized random—matrix coupling. We first evaluate the generalized transition proba-
bilities of Eq. (4.24). We proceed in complete analogy to case (II). We find, for instance,

2
(Eng—Enq)

W = 91 Ay Quny Qnymyes BraBn) g™ 5az (5.28)

nninine
Using the explicit form (5.5) of the matrix elements of @), we get

Bw Bw
WD = Wone >, Wr&:z)ﬁ-ln—l—lnﬁ-? =Wo/(n+1)(n+2)e>,

nn—In—1n

WTE}?,)+17L+177, = WO(n + 1)87% ) Wrgz)flnflnf2 =W \V n(n - 1)67%‘) ) (529)

where W is given by Eq. (5.7). Proceeding analogously for the other transition probabil-
ities and inserting the result into the master equation, we obtain

& nlps(1)in') = —ieo(n — ') nfps (D))
~yun (/nn = 1) (n = 2psla’y + (n + Dinlpsin'))
~yoan + 1) (nolpsla') + /(0 + D+ 2) -+ 2lpg ')

—yun (/w00 1) Gnlpsla’ = 2) + (0 + Dinlpsln'))

—yun + 1) (' mpislan’y + /(0 + ) +2) (alpsln’ +2) )
oy (Vand(n = Alpslal = 1) + \Jnlof + 1){n = LUpgla’ +1))

s+ 1) (/ln + Do + 1o’ = 1)



42 CHAPTER 5. APPLICATIONS

Tnh (V nn/(n —1pgln’ — 1) +1/(n + D)n'(n + 1|pg|n’ — 1>>

+vy(nen + 1) < n(n' +1)(n — 1|ﬁ5|n’>

+2y(ngn + 1) (« [(n+ 1) + 1) (n + 1[psln’ + 1>) . (5.30)

It is easy to check that this result coincides with the master equation (2.15) in energy rep-
resentation derived (without RWA) by Agarwal for a harmonic oscillator linearly coupled
to a bath of harmonic oscillators,

dp , _
— = —iwlala,pg]

_ _ _ _ _ _ _ 2
- 7(aTaps — 2apga’ +pga’a+ a’pg — apga — a'pga’ + pgal )
— o (20’ [a, 7s]] + [af, [0, 5] + [0, [0, Bs]]) - (5.31)

Besides the master equation, there is an important relation which expresses the close
relationship existing between relaxation and fluctuations at equilibrium. This fluctuation—
dissipation relation will be the subject of the following section.

5.2.3 Fluctuation—Dissipation Theorem and High—Temperature Limit

Upon substituting a = (\/ Mwzx +i/V wa) /v/2 and its Hermitian conjugate in (5.31),
we find the Caldeira—Leggett master equation [Cal83a, Cal89] (see also [Koh97])
dps _

dr —iw[Hs,pg| — iy [z,{p,Ps}] — D[z, [z,pg]] , (5.32)

where the diffusion constant D is given by
D = yMw coth (%) . (5.33)

On the other hand, using Eq. (5.7), the damping coefficient y can be written as

Agmt w2
v = MLZe 247 sinh gw . (5.34)

We see that a small bandwidth A tends to exponentially decrease the damping coefficient.
In view of our ansatz for the interaction between system and bath, this is not surprising.
Egs. (5.33) and (5.34) are both a statement of the fluctuation—dissipation theorem between
the friction coefficient v and the diffusion coefficient D. To be consistent, the two expres-
sions should coincide. We find that this is the case only in the limit of large bandwidth,
w < A and in the limit of high temperatures, fw < 1. In these limits, Egs. (5.33) and
(5.34) become identical and they reduce to the Einstein relation

D
- 2MET

v (5.35)

Here the diffusion constant D is determined by the strength of the coupling,
D = Aypr . (5.36)
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We have thus demonstrated, by a self-consistency argument, that the averaged master
equation (5.31) is valid in the large-bandwidth, high-temperature limit, w <« A and
w < kT, in agreement with Eq. (5.24) 2.

We finally mention that the Caldeira-Leggett equation (5.32) does not have the Lind-
blad form (5.25) [Di093]. This implies that the positivity of the reduced density operator
can be violated for certain initial states. In Ref. [Pei98], it was shown that positivity is
guaranteed provided the dispersion 0., = (22) — (z)? of the initial wave packet obeys the
condition

Ogz = >\dB2 . (5'37)

5.3 Second Application: Two—level system

As a second illustration, we consider a two—level system with upper (lower) level |+) (|—),
respectively) and level separation wy. The corresponding Hamiltonian of the system is
given by Eq. (2.24). We write

1
E, = Juwor, n==1, (5.38)

and take Q = g,. We first derive the averaged master equation for the non—symmetrized
coupling.
5.3.1 Case (I): Non-symmetrized coupling

We begin with Eq. (4.23) and proceed as in Section 5.2 for the damped harmonic oscillator.
For the generalized transition probabilities we find

Wil = Wyesw
wl, = Wye 5w, (5.39)

and similar expressions for W2 | W) and W®. Here W} is given by Eq. (5.7) with w
replaced by wy and M set to unity. Thus,

d, _ 1 B = 1 Bios i 1=
£<+|Ps|+> = —§W0€2 °<+|P5|+>—§WO€2 °(+ps|+)
1 8, , _ I 8,, -
+oe 2 (= [pg[=) + e (~[ps| )
= =2y(nm + 1) (+[pgl+) + 2vnun(—[ps|—) (5.40)
and, in a similar way,
d, _ _ _
Z(1psl=) = —2ymun(=1ps] =) + 2(nun + D{+psl+) |
d, _ ) _ _ _
Z(=lpslH) = iwn(=pg) = 7@ + 1) [(=[psl+) — (+1ps]-)] |
d, _ . _ _ _
Z(HPsl=) = —iwo(+[psl=) = v(2n + 1) [(+1s]-) = (~I7s|+)] . (5.41)

2 One should mention that the Caldeira-Leggett master equation has been shown to be valid even at
low temperatures for a weakly damped oscillator, v < w [Cal89].
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In the previous equations, v and ny, are given by Eq. (5.10) and (5.11), respectively, with
w replaced by wg and M set to unity. We introduce the raising and lowering operators o
and o_ which obey the relations (2.25). Simple manipulations with these spin matrices,
together with the closure relation

Ps= Y, |m)(mlpsln)(n|, (5.42)
{man}:{‘h*}

show that the master equation for the dissipative two—level system may be written as

d_ _ _
P = —2y(mup + 1) 010 psoy0- + 2yny, 01 P50

—iwg040_pgo_oy —y(2ny, + 1) [a+o_ﬁ50_a+ - a+ﬁsa+]

+iwgo_opgoro_ —y(2ny, + 1) [a_a+ﬁ50+a_ - a_ﬁsa_]

—2ynu, 0-04Pg0-04 + 2y(nup + 1) 0_pgoy (5.43)

or, in a simpler fashion,

d_ 1 —
EPS = —Z§w0 (02, Ps] (5.44)

+ ynn (204550 + 04504 +0 Pso —so 04 — 001 Ds)
+ y(un +1) (010504 +0_Pso_ +20 g0y — 010 pg — Psoyo) .

For ny, = 0, Eq. (5.44) reduces to the Agarwal equation for spontaneous emission of
a two—level atom [Aga7lb, Aga74]. It may seem surprising that Eq. (5.44) applies for
T = 0 where the inequality A < T is clearly violated and non-Markovian effects are
present. However, it was shown in Ref. [Unr89], using a coupling to a scalar field, that
the high—-temperature master equation is obeyed even at low temperatures provided the
time ¢ is larger than the memory time of the bath, ¢ > tp. This implies that condition
(ii) of Section 4.1 may be replaced by the less restrictive condition tp < t < tp (see also
Footnote 2).

5.3.2 Case (II): Symmetrized coupling

Tt is possible to quickly write down the SRM master equation for the dissipative two—level
without any calculation. We note that Eq. (5.44) is the same as Eq. (5.30) for the damped
harmonic oscillator with the substitution a — o_, af — 04+. A similar correspondence
exists between the RWA equations for the harmonic oscillator and the two—level system
[Car93]. We can therefore simply make the substitution a — o, at — o, in Eq. (5.12)
to write
dps(t) 1 - - 5 5
2= —igwn[0:,0s) = v(040-ps(t) — 2D0_pso + Ps(t)os0-)

—2ynp (70 Ps(t) = Do _ps(t)oy — Doy ps(t)o +ps(t)o—oy).(5.45)

This is the SRM master equation (5.44) applied to the two-level system. As for the
damped harmonic oscillator, this equation coincides with the corresponding RWA master
equation except for the gain terms which are equal to zero for the off-diagonal elements.
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5.4 Summary

We have applied the averaged Markovian master equations (4.18) and (4.23) to two cases,
the damped harmonic oscillator and the two-level system. We have assumed that the
system—bath interaction is linear in the position coordinate of the quantum system. For the
damped oscillator and case (I), we have obtained the same equation (5.31) as Agarwal who
considered a harmonic oscillator coupled to a heat bath which was modeled as an infinite
set of harmonic oscillators. In the limit of high temperature, this equation coincides with
the master equation (5.32) derived by Caldeira and Leggett. For the SRM case (II), our
master equation (5.14) for the diagonal elements of the reduced density operator is identical
to the Lax—Louisell master equation evaluated in the rotating wave approximation. This
is because in case (IT) we impose conditions upon the interaction matrix elements of
the position coordinate of the quantum system. These conditions are tantamount to
the RWA. For the non—diagonal elements of the reduced density operator, these same
conditions imply the vanishing of the gain terms. In this point our result differs from
the one obtained by Lax and Louisell. In contrast to the RWA equation, Egs. (5.31) and
(5.32) are not of the Lindblad form. This means that for initial conditions which do not
satisfy condition (5.37), the reduced density operator is not positive definite for all times.
The range of validity of the averaged master equations (4.18) and (4.23) is expressed by
the weak-coupling condition (5.24). Although derived for the specific case of the SRM
damped harmonic oscillator, this condition is completely general.

For the two-level system and case (I), our master equation (5.44) reduces, at T' = 0,
to the Agarwal equation for spontaneous emission of a two—level atom. In case (II), as for
the damped oscillator, this coincidence is restricted to the diagonal matrix elements.

We conclude that Markovian master equations for quantum Brownian motion derived
in the weak coupling limit possess universal validity [Lut99]: These equations are inde-
pendent of the specific microscopic model used for their derivation. This is not true of
approximations such as the rotating wave approximation. Typically, such approximations
violate certain invariance requirements (translational invariance in the case of the RWA)
and thereby lose universal validity.
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Chapter 6

Symmetrized random—matrix
coupling

6.1 Introduction

This chapter discusses the symmetrized form of the random—matrix interaction. As we
saw in the preceding chapter when we studied the damped harmonic oscillator and the
dissipative two-level system, the averaged master equation obtained using this approx-
imated random—matrix coupling bears a strong resemblance with the master equation
derived from the RWA Hamiltonian, but they are not identical. In both cases we have a
decoupling of the time evolution of the diagonal and the non—diagonal matrix elements,
but only the diagonal parts coincide. The non-diagonal parts differ in that there is no gain
term in the random—matrix model. This is due to the form of the symmetrized variance
(2.43). It is our goal here to investigate the physical consequences of such a difference.
To this end, we find it convenient to use an alternative description of quantum relaxation
based on the quantum Langevin equation. For simplicity we shall restrict ourselves to the
damped harmonic oscillator.

Section 6.2 begins with a general presentation of the quantum Langevin equation and
its relation to the master equation. In Section 6.2.1, we briefly summarize various results
concerning the RWA quantum Langevin equation for the annihilation operator. This will
make it possible to compare with the SRM quantum Langevin equation to be derived in
Section 6.2.2. In the following section, we shall express both Langevin equations in terms
of position and momentum of the system S. We will then consider their classical limit by
using the Weyl transform. This will permit us, in particular, to get some new insight into
the loss of correspondence of the RWA equation with the classical Langevin equation for
Brownian motion, mentioned at the end of Section 5.2.1.

6.2 Quantum Langevin equation

Just as there are two fundamental ways of describing the evolution of an isolated quantum
system, the Schodinger picture and the Heisenberg picture, there are two basic ways to
deal with a quantum system in contact with a heat bath [Mey91, Coh92]. The first one
is based on the Schodinger picture and leads to an equation for the density operator, the
master equation. This is the approach we have used so far. The second one is based on the
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Heisenberg picture and leads to an equation for a given quantum operator which is similar
to the classical Langevin equation. In particular, it contains a “quantum noise operator”
akin to the classical fluctuating force. For this reason, this equation is called quantum
Langevin equation. It has been shown recently [Kam97] that both descriptions coincide
for the oscillator bath model. This means that, although each approach individually
involves approximations, the resulting equations — the master equation and the Langevin
equation — contain the same physical information about the behavior of the quantum
system. This will be illustrated and emphasized in the coming section.

6.2.1 RWA coupling

We consider a quantum harmonic oscillator of mass M and frequency w coupled to a bath
of harmonic oscillators according to the rotating wave Hamiltonian (2.31). The Heisenberg
equation of motion for the annihilation operator a(t) is written as

a(t) = i[H,a(t)] = —iwal(t) —i Z kiai(t) . (6.1)

After eliminating the bath operators a;(¢) and performing the Markov approximation,
Eq. (6.1) becomes [Mey91, Coh92] (see also [AgaT73])

a(t) = —iwa(t) — ya(t) + Fawa(t) . (6.2)

This is the quantum Langevin equation obeyed by the operator a(t). The relaxation
constant <y is defined in Eq. (5.10) and the noise operator Fgwa(t) is a delta correlated
complex Gaussian random operator with the properties

(Frwa () = (Flwa (1)) = (Frawa (t) Frawa (t))) = (Bl () Flwa () = 0,
(B () won Frwa(t')) = 2D 6(t — 1) (6.3)

where Dgpwa = yny, is the diffusion constant. In Eq. (6.3) the symbol () denotes the
thermal average of a given system operator in the Heisenberg picture,

1
(0(1) = - trp (O(t) exp(—HB/kT)) . (6.4)
We can now use the quantum Langevin equation (6.2) to compute the evolution of the
expectation value of the operator a(t). Since the mean value of Frya(t) is equal to zero,

we readily find
2 (alt)) = —io(a(t)) — vla(t) . (6:5)

Here we see that the mean value of the annihilation operator tends exponentially towards
zero with a relaxation time tp = 1/

(a(t)) = (a(0))e” H" . (6.6)
One can also calculate the expectation of the number operator af(t)a(t) to obtain

d

%(af(t)a(t» = =2y (a'()a(t)) + 2y nu - (6.7)
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A useful way to interpret this result is to reexpress it as

d
ot (D) = ~2y (s + 1) (o (Da®) + 2ynn, (alDa(@) +1) . (68)
The rate of change of the mean number (af(#)a(t)) is seen to result from the balance
between emission from the system into the bath and from the bath into the system (cf.
the discussion of the diagonal part of the RWA master equation in Section 5.2.1). Equation
(6.7) can be solved easily to give

(af(®)a(t)) = (a¥(0)a(0)) e +npn(1 — e 7). (6.9)

Thus, for large times, the average number of quanta of the harmonic oscillator reaches the
equilibrium value ny, = (exp(w/kT) —1)7".

One may also use the master equation satisfied by the reduced density operator pg(t) to
compute these expectation values. Indeed, let O be any system operator in the Schrodinger
picture and let (O(t)) be its average value at time ¢. Then,

(0(1)) = trs(0ps(1)) - (6.10)

We note that in the Heisenberg picture Eq. (6.4), the operator O is time dependent,
while in the Schrédinger picture Eq. (6.10), the time dependence is carried by the density
operator. One can easily verify, using the RWA master equation (2.31) for pg(t), that
the resulting expressions for the mean values of the operators a and a'a are identical to
Egs. (6.5) and (6.6). The object of the next section is to make use of this important
remark to obtain the SRM Langevin equation from the averaged master equation (5.8).

6.2.2 SRM coupling

Our purpose is to derive the averaged Markovian quantum Langevin equation for the
annihilation operator a, corresponding to the symmetrized form of the random—matrix
coupling (2.43). To this end, we shall not start from the random-matrix Hamiltonian
(2.36), but instead we will use the averaged Markovian master equation (5.8) obtained in
Section 5.2. As we learned in the preceding section, the two approaches are completely
equivalent. However, the advantage of the latter method clearly lies in the fact that the
average over the random—matrix ensemble has already been performed. In analogy to the
RWA Egs. (6.2) and (6.3), we shall assume that the SRM Markovian quantum Langevin
equation obeyed by « is of the general form

a(t) = —iwa(t) — ya(t) + Fspu(t) (6.11)

where FSRM(t) is a delta correlated noise operator satisfying

(Fsane(®) Fsnna(t)) = (Flans (8) Flii (£)) = 0,
(F () aFsan()) = 2Dspu 6(t — 1) . (6.12)

The mean value (FSRM(t)) of the noise operator and the diffusion constant Dgg,; are the
two quantities we wish to determine. We use Eq. (5.8) to calculate the time derivative of
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the thermal average of the annihilation and number operators
(a(t) = trs (aps(t)) =D Va+1(n+1[s(t)n)
n
(ala(t)) = trs (alaps(t)) =D n (nlps(H)n) . (6.13)
n
This leads to

—(a®)) = = (w+7)(a(t)) + 4y ninla(t))
- 2y (Znth+1)Zn\/n+1(n+1|ﬁ5(t)|n> , (6.14)

and
d

dt
At this stage it is instructive to compare these two equations with the corresponding
RWA equations (6.5) and (6.7). We first see that the SRM equation (6.15) for the number
operator is identical with the RWA equation (6.7). This is not surprising since this quantity
depends only on the diagonal matrix elements of pg (see Eq. (6.13)) and we already know
that these matrix elements coincide in both cases. It also shows that the SRM harmonic
oscillator reaches thermal equilibrium at the same rate as the RWA oscillator. On the
other hand, Eq. (6.14), which depends on the non-diagonal matrix elements of pg, is
different from its RWA counterpart. In addition to the first term, which corresponds
to the drift operator Drwa(t) = —(iw + v)a(t), there is a term which does not appear in
Eq. (6.5). This term is equal to the mean value of the noise operator Fipy(t) (we recall that
(Fawa (t)) vanishes). We therefore conclude that the absence of gain terms in the coherence
of the reduced density operator leads to a non—zero centered noise operator. This has the
consequence that the random process described by the SRM quantum Langevin equation
is non—stationary, since the mean value is explicitly time dependent.
We now proceed to evaluate the mean of the operator FSRM(t). We begin by calculating
the time dependence of the last term on the r.h.s. of (6.14),

(aTa(t)) = —2v (a’a(t)) + 2y ny, . (6.15)

h(t) =2y 2ny, + 1) > nvn+1(n+ 1ps(t)|n) . (6.16)

Since the diagonal and off-diagonal matrix elements of the master equation do not mix,
this can be done exactly. The matrix elements (n+1|pg(¢)|n) satisfy the simple differential
equation

%m +1ps(®)ln) = —(iw+y(2n + 1) + Ay +1) (0 + ps@m) . (6.17)

which has the solution
(n + 1[ps(B)|n) = (n + 1[p5(0)|n) exp [~ (iw + y(4nun + 1) + 29n(2n + 1) )t] . (6.18)
By substituting this result into Eq. (6.16), we find that

h(t) = 2y (2ny, +1) (n+1|p(0)|n) exp [—(iw + y(4ng, + 1))t] u(27(2nth+1)t) , (6.19)
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where the function u(y) is given by
uly) = /0°° dn (n+ 1pg(0)|n) nv/n e . (6.20)
Combining Egs. (6.19) and (6.20), we can write the solution of Eq. (6.14) in the form
(a(t) = exp [~ (iw+y(4ny +1))t]
x ((a(O)) — 2y(2ny, + 1) /Ut dt'u (27(2nth + 1)t’)> : (6.21)
and we get the following expression for the mean value of Fipy(t)

(Forn () = —y4nsm(a(t)) — h(t) . (6.22)

Let us now give an estimate of the function u(y) in Eq. (6.20). We assume that, initially,
we have a wave packet localized at some point n = ng in the spectrum. We write

_ (n —np)?
(n +1ps(O)|n) ~ exp | =5 . (6.23)

We further assume that the overlap of this Gaussian with the exponential exp(—yn) in
(6.20) is negligible. This is for instance the case if ng = 100, » = 4. Then, u(y) is very
small and can be set to zero for all practical purposes. Eqs. (6.21) and (6.22) may thus
be rewritten as

(a(t)) = (a(0)) exp [— (iw + y(4ny, + 1))t] : (6.24)

and
(Funsa (1)) = —ydnina(t) - (6.25)

Discussion

The effect of the lack of off-diagonal gain terms in the master equation (5.8) on the dynam-
ics of the SRM oscillator is twofold. First, we note from Eq. (6.18) that the non—diagonal
matrix elements of pg decay exponentially on a time scale given by tp = (y(4ny, + 1)+
2yn(2ny, + 1)), This shows that the reduced density operator becomes diagonal in the
energy basis as a consequence of the coupling to the environment. This phenomenon is
known as decoherence and tp is called the decoherence time [Zur81, Zur91, Giu96]. We see
that tp is inversely proportional to the state n and to the temperature T' of the heat bath.
This implies that ¢p is in general much smaller than the relaxation time tz = y~'. In con-
tradistinction, the RWA oscillator becomes diagonal in the coherent—state basis [Wal85].
The difference is of course due to the form (2.43) of the approximated variance which
singles out the energy eigenbasis of the SRM oscillator. The second effect, as already indi-
cated above, is that the mean value of the noise operator FSRM(t) is non—zero. However, in
the limit of low temperatures, ny, and, consequently, (Fizy(t)) become vanishingly small.
This shows that in this limit the RWA and SRM oscillators are identical (cf. Egs. (6.6)
and (6.24)). On the contrary, for high temperatures, (6.18) is a large quantity and cannot
be omitted. As a result, the decay of the mean value of the annihilation operator (6.25) is
much faster in the SRM case, with a decay rate rate equal to y(4ny, +1). This is approxi-
mately 4n;;, times larger than for the RWA oscillator. It is interesting to compare this with



52 CHAPTER 6. SYMMETRIZED RANDOM—-MATRIX COUPLING

the number operator. As we have already seen, the decay rate of (af(t)a(t)) is the same
in both cases. This means that for the SRM oscillator the annihilation operator relaxes
much faster than the number operator (see Figs. 6.1 and 6.2). This is a consequence of the
fact that (a(t)) is determined by the mean value of the noise operator, whereas (a'(t)a(t))
depends on its variance, and that these two quantities can be specified independently.

1.5

Figure 6.1: RWA oscillator: (z(t))/(z(0)) (continuous line) and (p(t))/(z(0)) (dashed line)
for (p(0)) =0, M =1, w=2,vy=0,1.

Figure 6.2: SRM oscillator: (z(t))/(x(0)) (continuous line) and (p(t))/(z(0)) (dashed line)
for (p(0)) =0, M =1, w=2,v=0,1, ny, = 8.

Finally, we calculate the SRM diffusion constant Dggy. We do this by identifying the
time derivative of (afa) obtained from the Langevin equation (6.15), with the known result
Eq. (6.13). We use Eq. (6.15) and the identity

a(t) = a(t — Ab) + /t iAt dt' a(t') (6.26)

to obtain the correlation function

<FSTRM (t)a(t)) = (FSTRM (t)a(t — At))
b [t (B () Dawa ) + (Pl () Ponss ) - (6:27)
t—At
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Since the operator a(t') at time ¢’ cannot be affected by a fluctuation at a later time ¢,
the first term on the r.h.s. of (6.27) is zero. Similarly, the correlation (FJRM(t)ﬁRWA(t'))
is zero except at the point ¢ = ¢ which is a set of measure zero. We are hence left with
[Mey91]

t

(Flou(®)a(t)) = /Ht dt' (Edpns (8) Fenn (t)) = D (6.28)

where Eq. (6.12) have been used. In an similar fashion, one finds
(at(t)FSRM(t» = Dsgy - (6.29)

We further have

d _ da(t) da(t)
%af(t)a(t) = TG(t) +al(t) il (6.30)
Taking the average on both sides of (6.30) and using (6.15), we find
%(af(t)a(t» = —2y(a’(t)a(t)) + (Fla(t)alt)) + (ol (£) e (t))
= —2y(al(f)alt)) + 2Dsnss - (6:31)

By direct comparison with Eq. (6.13), we infer that the SRM and RWA diffusion constants
are equal

Dspyvi = Dewa = ynyy, - (6-32)

Figure 6.3: Mean energy (E(t)). RWA/SRM oscillator (continuous line), FC oscillator
(dashed line) for (p(0)) =0, M =1, w=2,v=0,1.

6.3 Classical Langevin equation

In this section, we focus on the classical aspect of the quantum Langevin equation. The
Weyl transform (2.18) will serve as our main tool to obtain the classical analogue of a
quantum equation. Again, we shall begin our discussion with the RWA oscillator.
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6.3.1 RWA coupling

One of the interesting features of the Heisenberg picture is that the equations of motion
look like the corresponding classical equations of motion. This can be easily demonstrated
by expressing these equations in terms of the position and momentum operators z and p

x = ﬁ(af-l-a) p:i\/%(af—a) . (6.33)

From Eq. (6.2) together with its Hermitian conjugate, one obtains

T = % — yx + FZ,, () and p=—Muw?x —yp+ Flun(t) . (6.34)
In Eq. (6.34), we have introduced FZ,, () = (2/Mw)? Re Fuwa(t) and Fly,(t) = (2Mw)?
Im Fgrwa(t), two independent real Gaussian random operators with zero means and vari-
ance

[T [T 27”
(Faon (0 Frga (1)) = = 2 6( — 1),
(FgwA(t)FgwA(tI» = 2ynip Mw é(t — t,) . (6.35)

As announced, the quantum Langevin equations (6.34) for 2 and p have the same form
as their classical counterparts, but they are still operator equations. They may be con-
verted into equations for ordinary variables by an appropriate phase—space transformation
{(x)op = =, (P)op — p}, for instance the Weyl transformation. This yields

i=—yw et Faa(t)  and  p=-Mo’s -+ Fha(),  (6.36)

where FZ,,, (t) and Fly,(t) are now two independent real Gaussian random functions with
zero mean and

(FliEWA(t)FREWA(tI» = %}j%) 6(t - tl)a

(Flor (6)Fucr () = 2y(nas + 5) Mt 1) (637

Note that in (6.37) ny, has been replaced by ny,+1/2. This is due to our choice of the Weyl
ordering '. In the classical limit, these equations then reduce to the classical Langevin
equation, where ny, + 1/2 has to be consistently replaced by its high temperature value
kT/w . The number quantum Langevin equations (6.36) were first derived by Agarwal
[AgaTla, Aga73] from the corresponding RWA Fokker—Planck equation (2.31). Before we
proceed to examine the SRM oscillator, we comment on the RWA Langevin equations.
We see from (6.36) that the two equations are symmetric in 2 and p: Friction and
random forces are associated with momentum as well as with position. As a result, the
time derivative of x is no longer equal to p/M, as it is the case for normal Brownian motion.
This means in turn that the RWA Hamiltonian breaks translational invariance. One can
show, however, [Aga7la] that in the limit of weak damping, v < w, the solutions of the
FC and the RWA Fokker-Planck equations become identical. Nevertheless, the presence

'We recall that in the Weyl ordering (zy)op — (xy + yz)/2.
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of these additional terms in the z-equation is considered by some authors [For96, For97]
as constituting a severe drawback of the rotating wave approximation as, for example, the
Ehrenfest theorem can never be satisfied.

From a mathematical point of view, it is quite clear how this violation of translation
invariance comes about. The suppression of the terms aa;, a]La;r in the rotating wave
approximation transforms a coupling, originally linear in the position z thus symmetric
in @ and af, in a coupling symmetric in  and p. But, physically, it is less transparent
how the omission of non—resonant terms which induce virtual (i.e. non—energy conserving)
transitions can break translational invariance. A more appealing explanation can be found
within the random—matrix model, where a similar violation occurs.

6.3.2 SRM coupling

We now turn to the discussion of the SRM case. In complete analogy to the preceding
section, we first express the SRM quantum Langevin equation (6.11) in terms of the
position and momentum operators and then take the Weyl transformation. We find

g=L —qr+FI () and  p=—Mws—yp+ Flyu(t) . (6.38)

Here FZ, (t) and Fiy(t) are two independent real Gaussian random functions with mean

(Fia(t)) =\ 5o Re (Funo (1)

(Féan(t)) = V2Mw Tm (Fapy(t)) (6.39)
and variance

(PO (t) = 20042 5y ),

(Flaon (1) Faor (£)) = 23(nun + )Mt 1) (6.40)

In Eq. (6.39), (Fsra(t)) is the Weyl transform of (Fspy(t)). We find from Eq. (6.38) that
the SRM oscillator breaks translation invariance since these equations are also symmetric
in £ and p. This can be explained as follows. In the symmetrized form of the random—
matrix coupling the whole interaction Q®V, including the system operator (), behaves like
a random—matrix. But @, the position operator of the system in our case, is essentially
deterministic. The reason for the violation of translation invariance is hence that the
deterministic position of the system is treated as a random quantity. The fact that the
latter has the properties of a random matrix, i.e. independence of the matrix elements
as expressed by the Kronecker delta in (2.43), leads further to the non-vanishing of the
mean of the noise operator.

6.4 Summary

Using the quantum Langevin equation approach to quantum dissipation, we have investi-
gated the physical consequences of the lack of off-diagonal gain terms in the SRM master
equation (5.8) for the damped harmonic oscillator. In particular, we have made a com-
parison with the related RWA oscillator. First of all, we have found that, in contrast to



56 CHAPTER 6. SYMMETRIZED RANDOM—MATRIX COUPLING

the RWA case, decoherence takes place in energy representation. This is due to the form
(2.43) of the variance which singles out the eigenbasis of Hg. We recall that for the RWA
oscillator decoherence occurs in the coherent—state basis. The second consequence is that
the stochastic process described by the SRM Langevin equation (6.11) is not stationary.
Indeed, the mean value of the noise operator is non—zero and explicitly time-dependent.
Moreover, it depends on the initial density operator p(0). However, for not low-lying ini-
tial wave—packets, one may neglect this dependence on the initial conditions. The diffusion
constant, on the contrary, is the same in both cases. This implies that energy transfer
between system and bath is also identical for both oscillators. For very low temperatures,
the mean value of Fgg\(t) vanishes, and the dynamics of the SRM harmonic oscillator
reduces to that of the RWA oscillator. On the other hand, in the high—temperature limit,
this non—zero centered noise operator induces a rapid decay of the annihilation operator.

By expressing the quantum Langevin equation in terms of position and momentum of
the system and employing the Weyl transform, we have obtained the classical Langevin
equation. As in the RWA case, the SRM oscillator violates translational invariance. This
is due to the symmetrization of the random interaction which treats the deterministic
position of the system as a random quantity.



Chapter 7

Averaging: The supersymmetry
method

7.1 Introduction

As already mentioned in the introduction, our second motivation for considering a random-—
matrix model for quantum Brownian motion is to go beyond the usual Caldeira—Leggett
approach and to treat situations where the environment is strongly influenced by the
system. A typical example is nuclear fission. In this case, the deformation of the nucleus
strongly affects the internal (collective) degrees of freedom. As a result, the latter cannot
be modeled by a set of independent harmonic oscillators [Wei89]. In the context of our
random—matrix model, the influence of the system on the environment can easily be taken
into account by introducing ensembles of random matrices which depend parametrically
on variables of the system, for instance the position coordinate z. The second moment of
the random band-matrix V in Eq. (2.40) may then be generalized to read [Ko76, Bul96]

) gy (=)
Vab(x)‘/cd(m ) = (6a06bd + 6ad6bc)vab exp _T ; (71)

where we have introduced a spatial correlation length d. For finite d, the form (7.1) implies
that the bath operators V' become uncorrelated as soon as the distance |z — z'| is much
larger than d. If, however, the correlation length becomes infinitely large, d — oo, Eq. (7.1)
reduces to Eq. (2.40). We just recover the random-matrix model we have studied so far
where the environment is not affected by the system. The correlation length d can thus
be interpreted as a measure of the strength of the system’s influence on the environment.

Before we calculate the ensemble average of the evolution equations (2.7) and (2.8)
using the generalized variance (7.1), we rederive the results obtained in Chapter 3 with
the diagrammatic expansion, by employing the powerful supersymmetry method [Efe97,
Ver85]. The supersymmetry technique is a non—perturbative method which permits to
perform the ensemble average exactly (for a pedagogical introduction to supersymmetry
we refer to Ref. [Fyo95]). The first step of this averaging method consists in expressing
the propagator (the one-point function) as the derivative of a generating function Z(J)
with respect to some source variable J [Guh98]. The generating function is written as
a Gaussian functional integral over both commuting and anticommuting (Grassmann)
variables. This has the important consequence that Z(.J) in normalized to unity, Z(0) = 1,

o7
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and the average over the Gaussian random-matrix ensemble becomes straightforward.
The second step consists in an approximate evaluation of the remaining integrals in the
averaged generating function W by using a saddle-point approximation. This leads to
a non-linear ¢ model. The average of two—point correlators can be computed by applying
the same formalism by doubling the dimension of the field space.

The next section is devoted to the derivation of the non-linear o model corresponding
to the SRM coupling which has been studied in Chapter 6. We will begin in Section 7.2.1
with the introduction of the generating function and calculate its ensemble average in
Section 7.2.2. In Section 7.2.3 we shall then perform the Hubbard—Stratonovitch transfor-
mation before making the saddle—point approximation in Section 7.2.4. In the following
section these results will be used to evaluate the averaged one—point function and the
weak—coupling limit will also be discussed. Finally, in Section 7.4, we shall be concerned
with the calculation of the ensemble average of the two—point function.

7.2 Derivation of the non-linear sigma model

We recall that we aim at calculating the mean values of the propagator G(FE(1)) and of
the density operator p(FE(1), E(2)) = G(E(1))p(0)GT(E(2)) for the symmetrized random-—
matrix coupling, using a field-theoretical averaging method. In order to carry out their
ensemble averages, we begin by expressing these two quantities as the derivative of a gen-
erating function involving integration over both commuting and anticommuting variables.
In the sequel we use the techniques described in Ref. [Ver85].

7.2.1 Generating function

In this section we introduce the basic formulas and define our notation which is close
to the one used in Ref. [Ver85]. We recall that the indices m (m = 1,...,Ng) and a
(a = 1,...,Npg) label the states in the Hilbert spaces Hs and Hp of the system and the
bath, respectively, and that N = Ng.Np is the dimension of the composite Hilbert space
H=Hs®Hpg. Let D be a N x N symmetric matrix whose matrix elements are given by

I:D(E)]ma,nb - E 5mn5ab - Hma,nb
= Edmndap — (Em + 5a) Omnbab — QrinVab - (72)

The propagator and the density operator may be expressed in terms of the operator D as

[G(E(W))]manb = [P (B1))lmanb » (7.3)
and
B(EQ), B@))lmans = DD (E(1))]mape (pelp(0)lgd) [D*~ (B(2)]ganb - (7.4)
peqd

Both E(1) and E(2) are given a positive infinitesimal part 7. We introduce 4N ordinary
(commuting) real integration variables S*(1)ma, S?(1)mas S*(2)mas S?(2)ma and 4N Grass-
mann (anticommuting) complex integration variables X(1)mas X™(1)ma> X(2)ma> X*(2)ma,
which form the elements of the 8 N graded vector 1,

z/)Zwu = (Sl(l)mmSQ(l)maa51(2)maa52(2)ma7X(l)maaX*(l)ma7X(2)maaX*(2)ma) . (7.5)
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The associated volume element is

[dp] = [dS(D)][dS(2)][dx(D][dx(2)] (7.6)
where
[dS(p)] = [] dSpha(p) dSha(p)  and  [dx(p)] = [T dxtna(p) dxma(p) - (7.7)

The label p = 1, 2 distinguishes the two (advanced-retarded) blocks which are necessary for
calculating the two-point function (7.4) (for the evaluation of the one-point function the
p = 1 block would suffice). To account for the complex conjugation sign for p = 2, we fur-
ther introduce the 8 x 8 diagonal matrix L = diag(1,1,—1,—1,1,1,—1,—1) = {L,g} with
1 <a,0 <8; the 8N x8N graded matrix L = L1y = diag(ly, Iy, -1y, -1y, 1y, 1y,
—1, -1y) = {Lasdmndaes}, where 1 is the N x N unit operator, Iy = g ® I g; and we
define the mean energy E = (E(1) + E(2))/2 and the energy difference ¢ = E(2) — E(1).
We consider the Gaussian generating function

2(B,e,7) = [ £y (7.9
where the Lagrangian L is given by
| R 1
L= §z¢TL2D(J)L2¢ , (7.9)

with .
D(J)=E+in—H0—W—§s+J. (7.10)

The individual terms in Eq. (7.10) are 8N x 8N graded matrices defined as follows

= Elg®1n = E{6apdmnlar}

= nL®1y =n{Lagdmndar} =1L,

1s® Hy = {6aﬂ(Em + Eoa) 6mn6ab} ,

= Mg ® W = {0asWimanb} »

= eL®lIy =ce{Lagdmndap} =L . (7.11)

msomdtlj
I

with 1 <, <8, 1 <m,n < Ng,and 1 < a,b < Np. The 8N x 8N graded matrix
J (the source matrix) is obtained by block construction from the two real and symmetric
matrices Jpqnp(1) and Jpenp(2) according to

J= {_Jma,nb(l)a _Jma,nb(1)7 _Jma,nb(2)7 _Jma,nb(2)7
+Jma,nb(1)a +Jma,nb(1)a +Jma,nb(2)a +Jma,nb(2)} . (712)

This matrix is introduced in order to obtain the expression of physical interest by differ-
entiation of Z with respect to elements of J. Explicitly, we have [Ver85],

0 Zwmen| | (7.13)

1 1
1= =0mnba) [D(B(1))lmams = 7 57—
(1 = 50mndap) [D7H(E(1))lmanb 40T anp(1) =0
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and

(1~ 50mndan) (1 = 53peiga) DB s D (B@lpega =

1 0? —_—
— Z(B,e, ] : 7.14
16 8Jma,nb(1)8Jpc,qd(2) ( ) J=0 ( )

We note that Z(FE,e,J) contains the entire physical information about the composite
system and that the average of the propagator and the density operator can be calculated
from Z(E,e,J) by combining Eqgs. (7.2), (7.13) and Egs. (7.3), (7.14).

7.2.2 Ensemble average

In this section we calculate the ensemble average Z(E,e,J) of the generating function
(7.8). The stochastic quantities all reside in the graded matrix W. We therefore need to
calculate the ensemble average of exp(—%izﬂL%WL%d)). To this end, we use the fact that
for a N x N random matrix W belonging to any Gaussian distribution with zero mean,
we have [Zuk94]

exp (i trW X) = exp <—% (trWX)2> (7.15)

for any fixed N x N matrix X. The second moment of the trace on the r.h.s of Eq. (7.15) is
easily calculated. We use the symmetrized form (2.43) of the random-matrix interaction
and obtain
(trWX)2 = > Wmn Xpm(Xpm + X5 . (7.16)
manb

Explicit calculation shows that in the present case the matrix X is symmetric,
ngam = Z 1/):;1(1,04 Laa z:bnb,cv = Z z:b;kzb,a Laa z:bmoa,a = gzn ) (717)
o o

and hence

(trWX)2 = 2 Z Wmn2 X um x

manb

= 2 Z W$"2 (z:b;kna,a Lo z:bnb,a) (z:b;kna,ﬂ L/Bﬁ wnb,ﬁ) . (7'18)

manb

af
This expression can be simplified by introducing a set of graded 8 x 8 matrices Ayyq;

m=1,...,Nsanda=1,..., Ng. We define

A%ﬂa = (L%)aaz/’ma,ad};‘na,ﬂ(l’%)ﬁﬂ ) (7-19)

which satisfies

Z w:;w,a Loa Q/}nb,aw;‘;@a,ﬁ Lﬂﬁ wnb,ﬁ = trg(AmaAnb) . (720)
ap

With the help of Eq. (7.20), the average of exp(—%izﬂL%WLéi/)) can be written in the
form

1 1
exp <—§i¢TL%WL%¢> = exp <_Z Z Mgy" trg(AmaAnb)> ) (7.21)

manb
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where we have introduced the N x N matrix M defined by M} = W:b”ﬂ. Consequently,
the averaged generating function can be cast into the form

_ 1 1
Z(E,e,J) = /eXp <—¢¢TL%(E +in —Ho — g + J)L2ep

2 Z ab " trg( AmaAnb)> [dy] . (7.22)

manb

We note that because Vg;? is a banded matrix with bandwidth A, the matrix MR =

Vab?|Qmn|? is also a band-matrix with a bandwidth given by A.Ng. The ratio of the
bandwidth and the matrix dimension is then equal to A.Ng/N = A/Np.

7.2.3 Hubbard—Stratonovitch transformation

In Eq. (7.22) the second term in the exponent is a quartic function of the integration
variables 1, (remember that A,,, depends quadratically on the components of the graded
vector 1, cf. Eq. (7.19)). As a result the integral over [dy] is difficult to calculate as it
stands. The standard way to circumvent this difficulty is the Hubbard-Stratonovitch
transformation

1
exp <_Z Z MR" trg(AmaAnb)> =

manb

/exp (—% Z (M) trg (0 maOnp) Ztrg (OmaAma) ) [do] . (7.23)

manb

With the help of a Gaussian integration over an a set of auxiliary 8 x 8 graded matrices
Oma, the transformation (7.23) reduces the quartic form in (7.22) to a quadratic one. The
volume element reads [do| = [],,.[dome]. By direct calculation and using the definition
(7.19), we find that

. 1 aB st
tI‘g(O’maAma) = Z d}ma,a (L 2 )Oéao-mlzz (L 2 )Bﬂd}ma,,@ . (724)
ap

Now one can substitute Egs. (7.23) and (7.24) into Eq. (7.22) for Z(E, ¢, J) and formally
change the order of integration over [do| and [di]. The expression in the exponent is
again bilinear with respect to the graded vector ¢ and the corresponding integration can
be performed. This yields

Z(E.e,7) = [ £ Do (7.25)
where the Lagrangian is given by
Lo, J) = —7 %b Db 618 (0maoms) — %?}%a InN(J) , (7.26)
with ,
N(J)=E+in-Ho—e+J -3, (7.27)
and

2 = {08 5runba} - (7.28)
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The graded trace multiplying (M ~!)™" has as argument the matrix product omq0y; the
symbol « denotes that the trace extends over a graded 8 x 8 matrix. In contradistinction,
the trace over the logarithm extends in addition over the set of indices {m,a}.

7.2.4 Saddle-point approximation

We are going to evaluate the integral Eq. (7.25) with the help of a saddle-point approxima-
tion. We put € = J = 0 to have the case of maximum symmetry (we keep the infinitesimal
matrix ) to ensure converge) and rewrite the Lagrangian (7.26) as

1 o 1
L(o) =trg | =7 S (MY Omaons — 3 > In(ET — Homg — Oma)| - (7.29)
ma

manb

The saddle-points are determined by the condition that the Lagrangian be stationary, i.e.
6L(c) =0 at 0 = ¢(" . For this purpose we write omq = 0ma ® + d0mq and get

L(o) = L) + 6L + 6L, (7.30)

with the first variation of the Lagrangian given by

1 1
0L = trg [—5 > (M 6omaony® + 5 D (BT — Homa — ama<°>)—1aama] , (7.31)

manb

and where the second variation is equal to

1 _
FL = toI:g l_g %b(M 1)2})72 00madonp
1
+ 5 SUEY — Homg — 0ma @) 7 00ma (BY — Hopg — ama@))—laam] (7.32)

The saddle-point equation §£ = 0 then reads

Z(Mﬁl)g;)nanbm) = (E+ - HOma - O'ma(o))i1 . (7.33)

nb

We note that the different 0,,,,(?) are coupled by the non—-diagonal elements of the matrix
M~'. Moreover, since the saddle-point solutions satisfy the non-linear equation (7.33),
the integral over [do] in Eq. (7.25) will lead to a non-linear sigma model. We now consider
the case of the one—point function and two—point function separately.

7.3 One-point function

In the present section, we shall apply the results obtained previously to evaluate the
ensemble average of the propagator (7.3). In this case, we can restrict ourselves to in-
troducing only a 4N graded vector 1. The resulting expression for the Lagrangian £(o)
coincides with Eq. (7.26) with the only replacement of the matrix L by the identity ma-
trix 14 = diag(1,1,1,1). We begin by making the shift of variables 0,5, — oma + Jma In
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Eq. (7.26). This removes the J-dependence from the logarithm. We find

1 _ 1
L(o) = trg l—z Z (M= O — 3 Zln(E"' — Hyma — Oma)
ma

+2 Z (M_l)gll)n Tmadnb (7.34)

manb

where we have used that

targ lz (M71)$" Umaan] = Z (Mil)g;)n ZU%%J% =—4 Z (Mfl)gi” OmaJnb -
manb manb af manb

(7.35)

Differentiating with respect to the source matrix J, we get from Eqs. (7.3) and (7.13) the

following expression for the averaged propagator

G = [0 (BN = [ S (M) o

1 1
exp (t{gg [—Z Z (M=) Oy — 3 Zln(E"' — Homa — ama)]> [do], (7.36)

manb

which has to be evaluated with the help of the saddle-point approximation. It turns out
that in this case the saddle-point equation (7.33) has a single diagonal solution ¢, (®.
We further notice that £(c(®)) = 0 and that

/ exp (2L(0®)) [d(60)] = 1. (7.37)

The last statement can easily be understood by observing that there are no fluctuations
around a non-degenerate saddle-point. Collecting everything, we arrive at

Gma = > (M) 5,40 (7.38)
nb

In this expression, we recognize the components of the linear equation G = M ~15(0), This
equation can readily be inverted to give o(® = MG or

oma” =3 MM Gy - (7.39)
nb

Inserting the solution (7.39) into the right—hand side of the saddle point equation (7.33)
and using (7.38), we finally obtain the average propagator

1
= E+ _ HUma — an M:g,n énb .

Gma (7.40)

We recognize the strong coupling result (3.9).
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Weak coupling

Let us now determine the solutions of the saddle-point equation (7.33) in the limit in
which the system—bath coupling is weak. We begin by considering the case of vanishing
coupling. In this case the matrix M = 0 and therefore its inverse M ! diverges. The only
way to obtain a finite G from Eq. (7.38) is to require that the saddle-point solution o, (%)
vanishes. According to Egs. (7.33) and (7.38) the corresponding averaged propagator then
reduces to the free propagator Gy,

1

Gma = m = (GO)ma ) (741)

as one would expect for vanishing coupling. As we turn on the weak interaction, we assume
that o) is still small and we therefore neglect it in the denominator of Eq. (7.33). The
saddle—point equation becomes

Z(M—I)Z})n omp'® ~ (Bt = Homa) = (Go)ma - (7.42)
nb

The solution of (7.42) is readily found to be equal to

oma” =D My (Gous (7.43)
nb

Again, we substitute this expression for 0,,,(?) in Eq. (7.33) and make use of the relation
(7.38). The corresponding average propagator can then be written in the form

1

Gra = .
e E+ — HOma - an Mf][f” (GO)nb

(7.44)

This is the weak-coupling result (3.10) obtained in Section 3.2.1 using the diagrammatic
method. Eq. (7.44) is valid provided o,,,(?) is small with respect to Et — Hy,,, in
Eq. (7.33). More specifically, the weak-coupling condition reads

oma® =Y ME" (Go)ny < B — Hopg (7.45)
nb

and is identical to (3.26). It is interesting to notice that in the limit of weak coupling the
oma'?’s in Eq. (7.42) decouple, in contrast to the strong coupling expression Eq. (7.33).

7.4 Two-point function

In this section, we turn to the evaluation of the averaged two-point function. Here, in
contrast to the one—point function, the saddle points are not isolated, instead, there is
a degenerate manifold of saddle points. This is due to the invariance of the Lagrangian
(7.9) under symmetry transformations. This degeneracy of the non-linear manifold then
implies the existence of massless Goldstone modes which may be obtained by expanding the
Lagrangian near the extremum. Further, by expanding the resulting effective Lagrangian
in an asymptotic series, the diagrammatic perturbation theory may be recovered.
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Parametrization of X

We begin by discussing the parametrization of the saddle—point manifold. In the absence
of symmetry breaking (n = e = J = 0), the Lagrangian (7.9) is invariant under any linear
transformation 1) — T which preserves the bilinear form L. The 8N x 8N graded
matrices T = {T,,30mndqp} then satisfy

T ! =L>TL> . (7.46)
The corresponding transformation induced on the matrix 3 is given by
ST !ST. (7.47)

We see from (7.47) that the group of the transformations T generates a full manifold of ma-
trices ¥. Moreover, it turns out that the integral over d[o] in the Hubbard—Stratonovitch
transformation (7.23) does not converge if the symmetry of the Lagrangian (7.9) is not
implemented correctly. In order to overcome this convergency problem one has to require
that the manifold of matrices ¥ is invariant with respect to the transformation (7.47).
This leads to the following general form of the matrix 3 [Ver85]

>=T'%Z,T, (7.48)

where X, is a diagonal matrix. The forms of ¥ and T are completely determined by
arguments of symmetry and convergence. At this stage, it is convenient to perform a coset
decomposition of the graded group of the T matrices. We write T = RTg where R spans
the subgroup that commutes with L. We then have

¥ =T 'PTq, (7.49)
where we have defined
P=R'S,R. (7.50)

We next consider the vicinity of the saddle point and expand X, around its saddle-point
value ), We write
S =30 455, , (7.51)

use Egs. (7.49) and (7.50) together with the fact that R commutes with £(°) and arrive
at

¥ =3¢ 4463, (7.52)
where
»¢ =Ty =0T, , (7.53)
and
68 =T Y3, T =Ty 6PTy . (7.54)

The graded matrices 3¢ represent massless (Goldstone) modes, whereas the matrices P
represent massive modes and 0P the massive fluctuations around it. We shall see below
that in the limit 1 < A <« Np, the two modes decouple and the integration over §P can
be done exactly with the help of the saddle-point approximation. Using (7.28), we may
rewrite Eq. (7.52) as

Oma = 00 + 00ma (7.55)
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with

O-gm = Toilmaama(O)TUma ) (756)

and
60ma =Ty 1o PrmaToma - (7.57)

The matrix Tj,,, can be written in the form (in the [1, 2] block notation)

ma ma 1 .
Tome = (1 i )2 Zt 1 3 (758)
— t21 (]_ + tma ma) 3

where the 4 x 4 graded matrices 73" and 5" are given in table D.3 of Ref. [Ver85].
Eq. (7.56) shows that the saddle points are degenerate and form a manifold which is
parametrized in terms of the variables #75*. The elements of this manifold are precisely
the matrices 0% ,

Let us consider the parametrization (7.49) rewritten as

Oma =Ty ", . PmaToma - (7.59)

If we take the independent elements of Pp,, = diag(Pi1ma, Pe2me) and Ty, as the new
integration variables, the Jacobian of the transformation may be cast into the form

[dama] = f[Pma][dea]du(t) ) (7.60)

where F[P,,,] depends only on the eigenvalues of P4, [dPna] = [dP11ma][dP22ma] is the
usual flat measure and du(t) is the measure on the coset space and depends only on the
variables t74* [Ver85].

Decoupling of the massive modes

We substitute Eq. (7.55) into the Lagrangian (7.26) and use Egs. (7.56) and (7.57) . In
the limit 1 < A < Np, the terms linear in do,,, cancel out and we find [Fyo91, Fyo94]

L(cC + 60, J) ———trg 3y [ hymn 1 960) g,}(smnaab] §Pmab Py + L(c¢,J) . (7.61)

manb

We observe that the variables of,, and {§ Py, } decouple and that the latter occur quadrat-
ically in (7.61). Furthermore, the Jacobian F[P,,] in (7.61) can be shown to be unity
[Ver85]. As a result, the Gaussian integral over {dP,,,} can be performed exactly with
the aid of the identity

/H [dPpq) exp <—% Z om trg 6Pma6Pnb> =1. (7.62)
ma

manb

We are then left with an effective Lagrangian which is identical to Eq. (7.26) except for
the replacement o,,, — 05,. We thus have

Z(B.e, ) = / LD ()] (7.63)
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where L(c¢, J) is given by

1 _
Lo%0) = =3 D (M) [irg (05a05) + 2 trg o5, L]
manb
1
—5trg In(BY —Ho - % +7). (7.64)

Here, the term —%e has been removed from the logarithm with the help of the substitution
EED IR
Asymptotic expansion
The two—point function (7.14) is obtained by double differentiation with respect to J of
Z(E,e,J) at J =0. We therefore write

In (B* —Ho — ¥ +J) = In (B* — Hp - ) +In (1 + (B* — Ho — %9)71J) , (7.65)

and expand the second term in powers of J, keeping terms up to second order. We then
take the trace over a,ma and expand the exponential in Eq. (7.63) in powers of J, again
up to second order. All these steps yield

S 1
Z(E,e,J) = / [du(t)] (Z > trg B dmam o By S e ma

mam'a’

1
+ g Z targ Bgmjma,ma ti‘g Bgz’a’ m’a’,m’a’)

mam'a’

1 _
X exp (—1 ST (MTYE [trg (05,0%) + & trg o—,(;;aL}) . (7.66)

manb

where we have introduced the notation
ng = (E+ - HOma - Urc;za)_l . (767)

We then take the derivatives with respect t0 Jm,a;,moas(1) and Jpys o1 s ar (2) and obtain

[D_l(E(l))]mlal,mznz [D*_l (E(2))]m’1a’1 smhnl, =
1 1
Z /[d:u(t)] {Z taI‘g Brc;zlalj(l)Bgmgazl(2) 6m’1m26a1af26m1mf26a1a(2

1
+ - tOI:g B%&a&I(l)BrigaIZ[(Q) 6m'1m26a1a'2 6m1m’26a1a’2

4
1
+ Z tOI:g Brc;zlall(l) 6m1m2 6111112 targ Bgm’la’lI(2) 6m’1mf26a’1a(2}
1 _
X exp (_Z Z (M 1)2})" {t‘fg (05 ,09) + e trg U’%GLD ) (7.68)
manb

Here, we have defined the 8 x 8 graded matrices I(1) = diag(—1,-1,0,0,1,1,0,0) and
I(2) = dlag(oa 07 _]-7 _]-7 07 07 17 ]-)
We now use Eq. (7.68) to generate an asymptotic expansion for the two—point function.

We proceed as in Ref. [Nis86] and expand the matrix o, in powers of the matrices ¢]4".
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Since we are only interested in the terms of lowest order, we only carry the expansion to
second order in the ¢74*. According to Eq. (7.58), we have

1 0 ltma ma itma
Toma =~ ( 0 1 > + ( —’Lt21 %(tma ma) ) : (769)

We use Eqgs. (7.56), (7.69) together with the identity Ty ' == LTyn.L and expand the
terms multiplying the exponential in Eq. (7.68). We get

miaq maa2

(Gomir Gz + Gy Gonoay ) brg [B5 AR A] (7,70

608 B o, Tomyas {()T5 10y By Tomaas (2 Ty 0y =

for the first term and a similar expression for the second one. Here we have defined
the 4 x 4 matrix A = diag(—1,—1,1,1) and we have made use of the relation BS, =

! Br(%Tgma, where

0 ma
Gma 0
= (% ) )

The expression (7.71) for BY is obtained by combining Eq. (7.67) with Eqs. (7.33) and
(7.38) for the averaged one-point function G,,,. For the third preexponential term (the
disconnected term), we find

ey
(7.72)
We now turn to the remaining terms in the integrands of Eq. (7.68). The volume element

[da(#)] = Tmaldu(t750)] is given by [Nis86]

GRS Hdetg 3 (1 4 ¢Mame) [dEma] . (7.73)

ma

— 0
(tre B o, Tomia, LT nya, ) (618 B ot Tomy o TG g1 ) = 16 Gy Gl

By expanding the graded determinants in powers of the ¢75*¢57*

of lowest order, Eq. (7.73) reduces to

[Tldn(#73)) = [Tl - (7.74)

ma ma

and keeping only the terms

By proceeding in an analogous way, one may expand the argument of the exponential in
powers of the matrices t7%*. Up to second-order, the exponent can then be written in the
form [Nis86]

7 S [ (o) +etg oial] = =5 Y (1) el , (179

manb manb

where II7! is an ordinary symmetric N x N matrix. One may evaluate the ensemble
average of the density operator (7.4) by employing the following identities [Nis86],

c 1 _\mn
/H[dt’l’Q] exp (—5 Z (1‘[ 1)ab trg[t7a" 3{’) =1, (7.76)
pc

manb
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and

manb

1
/ [T[a#75] exp (—5 > (H—l)zz trg[tTen? >trg (51 ALTRO2A] = 16 T[> . (7.77)
pc

Collecting everything, we obtain

(mlal|p|m12012> = 67711111 <m1a1|ﬁ(0)|m,2a2>GTm’2a2
+ Z émuu <m1a1|p( )|m1a1>GTm’ al 41-[211:11 5m1m’25a1a’2 (778)
mya)

Eq. (7.78) has to be compared with the result Eq. (3.54) of the diagrammatic theory. We
observe that the disconnected terms are identical in both equations. However, we fail to
reproduce the connected part, although the presence of the Kronecker deltas in (7.78)
leads to the correct vanishing of the off-diagonal gain terms. It is not completely clear to
us whether this is due to the asymptotic expansion itself or, more likely, to the evaluation
of the IT matrix in the exponent. Here, the non—diagonal elements of the M matrix play an
important role. Although vanishingly small in the limit 1 < A <« Np, they are essential
in the evaluation of the averaged one—point function.

7.5 Summary

This chapter has been devoted to the rederivation of the ensemble average of the Dyson
and von Neumann equations for system plus bath, considering the symmetrized random—
matrix coupling. These averaged evolution equations have been obtained previously in
Chapter 3 by means of a diagrammatic perturbation expansion. Here we have employed
an averaging procedure which is more suitable for further generalization of our random-
matrix model for quantum Brownian motion. This chapter can thus be considered as a
first step towards an extension to a parameter dependent random—matrix interaction. By
introducing a functional integral over both commuting and anticommuting variables (the
generating function) we have been able to perform the ensemble average exactly. The
averaged one—point and two-point functions have then been evaluated with the help of
a saddle—point approximation. The resulting averaged propagator coincides exactly with
the one obtained within the diagrammatic theory, both for weak and strong coupling. An
agreement between the asymptotic expansion of the averaged density operator and its
perturbation expansion expression could so far only be found for the disconnected part.
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Chapter 8

Conclusion

The work presented here has been motivated by the question of the dependence of the
Markovian description of quantum Brownian motion on model assumptions, and by the
desire to go beyond the standard Caldeira—Leggett approach where the system of interest
is coupled to a collection of harmonic oscillators. To this end, we have used a random
band—matrix model for the system—bath interaction to derive Markovian master equations
for one-dimensional quantum systems weakly coupled to a heat bath.

Our random-matrix model for quantum Brownian motion has been presented in Chap-
ter 2. We have distinguished two cases: (I) That part of the interaction which depends
on the bath variables is a member of a Gaussian ensemble of random matrices of proper
symmetry; (IT) the entire interaction is a member of a Gaussian ensemble of random ma-
trices of proper symmetry. The second form of the random-matrix coupling, symmetric
in both the variables of the system and the bath, may be considered as an approximation
of form (I) and is related to the rotating wave approximation of the oscillator bath model.

In Chapter 3, the average over the random—matrix ensemble of both the time—evolution
operator U(t) and the density operator p(t) for system plus bath have been calculated in
the limit of weak—coupling. For the approximated coupling (IT), a diagrammatic pertur-
bation expansion in powers of the interaction has been employed. By summing up the
resulting Born series, the averaged Dyson equation for U(t) could be solved in closed form.
In contrast, in the case of the non—-symmetrized form (I), a closed solution of the averaged
Dyson equation is not available. However, by using a variant of the diagrammatic method,
valid only in the limit of weak coupling, an expression for the time derivative of U (t) could
be found.

The averaged von Neumann equation for p(¢) combined with the solution of the aver-
aged Dyson equation have then been utilized to derive Markovian master equations for the
reduced density operator of the system in Chapter 4. We have considered case (I) and case
(IT) separately and the form of the corresponding master equations differs in both cases.
Although both equations show the typical gain—loss structure, there are no off-diagonal
gain terms in the averaged master equation obtained with the symmetrized coupling (II).
The physical consequences of the absence of these terms have been examined in Chapter 6.

In the following chapter, we have applied the averaged master equations to two simple
quantum systems, the damped harmonic oscillator and the dissipative two—level system.
The coupling to the heat bath has been taken linear in the position coordinate of the
system. For the damped oscillator and random-matrix coupling (I), we have obtained
the same equation as Agarwal who considered the oscillator bath model. In the high—
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temperature limit, this equation coincides with the master equation derived by Caldeira
and Leggett. For case (II), our master equation for the diagonal elements of the reduced
density operator is identical to the Agarwal master equation evaluated in the rotating
wave approximation (RWA). This is because in case (II) we impose conditions upon the
interaction matrix elements of the position coordinate of the quantum system. These
conditions are tantamount to the RWA. For the non-diagonal elements of the reduced
density operator, these same conditions imply the vanishing of the gain terms. In this
point our result differs from that obtained by Agarwal. For the dissipative two-level
system and case (I), our master equation reduces, at zero temperature, to the Agarwal
equation for spontaneous emission of a two—level atom. For case (II), as for the damped
harmonic oscillator, only the equation for the diagonal elements agrees with the rotating
wave approximation equation. This demonstrates that Markovian master equations for
quantum Brownian motion derived in the weak—coupling limit possess universal validity:
These equations are independent of the specific microscopic model used for their derivation.
This is not true of approximations like the rotating wave approximation. Typically, such
approximations violate certain invariance requirements (translational invariance in the
case of the RWA) and, thereby, lose universal validity.

In Chapter 6, we have made use of the quantum Langevin approach to quantum dissi-
pation to investigate the consequences of the lack of off-diagonal gain terms in the master
equation for the damped oscillator in case (IT). First, we have found that decoherence takes
place in energy representation, in contrast to the RWA case where the reduced density
operator becomes diagonal in the coherent—state basis. Second, the absence of the non—
diagonal gain terms leads to a non—stationary stochastic process: The first moment of the
noise operator is explicitly time-dependent. However, in the zero-temperature limit, this
mean value is seen to vanish and the dynamics of our damped oscillator reduces to that
of the RWA oscillator. Further, by expressing the Langevin equation in terms of position
and momentum of the system and taking the classical limit with the help of the Weyl
transform, we have found that translational invariance is violated, as in the RWA case.
This is due to the symmetrization of the random interaction which treats the deterministic
position of the system as a random quantity.

Finally, in Chapter 7, we have used the supersymmetry method to calculate the ensem-
ble average of the evolution equations for system plus bath, considering the symmetrized
random-coupling (IT). This non-perturbative averaging procedure is most suitable for
handling parameter dependent random—matrix interactions. The results obtained in this
chapter therefore constitute a first step towards an extension of our random-matrix model
to situations where the environment is strongly influenced by the system.



Bibliography

[Abr62] A. Abragam, The Principles of Nuclear Magnetism (Oxford University Press,
London) 1962.

[Aga69] G.S. Agarwal, Phys. Rev. 178 (1969) 2025.
[AgaTla] G.S. Agarwal, Phys. Rev. A 4 (1971) 739.
[AgaT71b] G.S. Agarwal, Phys. Rev. A 4 (1971) 1778.

[Aga73] G.S. Agarwal, in: Progress in Optics, Vol. XI (North-Holland, Amsterdam) 1973,
p- 1.

[Aga74] G.S. Agarwal, in: Quantum Optics, Springer Tracts in Modern Physics 70
(Springer, Berlin) 1974.

[AgaT7ha] D. Agassi and H. A. Weidenmdiller, Phys. Lett. B 56 (1975) 305.

[AgaTbb] D. Agassi, H. A. Weidenmiiller, and G. Mantzouranis, Phys. Rep. 22 (1975) 145.
[AgaT77] D. Agassi, C.M. Ko, and H.A. Weidenmiiller, Ann. Phys. (N.Y.) 107 (1977) 140.
[AgaT9] D. Agassi, C.M. Ko, and H.A. Weidenmiiller, Ann. Phys. (N.Y.) 117 (1979) 237.
[As185] C. Aslangul, N. Pottier, and D. Saint-James, J. Stat. Phys. 40 (1985) 167.
[Blo40] F. Bloch and A. Siegert, Phys. Rev. 57 (1940) 522.

[Bru76] S.G. Brush, The Kind of Motion we call Heat, (North-Holland, Amstersdam)
1976.

[Bul96] A. Bulgac, G. Do Dang and D. Kusnezov, Phys. Rev. E 54 (1996) 3468.
[Bul98] A. Bulgac, G. Do Dang and D. Kusnezov, Phys. Rev. E 58 (1998) 196.
[Cal83a] A.O. Caldeira and A.J. Leggett, Physica A 121 (1983) 587.

[Cal83b] A.O. Caldeira and A.J. Leggett, Ann. Phys. (N.Y.) 149 (1983) 374.

[Cal89] A.O. Caldeira, H.A. Cerdeira, and R. Ramaswamy, Phys. Rev. A 40 (1989) 3438.

73



74

BIBLIOGRAPHY

[Car75]
[Car93]

[Cof85]

[Coh92]

[Dek81]
[Dio93]

[Efe97]

[Ein56)]

[For65]
[For87]
[For8§]
[For96]
[For97]
[Fyo91]
[Fyo94]

[Fyo95]

[Giu96]

[Gol64]

[Gra88]

[Guh98]

S. Carusotto, Phys. Rev. A 11 (1975) 1397.

H. Carmichael, An Open Systems Approach to Quantum Optics, Lecture Notes
in Physics m18, (Springer, Berlin) 1993.

W. Coffey, in: Dynamical Processes in Condensed Matter, Advances in Chemical

Physics Vol. LXIII, 1985, p. 69.

C. Cohen-Tannoudji, J. Dupont-Roc, and G. Grynberg Atom-Photon Interac-
tions (Wiley, New-York) 1992

H. Dekker, Phys. Rep. 80 (1981) 1.
.. Diosi, Physica A 199 (1993) 517.

K. Efetov, Supersymmetry in Disorder and Chaos, (Cambridge University Press,
Cambridge) 1997.

A. Einstein, Investigations on the theory of the Brownian Movement, (Dover,

New-York) 1956.

G.W. Ford, M. Kac, and P. Mazur, J. Math. Phys. 6 (1965) 504.

G.W. Ford and M. Kac, J. Stat. Phys. 46 (1987) 803.

G.W. Ford, J.T. Lewis, and R.F. O’Connell, Phys. Rev. A 37(1988) 4419.
G.W. Ford, R.F. O’Connell, Phys. Lett. A 215 (1996) 245.

G.W. Ford and R.F. O’Connell, Physica A 243 (1997) 377.

Y.V. Fyodorov and A. D. Mirlin, Phys. Rev. Lett. 67 (1991) 2405.

Y.V. Fyodorov and A. D. Mirlin, Int. J. Mod. Phys. B 8 (1994) 3795.

Y.V. Fyodorov, in: Mesoscopic Quantum Physics, Les Houches 1994, Session
LXI, (North-Holland, Amsterdam) 1995, p. 493.

D. Giulini, E. Joos, C. Kiefer, J. Kupsch, I.O. Stamatescu, and H.D. Zeh, Deco-
herence and the Appearance of a Classical World in Quantum Theory (Springer,

Berlin) (1996).
M.L. Goldberger and K.M. Watson, Collision Theory, (Wiley, New—York) 1964.
H. Grabert, P. Schramm, and G.L. Ingold, Phys. Rep. 168 (1988) 115.

T. Guhr, A. Miiller-Groeling, and H.A. Weidenmdiller, Phys. Rep. 299 (1998)
189.



BIBLIOGRAPHY 75

[Hil84] M. Hillery, R.F. O’Connell, M.O. Scully, E.P. Wigner, Phys. Rep. 106 (1984)
121.

[Hu92] B.L. Hu, J.P. Paz, and Y. Zhang, Phys. Rev. D 45 (1992) 2843.
[Hua80] K. Huang, Statistical Mechanics, 2nd ed. (Wiley, New-York) 1987.
[Jay63] E.T. Jaynes and F.W. Cummings, Proc. IEEE 51 (1963) 89.

[Kam81] N.G. van Kampen, Stochastic Processes in Physics and Chemistry (North-
Holland, Amsterdam) 1981.

[Kam97] N.G. van Kampen and I. Oppenheim, J. Stat. Phys. 87 (1997) 1325.

[Kar97] R. Karrlein and H. Grabert, Phys. Rev. E 55 (1997) 153.

[Ker98] S.K. Kehrein and A. Mielke, J. Stat. Phys. 90 (1998) 889.

[Ko76] C.M. Ko, H.J. Pirner, and H.A. Weidenmiiller, Phys. Lett. B 62 (1976) 248.
[Koh97] D. Kohen, C.C. Marston, and D.J. Tannor, J. Chem. Phys. 107 (1997) 5236.
[Lax66a] M. Lax, Rev. Mod. Phys. 38 (1966) 359, 541.

[Lax66b] M. Lax, Phys. Rev. 145 (1966) 110.

[Leg87] A.J. Leggett, S. Chakrawarty, A.T. Dorsey, M.P.A. Fisher, A.Garg, and W.
Zwerger, Rev. Mod. Phys. 59 (1987) 1.

[Lin84] K. Lindenberg and B.J. West, Phys. Rev. A 30 (1984) 568.

[Lin91] K. Lindenberg and B.J. West, The Nonequilibrium statistical Mechanics of Open
and Closed Systems (VCH, New-York) 1991.

[Lin76a] G. Lindblad, Commun. Math. Phys. 48 (1976) 119.
[Lin76b] G. Lindblad, Rep. Math. Phys. 10 (1976) 393.
[Lou67] W.H. Louisell and J.H. Marburger, IEEE J. Quant. Electr. QE3 (1967) 348.

[Lou73] W.H. Louisell, Quantum Statistical Properties of Radiation, (Wiley, New-York)
1973.

[Lut99] E. Lutz and H.A. Weidenmiiller, Physica A 267 (1999) 354.

[Maz78] R.M. Mazo, in: Stochastic Processes in Nonequilibrium Systems, Lectures Notes

in Physics 84, (Springer, Berlin) 1978, p. 54.

[Meh91] M.L. Mehta, Random Matrices, 2nd ed. (Academic, New-York) 1991.



76 BIBLIOGRAPHY

[Mel88] P.A. Mello, P. Peyrera, and N. Kumar, J. Stat. Phys. 51 (1988) 77.

[Mes62] A. Messiah, Quantum Mechanics, (Wiley, New-York) 1962.

[Mey91] P. Meystre and M. Sargent Elements of Quantum Optics (Springer, Berlin) 1991.

[Mun96] W.J. Munroe and C.W. Gardiner, Phys. Rev. A 53 (1996) 2633.

[Nis86] H. Nishioka, J.J.M. Verbaarschot, H.A. Weidenmiiller, and S. Yoshida, Ann.
Phys. (N.Y.) 172 (1986) 67.

[Opp87] I. Oppenheim and V. Romero-Rochin, Physica A 147 (1987) 184.

[Pei98] J.G. Peixoto de Faria and M.C. Nemes, J. Phys. A 31 (1998) 7095.

[Pas72] L.A. Pastur, Theor. Math. Phys. 10 (1972) 67.

[Pau28] W. Pauli, in: Probleme der modernen Physik, Arnold Sommerfeld zum 60.
Geburtstag, 1928, p. 30.

[Pey91] P. Pereyra, J. Stat. Phys. 65 (1991) 773.

[Rau96] J. Rau and B. Miiller, Phys. Rep. 272 (1996) 1.

[Red57] A.G. Redfield, IBM J. Res. Develop. 1 (1957) 19.

[Red65] A.G. Redfield, Adv. Magn. Reson. 1 (1965) 1.

[Ris89] H. Risken, The Fokker—Planck Equation (Springer, Berlin) 1989.

[Sen60] I.R. Senitzky, Phys. Rev. 119 (1960) 670.

[Sen61] LR. Senitzky, Phys. Rev. 124 (1961) 642.

[Str99a] W.T. Strunz, L. Diosi, and N. Gisin, Phys. Rev. Lett. 82 (1999) 1801.

[Str99b] W.T. Strunz, L. Diosi, N. Gisin, and T. Yu, quant-ph/9907100.

[Ull66] P. Ullersma, Physica 32 (1966) 27, 56, 74, 90.

[Unr89] W.G. Unruh and W.H. Zurek, Phys. Rev. D 40 (1989) 1071.

[Ver84] J.J.M. Verbaarschot, H.A. Weidenmiiller, and M.R. Zirnbauer, Ann. Phys. (N.Y".)
153 (1984) 367.

[Ver85] J.J.M. Verbaarschot, H.A. Weidenmiiller, and M.R. Zirnbauer, Phys. Rep. 129
(1985) 367.

[Wal85] D.F. Walls and G.F. Milburn, Phys. Rev. A 31 (1985) 2403.



BIBLIOGRAPHY 7

[Wax54] N. Wax, Selected Papers on Noise and Stochastic Processes, (Dover, New—York)

[Wei80]

[Wei89)]

[Wei93]

[Wei31]
[Wil90]
[Zur81]
[Zur91]
[Zk94]

[Zwab1]

[ZwaT3]

1954.

H.A. Weidenmiiller, in: Progress in Particle and Nuclear Physics, Vol. 3 (Perg-
amon Press, Oxford) 1980, p. 49.

H.A. Weidenmiiller, Nucl. Phys. A 502 (1989) 387.

U. Weiss, Quantum Dissipative Systems, Series in Modern Condensed Matter
Physics, Vol. 2 (World Scientific, Singapore) 1993.

V. Weisskopf and E. Wigner, Z. Phys. 65 (1931) 18.
M. Wilkinson, Phys. Rev. A 41 (1990) 4645.

W.H. Zurek, Phys. Rev. D 24 (1981) 1516.

W.H. Zurek, Physics Today 44 (October) (1991) 36.
J.A. Zuk, cond-mat/9412060.

R. Zwanzig, in: Boulder Lectures in Theoretical Physics, Vol. 3 (Interscience,

New-York) 1961, p. 106.

R. Zwanzig, J. Stat. Phys. 9 (1973) 215.



78

BIBLIOGRAPHY




Acknowledgements

An dieser Stelle mochte ich allen danken, die zur Entstehung dieser Arbeit beigetra-
gen haben. Zur allererst mochte ich mich ganz besonders bei Herrn Prof. Dr. Hans A.
Weidenmiiller fir die aktive Betreuung meiner Doktorarbeit bedanken, sowie fiir die
Ijbermittelung eines Teiles seines tiefen Verstindnisses der theoretischen Physik. Herrn
Privat Dozent Dr. Andreas Milke danke ich nicht nur fiir die Ubernahme des Korrefer-
ats, sondern auch fiir interessante Diskussionen. Weiter mochte ich allen Mitgliedern der
Theoriegruppe des MPIs fiir die Unterstiitzung und die freundlichen Atmosphéare danken,
insbesonders meinem Zimmerkollegen Reinhard Baltin, Claudia Barbosa, Susanne Biele-
feld, Heiner Kohler, Thomas Rupp, Markus Saltzer und Thomas Wilke. Privat Dozent
Dr. Thomas Guhr danke ich fiir das kritische Lesen des Manuskripts.

Je remercie vivement Rodolpho Jalabert de I’Université de Strasbourg pour m’avoir
mis en contact avec Hans Weidenmiiller. Je tiens également a remercier tout ceux qui
m’ont apporté leur soutien au cours de ces derniéres années, en premier lieu mes parents,
mon frére Thierry, ainsi que Bertrand Burgardt.

79



