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ZusammenfassungMotiviert von dem Wunsch (i) die Modellabh�angigkeit der Beschreibung der Quanten{Brownschen Bewegung zu untersuchen und (ii) den �ublichen Caldeira{Leggett Zugang zuerweitern, f�uhren wir ein Bandzufallsmatrix{Modell f�ur die System{Bad Wechselwirkungein. Mit Hilfe dieses Modells leiten wir Markovsche Mastergleichungen f�ur die Zeitentwick-lung eindimensionaler Quantensysteme, die schwach mit dem W�armebad gekoppelt sind,her. Wir betrachten zwei Formen der Zufallsmatrix{Kopplung. Insbesondere diskutierenwir eine gen�aherte Form, symmetrisch sowohl in den System- als auch in den Badvariablen.Wir �nden, da� diese Form mit der \rotating wave" N�aherung zusammenh�angt. Wirstudieren ausf�uhrlich zwei einfache Systeme | den ged�ampften harmonischen Oszillatorund das Zweiniveau{System. Unsere Ergebnisse stimmen vollkommen mit den Resultatendes Caldeira{Leggett Modells und mit den Agarwal Gleichungen �uberein. Dies beweistdie Modellunabh�angigkeit dieser Markovschen Mastergleichungen. Die Mittelung �uber dasZufallsmatrix{Ensemble wird mit Hilfe einer diagrammatischen St�orungsentwicklung undmit der Supersymmetrie{Methode ausgef�uhrt. Die letztere Methode dient der Erweiterungunseres Zufallsmatrix{Modells auf Situationen, in denen die Umgebung stark durch dasSystem beein
u�t wird.
AbstractMotivated by the desire to (i) investigate the dependence of the description of quantumBrownian motion on model assumptions and (ii) go beyond the standard Caldeira{Leggettapproach, we use a random band{matrix model for the system{bath interaction to deriveMarkovian master equations for the time evolution of one{dimensional quantum systemweakly coupled to a heat bath. We consider two forms of the random{matrix coupling.In particular, we discuss an approximated form, symmetric in both the variables of thesystem and the bath, which is found to be related to the rotating wave approximation.We study in detail two simple systems, the damped harmonic oscillator and the dissi-pative two{level system. Our results are in complete agreement with those of earliermodels, like the Caldeira{Leggett model and with the Agarwal equations. This proves theuniversality of these Markovian master equations. The average over the random{matrixensemble is performed by employing a diagrammatic perturbation expansion as well asthe supersymmetry technique. The latter method is suitable for further generalization ofour random{matrix model to situations where the environment is strongly in
uenced bythe system.
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Chapter 1IntroductionThe description of the interaction of an open system with its environment is an importantproblem both in classical and in quantum physics. If the environment is modeled as aheat bath, the interaction will lead to relaxation and dissipation processes in the system,and to an irreversible approach toward equilibrium [Cof85, Wei93]. A typical exampleof an open system, taken from classical mechanics, is a heavy particle (the system) insuspension in a viscous 
uid (the surrounding medium). Due to the incessant bombard-ment by the molecules of the liquid, the particle moves in a complex, highly irregularway [Ein56]. Brownian motion, as this irregular movement is now called, is perhaps thesimplest dissipative process and, since its �rst systematic observation in 1827, it has be-come the archetype of all open systems (an account of its historical development can befound in Ref. [Bru76]). Brownian motion has been intensely investigated, both in clas-sical [Wax54, Cof85] and in quantum mechanics [Gra88, Wei93] and the classical theoryis quite well understood [Wax54, Cof85]. One may start either from a Fokker-Planckequation which describes the relaxation to equilibrium of the phase{space density of theBrownian particle, or, equivalently, from a Langevin equation for its position coordinate 1.On the other hand, the situation is not so clear at the quantum level. The reason for thisis that for most complex systems, a detailed understanding of the microscopic origin ofdamping is not available and the corresponding Hamiltonian is simply unknown [Wei93].One has then to resort to model Hamiltonians to describe the system{environment inter-action. Starting from such a Hamiltonian, one may for instance derive a master equationfor the system which reduces in the appropriate limit to the classical Fokker{Planck equa-tion 2. During the last decades, various models of this type have been introduced indi�erent branches of physics and chemistry. Notable examples are the Red�eld theoryin nuclear magnetic resonance [Red57, Red65], the Oppenheim{Romero-Rochin model incondensed{phase chemical physics [Opp87], the phase{space approach of Agarwal in quan-tum optics [Aga73], and the in
uence functional method used by Caldeira and Leggett incondensed{matter physics [Cal83a]. The Markovian master equations obtained in theseapproaches have recently been compared in Ref. [Koh97].The standard model for quantum dissipation (the Caldeira{Leggett model) consists ofa quantum system coupled to an in�nite set of harmonic oscillators. Caldeira and Leggett1However there are still some open questions concerning the microscopic foundations of these equations(see e.g. Ref. [Maz78]).2One may also describe the evolution of the system in terms of a quantum Langevin equation [For65,For87, For88]. 3



4 Chapter 1. Introductionhave shown that it is always possible to treat the bath as an ensemble of independentoscillators provided the system{bath coupling is weak. These authors also assumed thatthe coupling is linear in both the position coordinate of the quantum system and the bathvariables. For the quantum system, this choice follows from the requirement that, in theclassical limit, the friction force in the Langevin equation should be linear in the velocity.For the bath, the choice was primarily made for computational convenience: To make theelimination of the bath coordinates tractable, the restriction to linearity is necessary. Tothe best of our knowledge, there is no compelling argument for choosing the interactionterm linear in the bath coordinates.It is expected, of course, that the relaxation process described by a master equationshould be insensitive to the detailed form of the system{bath interaction. The �rst motiva-tion of this work aims at proving this statement. We do so with the help of an alternativemodel for the interaction. We use an ensemble of random matrices. The ensemble en-compasses all forms of system{bath interaction which are linear in the position coordinateof the quantum system, and which respect fundamental symmetries of the problem liketime{reversal invariance. The ensemble is characterized by a few parameters which es-tablish the relevant time scales. The Markovian master equations derived in this fashionare then valid for all possible forms of the interaction between quantum system and heatbath, except for a set of measure zero. We �nd that in the high{temperature limit, theMarkovian master equations derived by Caldeira and Leggett and others are independentof both the speci�c structure of the bath and of the speci�c form of the system{bath inter-action. This establishes the universality of the Markovian master equation for quantumBrownian motion.A second motivation for our work relates to the use of random{matrix models inclosed quantum systems with many degrees of freedom. In such systems, only few degreesof freedom usually command physical interest. We refer to such degrees of freedom (to theremainder) as to the collective (the remaining) degree(s) of freedom, respectively. A casein point is nuclear �ssion. Here, interest is focussed on the shape degree of freedom, andlittle attention is usually paid to the intrinsic degrees of freedom of the �ssioning nucleus.In cases like this, the dynamical behavior of the remaining degrees of freedom depends,however, strongly on that of the collective degree of freedom and, therefore, cannot bemodeled as a heat bath. The success of RMT in self{bound many{body quantum systems[Guh98] then suggests that we model the remaining degrees of freedom in terms of asuitable random{matrix model. We have in mind an ensemble of random matrices whichdepends parametrically on the collective degree(s) of freedom. Such an approach has beentaken in the papers by Bulgac et al. [Bul96]. Before investigating the consequences ofsuch an idea, it is necessary to study the limiting case where the environment can indeedbe modeled as a heat bath, and to ask whether in this case, the heat bath can be replacedby a suitable random{matrix model. Our proof of universality answers this question inthe a�rmative.The thesis is organized as follows. In the next chapter, we will consider two modelsfor system plus bath: First, we will brie
y review the Caldeira{Leggett model, where thesystem is linearly coupled to a set of harmonic oscillators, and then present our random{matrix model with emphasis on the statistical properties of the interaction, a randomband{matrix. In both cases, an approximate form of the interaction Hamiltonian willbe distinguished: The rotating wave approximation and the symmetrized random{matrixcoupling, respectively. In chapter three, we shall evaluate the ensemble average of the evo-



5lution equations for the total system, namely, the Dyson equation for the time{evolutionoperator and the von Neumann equation for the density operator. The limit of weakcoupling will be considered and averaging will be performed using a diagrammatic per-turbation expansion. The fourth chapter is devoted to the derivation of the averagedMarkovian master equation for the reduced density operator of the system. We will startfrom the foregoing evolution equations and consider the two forms of the random{matrixinteraction separately. In chapter �ve, we apply our results to the damped harmonic os-cillator and to the dissipative two{level system, respectively. We show that in the limit oflarge bandwidth we recover the Agarwal equations and in the high{temperature limit theCaldeira{Leggett master equation. Chapter six deals with a discussion of the symmetrizedform of the random{matrix coupling. To this end, we will use the quantum Langevin equa-tion approach to quantum relaxation. A comparison with the rotating wave approximationwill be made and we will show that both approximations agree in the low temperaturelimit. In chapter seven, we employ the supersymmetry method to calculate the averageover the random{matrix ensemble. This will provide us with a formalism which is moresuitable for handling parameter dependent random matrices. This constitutes, therefore,a �rst step towards a generalization of our random{matrix model for quantum Brownianmotion. In the last chapter we summarize our results.



6 Chapter 1. Introduction



Chapter 2Description of the models2.1 IntroductionThis chapter is devoted to the presentation of two microscopic models for quantum Brow-nian motion, the Caldeira{Leggett model and our random{matrix model, respectively.We begin in Section 2.2 with a brief review of the standard oscillator bath model. Wewill consider both, the fully coupled Hamiltonian and the corresponding Hamiltonian inthe rotating wave approximation. The Markovian master equations obtained within thismodel will then be applied to two simple systems, namely the damped harmonic oscillatorand the dissipative two{level system. We will consider the classical limit of these evolutionequations and discuss their correspondence with the classical Fokker{Planck and Langevinequations. In Section 2.3, we will present the random band{matrix model. As for the pre-vious model, we shall distinguish two forms of the system{bath interaction: Form (I) whichis not symmetric in the system{bath parameters and an approximated, symmetrized form(II). The latter will be shown to be related to the rotating wave approximation.2.2 Oscillator bath modelsWe consider a simple quantum system interacting with a large environment, considered asa heat bath. We denote by S the system of interest and by B the heat bath. The systemS could be, for instance, a particle of mass M moving in a potential U(x) or a spin degreeof freedom. We write the total Hamiltonian for system plus bath asH = HS +HB +W ; (2.1)where HS and HB are the unperturbed Hamiltonians of the system S and of the bath B,respectively, and W is the interaction Hamiltonian between the system and the bath.When the coupling between S and B is weak, in the sense that any bath degree offreedom is only weakly perturbed by its interaction with the system, then it is appropriateto make the following simpli�cations: (i) one may just consider the linear response ofthe bath to the system and (ii) one is allowed to describe the former in the harmonicapproximation (see Appendix C of Ref. [Cal83b]). In the limit of weak coupling, onemay thus consider the following model in which the system is linearly coupled throughits position operator to a collection of harmonic oscillators. This model is known as7



8 Chapter 2. Description of the modelsthe \oscillator bath" model or the Caldeira{Leggett model [Cal83a]. The correspondingHamiltonian may be written asH = p22M + U(x) + xXi gixi +Xi  p2i2mi + 12mi!2i x2i! : (2.2)Here x and p (xi and pi) are the position and momentum operators of the system (of thebath oscillators, respectively). The gi's are the coupling constants and the mi's and !i'sare the masses and frequencies of the bath oscillators. This model has been introducedby Ullersma [Ull66] to study the simplest model of a dissipative quantum system that onecan envisage, the damped harmonic oscillator. In subsequent years, the model has beenextended to other simple systems, including the damped free particle and the dissipativetwo{level system. The oscillator bath model has been analyzed by employing a numberof di�erent approaches, such as projection operator techniques [Aga71a, Zwa73], iterativemethods [Car75], path integral formulations [Cal83a, Gra88, Hu92, Kar97], cumulant ex-pansions [Mun96] and 
ow equations [Ker98]. It should be stressed that weak couplingbetween system and bath does not mean that the Hamiltonian (2.2) applies only for weakdamping of the system. On the contrary, Eq. (2.2) is quite compatible with strong damp-ing [Cal83b]. For further reference, we shall review in the sequel some results concerningthe damped linear oscillator and the dissipative two{level system, obtained within theoscillator bath model. We will follow the treatment of Agarwal [Aga73, Aga74].2.2.1 Fully coupled modelIn this section, we shall describe the quantum relaxation of a harmonic oscillator and atwo{level system interacting with an oscillator bath . To this end, we will utilize statisticalmethods which were originally developed in the context of stochastic processes [Kam81].More precisely, we shall write down a master equation for the reduced density operator ofthe system and a Fokker{Planck equation for the corresponding phase{space distribution.Both equations give the time evolution of the system S.Damped harmonic oscillatorWe consider a linear harmonic oscillator with massM and frequency !. The correspondingHamiltonian HS reads HS = p22M + 12M!2x2 : (2.3)Expressing the position and momentum operators in terms of the annihilation and creationoperators ai and ayi (we put �h = 1 throughout) [Mes62],xi = r 12M! (ayi + ai) ; pi = isM!2 (aiy � ai) ; (2.4)we may write the Hamiltonian (2.2) asHFC = !aya+Xi !iayiai +Xi �i �a+ ay��ai + aiy� ; (2.5)



2.2. Oscillator bath models 9with �i = 12s 1M!mi!i gi : (2.6)The damped oscillator whose evolution is determined by the Hamiltonian (2.5) is called\fully coupled oscillator" (FC oscillator) [Lin91] or \non{rotating wave oscillator" (NRWoscillator) [Mun96]. The latter designation refers to an approximation of (2.5), the socalled rotating wave approximation, which will be presented in the next section.Let �̂(t) be the density operator for system plus bath. The von Neumann equation for�̂(t) is given by �̂(t) = U(t)�̂(0)U y(t) ; (2.7)where the time{evolution operator U(t) = e�iHt obeys Dyson's equationU(t) = U0(t)� i Z t0 dt1U0(t� t1)WU(t1) ; (2.8)and where U0(t) = e�iH0t denotes the free time{evolution operator. We de�ne the reducedoperator for the system S by �̂S(t) = trB [�̂(t)] ; (2.9)where the trace is taken over the bath states.Before we proceed to discuss the derivation of the equations of motion of the systemS, let us specify the three assumptions involved:(i) The system S and the bath B are initially uncorrelated. Then�̂(0) = �̂S(0) 
 �̂B(0); (2.10)is the product of the initial density operators �̂S(0) and �̂B(0) for system and bath,respectively.(ii) The bath is at t = 0 in thermal equilibrium at temperature T ,�̂B(0) = exp(��HB)=trB [exp(��HB)] ; (2.11)with � = (kT )�1.(iii) The bath oscillators are closely spaced in frequency so that summation can be re-placed by an integration by introducing the density of states �(!i), such that �(!i)d!igives the number of oscillators with frequencies lying between !i and !i + d!i,Xi : : : = Z d!i �(!i) : : : : (2.12)Starting from the von Neumann equation (2.7), a master equation for the reduced densityoperator �̂S(t) may be obtained by suitably eliminating the bath coordinates. This can bedone by employing a method developed by Zwanzig [Zwa61] that makes use of a projectionoperator chosen to project �̂S(t) out of the total density operator �̂(t). We introduce thetime{independent projection operator P given byP : : : = �̂B(0)trB [: : :] : (2.13)



10 Chapter 2. Description of the modelsUpon multiplying both sides of Eq. (2.9) by P, one readily �ndsP�̂(t) = �̂B(0)�̂S(t) : (2.14)Combining Eqs. (2.7) and (2.14) and using standard projection techniques, together with aweak{coupling, short{memory approximation (Born{Markov approximation), the masterequation for �̂S(t) is found to be (ignoring the level shift) [Aga71a],d�̂Sdt = �i![aya; �̂S ]� 
�aya�̂S � 2a�̂Say + �̂Saya+ a2�̂S � a�̂Sa� ay�̂Say + �̂Say2�� 
nth�2[ay; [a; �̂S ]] + [ay; [ay; �̂S ]] + [a; [a; �̂S ]]� ; (2.15)where 
 is the damping coe�cient, 
 = ��(!)j�(!)j2 ; (2.16)and nth is the average occupation number at frequency !,nth = 1e�! � 1 : (2.17)The master equation (2.15) determines the time development of the damped harmonicoscillator and describes its approach to equilibrium as a result of the coupling to theheat bath. Alternatively, one may describe the relaxation of the damped oscillator fromthe point of view of the corresponding Fokker-Planck equation, which gives the timeevolution of the probability density function for the system. This can be accomplished byusing a quasi{probability representation for the density operator, for example the Wignerrepresentation. With the help of the Weyl transform [Hil84],O(x; p) = Z dy hx� y2 jOjx+ y2 i eipy; (2.18)which associates to any system operator O a phase space function O(x; p), one can easilyconvert the operator master equation (2.15) into a Fokker{Planck equation. This yields[Aga71a, Cal83a]@�FC(t)@t = � @@x � pM �FC�+ @@p h(M!2x+ 2
p) �FCi+ 2M!
 (nth + 12)@2�FC@p2 ; (2.19)where the Wigner function �FC(x; p; t) is the Weyl transform of �̂S(t)=2�. The Fokker{Planck equation (2.19) is stochastically equivalent to the Langevin equations [Aga71a]_x = pM , _p = �2
p�M!2x+ FFC(t) ; (2.20)where FFC(t) is a real Gaussian random process with the propertieshFFC(t)i = 0 , hFFC(t)FFC(t0)i = 2DFC �(t� t0) : (2.21)Here the di�usion coe�cient DFC is given byDFC = 2M!
(nth + 12) : (2.22)



2.2. Oscillator bath models 11It is worthwhile to note that the Eqs. (2.20) are of the same form as the equations describingthe Brownian motion of a classical oscillator and that in the classical limit Eq. (2.22)reduces to the well{known Einstein relation [Ris89]DFC = 2M
kT : (2.23)This shows that the Hamiltonian (2.5) reproduces the results of classical Brownian motionin the high{temperature limit and that it can therefore be considered as describing aquantum generalization of Brownian motion.Dissipative two{level systemLet us now consider a two{level system with upper (lower) level j+i (j�i, respectively).We introduce the Pauli spin matrices �x, �y and �z [Mes62]. The Hamiltonian of thesystem takes then the form HS = 12!0 �z ; (2.24)where !0 is the energy separation between the two levels. We introduce the raising andlowering operators �� = 12(�x � �y) which satisfy�+ = j+ih�j , �+�� = j+ih+j = 12(1 + �z) ;�� = j�ih+j , ���+ = j�ih�j = 12(1� �z) : (2.25)The total Hamiltonian for the two{level system coupled to the bath of harmonic oscillatorstakes the form HFC = 12!0�z +Xi !iayiai +Xi �i��+ + ����ai + aiy� ; (2.26)where �i is given by Eq. (2.6). By implementing the same procedure as in the previoussection and performing similar approximations, one may derive from (2.26) a Markovianmaster equation for the dissipative two{level system. One arrives atddt �̂S = �i12!0 [�z; �̂S ]+ 
��+�̂S�+ + ���̂S�� + 2���̂S�+ � �+���̂S � �̂S�+��� : (2.27)The parameter 
 is de�ned as in Eq. (2.16). The equation (2.27) has been used by Agarwal[Aga71b, Aga74] to describe spontaneous emission (i.e. nth = 0) of a two{level atom.2.2.2 Rotating wave approximation modelWe now turn to the discussion of a common approximation of the fully coupled Hamiltoni-ans (2.5) and (2.26), known as rotating wave approximation (RWA). This approximationhas originally been applied to magnetic spin resonance [Abr62] and consists in omittingrapidly varying o�{resonant terms. The rotating wave approximation is best understoodby the following considerations [Lou73]. We will restrict ourselves to the two{level sys-tem Hamiltonian (2.26), but it should be obvious that our arguments equally apply, with



12 Chapter 2. Description of the modelstrivial modi�cations of notation, to the oscillator Hamiltonian (2.5). When there is nosystem{bath coupling, �i = 0, the Heisenberg operators have a time dependence given by�+(t) = �+(0)ei !0t ; ai(t) = ai(0)e�i !it ;��(t) = ��(0)e�i !0t ; aiy(t) = aiy(0)ei !it ; (2.28)such that, near resonance !0 ' !i, the (o�{resonant) interaction terms ��ai and �+aiyare rapidly oscillating in time at frequencies �(!0 + !i), whereas the (resonant) terms�+ai and ��aiy are practically constant. For �i � !i ' !, it is expected that this is stillthe case when the coupling is turned on. Then, since the high{frequency terms will almostaverage to zero, one may neglect the latter with respect to the near resonant terms. Thisapproximation is equivalent to decomposing the linearly polarized �eld into two oppositecircularly polarized waves and keeping only the one rotating in the same sense as the spinprecession. This explains the name rotating wave approximation. For the case of a spin 12system in a magnetic �eld, it was shown by Bloch and Siegert [Blo40] that the e�ect of thecounter{rotating terms is indeed negligible provided the �eld is not too strong. Importantearly studies of the oscillator bath model in the rotating wave approximations include theworks of Senitzky [Sen60, Sen61], Lax [Lax66a, Lax66b], Louisell and Marburger [Lou67],and Agarwal [Aga69].Damped harmonic oscillatorThe RWA Hamiltonian for the damped harmonic oscillator may be obtained from the FCHamiltonian (2.2) by suppressing the non{resonant terms aai and ayaiy in the interaction.This gives HRWA = !aya+Xi !iaiyai +Xi �i �aaiy + ayai� : (2.29)By using the same techniques and approximations as those presented in Section 2.2.1,one may derive from (2.2) a master and a Fokker{Planck equation for the RWA oscillator[Aga73]. This leads to the following master equation for the reduced density operatord�̂S(t)dt = � i! [aya; �̂S(t)]� 
�aya�̂S(t)� 2a�̂Say + �̂S(t)aya�� 2
nth�aya�̂S(t)� a�̂S(t)ay � ay�̂S(t)a+ �̂S(t)aay� ; (2.30)and the corresponding Fokker{Planck equation can be written in the form@�RWA(t)@t = + @@x ��� pM + 
x� �RWA�+ @@p h�M!2x+ 
p��RWAi+ 
 �nth + 12�" 1M! @2�RWA@x2 +M!@2�RWA@p2 # : (2.31)In the above equations 
 and nth are de�ned by Eqs. (2.16) and (2.17), respectively, and�RWA(x; p; t) is the Weyl transform of �̂S(t)=2�. As in the preceding section, the Fokker{Planck equation (2.31) is equivalent to a Langevin equation which can be written as_x = pM � 
x+ F xRWA(t) and _p = �M!2x� 
p+ F pRWA(t) ; (2.32)



2.3. Random band-matrix model 13where F xRWA(t) and F pRWA(t) are two independent real Gaussian random functions with zeromean and hF xRWA(t)F xRWA(t0)i = 2
(nth + 12 )M! �(t� t0);hF pRWA(t)F pRWA(t0)i = 2
(nth + 12)M! �(t � t0) : (2.33)Eqs. (2.32) clearly show that the RWA oscillator is not a mechanical oscillator because_x 6= p=M . We will discuss this point in detail in Chapter 6.Dissipative two{level systemWe conclude this section by considering the RWA form of the dissipative two{level sys-tem (2.26). In analogy to the Hamiltonian (2.29) for the damped oscillator, the RWAHamiltonian for the two{level system is given byHFC = 12!0�z +Xi !iayiai +Xi �i��+ai + ��aiy� ; (2.34)and the master equation satis�ed by �̂S(t) can be found to be of the form [Aga74]d�̂S(t)dt = � i12!0 [�z; �̂S ]� 
��+���̂S(t)� 2���̂S�+ + �̂S(t)�+����2
nth��+���̂S(t)� ���̂S(t)�+ � �+�̂S(t)�� + �̂S(t)���+� : (2.35)The damping constant 
 is again de�ned by Eq. (2.16) and nth is given by Eq. (2.17) with! replaced by !0.2.3 Random band-matrix modelThe present section is concerned with the presentation and discussion of the random{matrix model for quantum Brownian motion. More speci�cally, we shall study the prop-erties of a small quantum system S coupled to a large heat bath via a random band{matrixinteraction.Random{matrix theory (RMT) was originally introduced by Wigner to describe spec-tral 
uctuations of quantum many{body systems such as nuclei and has since been appliedsuccessfully in a wide range of other �elds such as quantum chaos and disordered meso-scopic systems [Guh98]. To the best of our knowledge, a random{matrix approach torelaxation has been �rst developed in nuclear physics in the context of deeply inelasticheavy{ion collisions [Ko76, Aga77, Aga79]. Since then, related models have been used todescribe relaxation of a non{degenerate two{level system [Mel88, Pey91], dissipation incomplex quantum systems [Wil90, Bul96] and, more recently, the dynamics of a simplequantum system in a complex environment [Bul98].2.3.1 Non{symmetrized couplingWe write the Hamiltonian of the composite system in the formH = HS 
 11B + 11S 
HB +Q
 V = H0 +W ; (2.36)



14 Chapter 2. Description of the modelswhere, as in Section 2.2, HS and HB describe the system S and the bath B, respectively,and W = Q
 V is the system{bath interaction. In the present approach, in contrast tothe Caldeira{Leggett model (2.2), the actual form of HB is not speci�ed. In particular,there are no bath oscillators. We denote by jmi, m = 0; : : : ; NS (jai, a = 0; : : : ; NB) theeigenstates of the system (bath) Hamiltonian with eigenvalues Em ("a, respectively),HSjmi = Emjmi ; HBjai = "ajai : (2.37)Here NS and NB are the dimensions of the Hilbert spaces HS and HB of the system andthe bath, respectively. The product states jmai form a complete set for the compositesystem. We make assumptions which are similar to those used in the oscillator bath model.Namely,(i) we assume that the interaction is turned on at t = 0 and that at that initial time Sand B are not correlated, �̂(0) = �̂S(0) 
 �̂B(0).(ii) we assume further that at all times t � 0 the bath is in thermal equilibrium attemperature T , �̂B = 1ZXa e��"a jaihaj ; (2.38)where Z is the canonical partition function.(iii) �nally, we take the heat bath su�ciently large so that the energy eigenstates "a areclosely spaced. The energy spectrum may then be characterized by the density ofstates �(").We show below that expression (2.38) is equivalent to�̂B = ja�iha�j and �("�) = �0e�"� ; (2.39)where the state ja�i is de�ned by the temperature T .In the Hamiltonian (2.36), Q is an operator which acts on the system S, and V is aGaussian random band{matrix acting on the bath. The �rst two moments of V are givenby Vab = 0 VabVcd = (�ac�bd + �ad�bc)Vab2 ; (2.40)where the matrix Vab respects time{reversal symmetry and has non{zero elements only ina band of width � along the diagonal. More speci�cally, we adopt a form �rst given inRef. [Ko76]. This paper also contains a detailed justi�cation of the form of Eq. (2.40).This form has been widely used later, cf. Refs. [Aga77, Aga79, Bul96, Bul98].Vab2 = A0 [�("a)�("b)]� 12 e� ("a�"b)22�2 : (2.41)Here A0 is the strength of the coupling, �(") the density of states of the bath, and � thebandwidth. For W , this implies(I) Wmnab = 0 Wmnab W pqcd = (�ac�bd + �ad�bc)QmnQpqVab2 : (2.42)The form of the Hamiltonian (2.36) is a generalization of the Hamiltonian consideredin Refs. [Mel88, Pey91]. There it was motivated by the observation that in relaxationproblems, the process is frequently found to be insensitive to the details of the interaction.One may therefore construct an ensemble of interactions and calculate the average of theobservable over this ensemble. We show in the next chapters that the relaxation of aBrownian system is indeed independent of the speci�c form of the coupling to the bath.



2.3. Random band-matrix model 152.3.2 Symmetrized couplingIn Eq. (2.42), only the part of the interaction acting on the bath is modeled as a randommatrix. This is physically sensible since only the bath is supposed to be a complex system.We observe that, as a consequence, the variance (I) of W has the inconvenient feature ofbeing not symmetric in the variables of both the system and the bath. Therefore, we alsoconsider a symmetrized form (II) of W where the entire interaction behaves as a randommatrix. This form may be thought of as an approximation to the full form (I). We showlater that form (II) leads to the rotating wave approximation. It is given by(II) Wmnab = 0 Wmnab W pqcd = (�ac�bd�mp�nq + �ad�bc�mq�np)jQmnj2Vab2 : (2.43)In the sequel, we shall refer to form (II) as the symmetrized random{matrix coupling(SRM).2.3.3 Parametrization of the bathThe equivalence of Eqs. (2.38) and (2.39) is closely related to the equivalence of themicrocanonical and the canonical ensemble in the thermodynamic limit Nth !1 [Hua80].We thus consider a thermodynamical system in contact with a heat bath. The (canonical)partition function is given byZ(�) = Z 10 d" �(")e��" = Z 10 d" e��"+ln �(") : (2.44)Since " and ln�(") grow with Nth, the integral can be evaluated by a saddle{point ap-proximation. Expanding the integrand up to second order around its maximum "�, weobtain Z(�) = �("�)e��"� Z 10 d" exp 12("� "�)2  @2 ln�(")@"2 !"="�! : (2.45)The distribution in energy is a Gaussian centered at "� with a width�" =  �@2 ln�(")@"2 !� 12"="� = pkT 2CV : (2.46)We have used the fact that k ln�(") is the microcanonical entropy. For Nth !1, �"="� �1=pNth becomes negligibly small and the Gaussian approaches a �-function. Hence,�̂B = 1Z Xa e��"a jaihaj ' ja�iha�j (2.47)where ja�i is the eigenvector corresponding to the eigenvalue "�. Moreover, according toEq. (2.45) the density of states can be approximated locally by�("�) = �0 e�"� ; (2.48)where �0 is given by �0 = Z(�)=p�kT 2CV : (2.49)
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Chapter 3Averaging: Diagrammatic method3.1 IntroductionThere are two basic equations which govern the time development of a quantum systemcoupled to a (large) quantum environment [Mes62]: Dyson's equation for the evolutionoperator U(t) and von Neumann's equation for the density operator �̂(t). They bothdepend on the total Hamiltonian H. In the random{matrix approach to quantum Brow-nian motion presented in Chapter 2, a part of the interaction between the system andthe heat bath was modeled by a Gaussian random matrix. Because of the presence ofa stochastic quantity in the Hamiltonian, the time{evolution operator and, consequently,the density operator are themselves random variables. We therefore have to determinetheir average over the random{matrix ensemble. Three di�erent tools are available tocalculate the mean values of these two operators [Guh98]. The �rst method consists ina diagrammatic perturbation expansion. The two others methods, the replica trick andthe supersymmetric approach, are based on a non{perturbative �eld-theoretical formula-tion. Supersymmetry is the most powerful of the three averaging techniques and is thusmost appropriate to treat further generalizations of the random{matrix model. It will beintroduced in Chapter 7.The aim of the present chapter is to use the diagrammatic method to calculate theensemble average of the operators U(t) and �̂(t), in the limit of weak coupling. Thisaveraging procedure consists in [Aga75a, Aga75b] (i) expanding the operators in powersof the random interaction W (Born series) then (ii) averaging each term using the Wicktheorem for Gaussian random variables and �nally (iii) summing up the whole series. Thismethod is most conveniently implemented in Fourier space. We shall always work in thelimit in which the dimension NB of the bath matrices tends to in�nity and consistentlyomit terms of order N�1B and smaller.The results obtained in this chapter will be used in Chapter 4 as starting point for thederivation of the master equation for the system S. In Section 3.2 we shall calculate theensemble average U(t) of the time{evolution operator. We will begin with the symmetrizedform of the variance de�ned in Section 2.3. In this case, a solution of the averaged Dysonequation can be found in closed form. For the non-symmetrized coupling, it will turn outthat the diagrammatic method can not easily be implemented as such. Nevertheless, avariant of the method, valid only for weak{coupling, will be developed. This will permitus to determine the time derivative of the matrix elements of U(t). In Section 3.3, weshall then evaluate the averaged density operator �(t).17



18 Chapter 3. Averaging: Diagrammatic method3.2 The average time{evolution operatorTo begin with, we introduce the propagator K(t) which is de�ned byK(t) = U(t)�(t) = e�iHt�(t) (3.1)and which obeys the Dyson equationK(t) = K0(t)� i Z 1�1 dt1K0(t� t1)WK(t1) ; (3.2)where K0(t) = e�iH0t�(t) is the free propagator and �(t) the unit step function. Unlike theDyson equation (2.8) satis�ed by the time{evolution operator U(t), the above equation isgiven in terms of a convolution integral and its Fourier transform is thus easily calculated.This is our motivation for considering the propagator instead of the evolution operator.To determine the average K(t) = U(t)�(t), we use the energy representation andintroduce the following pair of Fourier transformsG(E) = 1i Z 1�1 dt eiEtK(t) ; K(t) = � 12�i Z 1�1 dE e�iEtG(E) : (3.3)The transforms of (3.1) and (3.2) are then given byG(E) = 1E + i� �H ; � ! 0+ ; (3.4)and G(E) = G0(E) +G0(E)WG(E) ; (3.5)respectively. In Eq. (3.4) an in�nitesimal positive increment � has been added to ensurethe convergence of the Fourier integral.Born seriesThe �rst step in evaluating the ensemble average G of the propagator is to expand G ina power series with respect to W . By successive iteration of Eq. (3.5), we obtainG = G0 +G0WG0 +G0WG0WG0 + : : : = 1Xs=0G0(WG0)s : (3.6)Wick theoremTo perform the average of a typical term in this series, G0(WG0)s, we use Eqs. (2.42),(2.43) and Wick's theorem. According to this theorem (see e.g. [Kam81, Ris89]), a productof s Gaussian variables with zero mean values has zero average if s is odd, and for evens the average is given by summing over all possible ways of taking the average of pairs ofW 's. The W 's belonging to such an averaged pair are then said to be \contracted". Weexemplify this rule by the �rst non-trivial term appearing in the expansion (3.6): the termof fourth{order. In this case we have three \Wick contractions", i.e., three di�erent waysof forming pairs of W 's,(WG0)4 =WG0WG0WG0WG0 +WG0WG0WG0WG0 +WG0WG0WG0WG0 :(3.7)



3.2. The average time{evolution operator 19In the foregoing expression, the average of a pair is indicated by a \contraction line"connecting the W 's. The Wick theorem is exact and entails no approximation. An ap-proximation is introduced, and the number of terms contributing to �xed s is considerablyreduced, by omitting terms which are relatively small of order N�1B . We recall that wework in the limit in which NB is in�nitely large. Due to the fact that W 's with di�erentindices are uncorrelated, see Eqs. (2.42) and (2.43), the last term on the r.h.s. of (3.7) isof order N�1B compared with the other two and can thus be neglected. This can easily beseen by direct evaluation of the matrix elements of the right side of Eq. (3.7): We �ndthat the �rst two terms are written as a sum over NB � NB elements, whereas the lastone contains only NB matrix elements. As a general rule, the terms of leading order inN�1B are those in which contraction lines do not intersect [Ver84]. Application of this ruleto the expansion (3.6) leads toG = G0 +G0WG0WG0 +G0WG0WG0WG0WG0+ G0WG0WG0WG0WG0 + : : : : (3.8)Eq. (3.8) can also be written as an integral equation for G,G = G0 +G0W G WG : (3.9)This equation is valid in the general case, including strong coupling.Weak couplingIn the limit of weak coupling, a further reduction of the number of terms in the series (3.8)occurs. We show below that in this limit the second term on the r.h.s. of Eq. (3.7) alsogives a negligible contribution. More generally, when the coupling between the systemand the bath is weak, only contractions between adjacent pairs of W 's have to be takeninto account. The average of Eq. (3.6) then takes the following formG = G0 +G0WG0WG0 +G0WG0WG0WG0WG0 + : : := G0 +G0WG0W G : (3.10)By comparing the integral equations (3.9) and (3.10), we observe that the weak{couplinglimit amounts to formally replacing G by G0 between the contracted pair of W 's.ResummationAfter having performed the average of each term in the series expansion of G, we nowcome to the remaining step: the resummation of the series. The weak{coupling expansion(3.10) is geometric and can readily be summed up. We obtainG = G0 (1 +WG0WG0 + (WG0WG0)2 + (WG0WG0)3 + : : :)= G0 11�WG0WG0 : (3.11)We note that this is a closed expression for the averaged propagator G 1. It depends solelyon the free propagator G0(E) = (E+ i��H0)�1 and on the second moment of the randominteraction.1For strong coupling, this is replaced by the Pastur equation [Pas72], G = G0 11�WG0W G , instead.



20 Chapter 3. Averaging: Diagrammatic method3.2.1 Case (II): Symmetrized couplingLet us now move to the explicit evaluation of the ensemble{averaged propagator G .We start with the approximated form (II) of the coupling. A direct consequence of thesymmetrized variance of W is that the SRM propagator is diagonal in the energy basis.To demonstrate this, we calculate the matrix elements of G. From Eq. (2.43), we easily�nd that W nn1bb1 W n1n0b1b0 = �nn0�bb0W nn1bb1 2 : (3.12)Moreover, since the free propagator G0 is itself diagonal,hnbjG0(E)jn0b0i = �nn0�bb0 1E + i� � (En + "b) = �nn0�bb0(G0)nb ; (3.13)we get hnbjWG0W jn0b0i = Xn1b1W nn1bb1 (G0)n1b1W n1n0b1b0 (G0)n0b0= �nn0�bb0(G0)nb Xn1b1W nn1bb1 2(G0)n1b1 : (3.14)The matrix elements of G in Eq. (3.11) may hence be written in the formhnbjG(E)jn0b0i = �nn0�bb0E + i� � (En + "b)�Pn1b1W nn1bb1 2(G0)n1b1= �nn0�bb0E + i� � (En + "b)�Rnb(E) ; (3.15)which shows that G is diagonal in the unperturbed energy basis jnbi. In the last line ofEq. (3.15), we have introduced the self{energy R(E) which is de�ned byRnb(E) = Xn1b1W nn1bb1 2 1E + i� � (En1 + "b1) : (3.16)We see that the whole dependence on the interaction W of the averaged propagator iscontained inR(E). The self{energy therefore represents the e�ects of the coupling betweenthe system and its environment [Gol64]. On using the Plemelj identity,lim�!0 1E � i� �E0 = P 1E �E0 � i��(E �E0) ; (3.17)where P denotes the Cauchy principal value, we can rewrite Eq. (3.16) asRnb(E) = �nb(E) � i�nb(E)2 ; (3.18)where �nb(E) = P Xn1b1 W nn1bb1 2E � (En1 + "b1) ;�nb(E) = 2�Xn1b1W nn1bb1 2�(E � (En1 + "b1)) : (3.19)



3.2. The average time{evolution operator 21For su�ciently high temperature, �nb(E) and �nb(E) depend weakly on energy (see Chap-ter 5) and may be approximated by their values at E = En + "b. We then have�nb = �nb(En + "b) = P Xn1b1 W nn1bb1 2En + "b � (En1 + "b1) ;�nb = �nb(En + "b) = 2�Xn1b1W nn1bb1 2�(En + "b �En1 � "b1) : (3.20)For the averaged propagator (3.15), this yieldsGnb(E) = 1E + i� � (En + "b +�nb) + i�nb2 : (3.21)Transforming back to time representation with the help of (3.3), we obtainKnb(t) = e�i(En+"b+�nb)t��nb2 t�(t) ; (3.22)from which we �nally derive Unb(t) = e�i(En+"b+�nb)t��nb2 t : (3.23)This is the averaged SRM evolution operator evaluated in the limit of weak couplingbetween the system and the bath. The physical interpretation of the real and imaginaryparts of the matrix elements of the shift operator R, �nb and �nb, follows immediatelyfrom Eq. (3.23): �nb is the level shift of the state jnbi induced by the coupling betweenthe system and the bath and �nb is the corresponding decay width. Both �nb and �nbgive a measure of the intensity of the coupling. Accordingly, these quantities are expectedto be \small" in the weak{coupling limit. We shall make this statement more quantitativein the next section.Weak{coupling conditionIn the limit of weak coupling, contractions between non{adjacent pairs of W 's are negligi-ble. This can be shown by inspecting the contributions from the various products of Wickcontractions. We consider here the simplest case and compare [Aga75a, Aga75b]hnbjWG0W jnbi and hnbjWG0WG0WG0W jnbi : (3.24)For the symmetrized random{matrix interaction, we are thus led to compareXn1b1W nn1bb1 2(G0)n1b1 with Xn1b1W nn1bb1 2(G0)2n1b1 Xn2b2W n1n2b1b2 2(G0)n2b2 ; (3.25)where Eq. (3.12) has been used. This gives the following weak-coupling conditionXn1b1W nn1bb1 2(G0)n1b1 � E �H0nb : (3.26)Inequality (3.26) has a simple interpretation. It means that the self{energy Rnb(E) hasto be small in comparison with E �H0nb (cf. Eqs. (3.13) and (3.15)).



22 Chapter 3. Averaging: Diagrammatic methodActually, it is enough to compare the imaginary parts of the two terms appearing in(3.24), because the real parts represent level shifts and hence do not contribute to thedecay width. We may then, equivalently, compare�nb(E) with Xn1b1W nn1bb1 2(G0)2n1b1�n1b1(E) : (3.27)This will allow us to express the weak{coupling condition in terms of the parameters of thesystem S (the mean level spacing ! and the relaxation coe�cient 
) and the parametersentering the random{matrix model (the bandwidth � and the temperature T of the heatbath ). This will be carried out explicitly in Section 5.2 for the case that the system Sis a harmonic oscillator. Here, we shall state the general rule without proof. Assumingthat jQnn1 j2 vanishes unless the states n1 and n are close in energy, then, in the high{temperature limit ! � � � kT , �nb(E) may be replaced by �nb(En + "b), and in theweak{coupling limit 
 � �, the second term in (3.24) may be omitted in comparison withthe �rst. For a detailed discussion of these parameters and the interpretation of the aboveinequalities, we refer to Section 4.4.Although we have restricted the discussion of the weak{coupling condition to the SRMcase, it should be clear that the conclusions we arrived at in the present section are validin general, since averaging depends only on the (bath) random operator V but not on theproperties of the deterministic (system) operator Q.3.2.2 Case (I): Non-symmetrized coupling.In this section, we consider the full, non{symmetrized, form (I) of the random{matrixcoupling. In contrast to the SRM case, the averaged propagator is not diagonal in theenergy representation and we have insteadhnbjG(E)jn0b0i = �bb0hnbjG(E)jn0bi : (3.28)As a consequence, the series (3.10) is not geometric anymore and cannot be summedeasily. We thus have to �nd another method to evaluate the average time{evolutionoperator U(t). We shall actually calculate only the time derivative of the matrix elementsof U(t). This will su�ce for the derivation of the master equation for the system S, whichwill be carried through in the next chapter. We start with an observation concerning theaveraging procedure. Iterating the Dyson equation (3.5) once,G = G0 +G0W +G0WG0WG ; (3.29)and taking the ensemble average,G = G0 +G0W +G0WG0WG = G0 +G0WG0W G ; (3.30)yields a result which is identical to Eq. (3.10). We recall that Eq. (3.10) has been obtainedafter resummation of an in�nite diagrammatic expansion. Here we simply iterated Dyson'sequation once. That both expressions coincide is of course only true for weak coupling,when only contractions between adjacent pairs of W 's have to be taken into account andresults from Wick's theorem (see Section 3.2). However, since we are interested in theweak{coupling limit, the latter method provides an easy means to perform the ensemble



3.2. The average time{evolution operator 23average, avoiding the resummation of the series (3.10). In the following, we shall makeuse of this simple method to compute the average of the evolution operator. Contrary towhat we did in the preceding section, we shall work in the time domain. More precisely,we will consider the Dyson equation (2.8), written in the interaction picture. We haveid ~U (t)dt = ~W (t) ~U (t) (3.31)where ~U(t) = eiH0tU(t) and ~W (t) = eiH0tWe�iH0t : (3.32)Using the initial condition, ~U(0) = U(0) = 1, Eq. (3.31) can also be written in integralform, ~U(t) = 1� i Z t0 dt1 ~W (t1) ~U(t1) : (3.33)Inserting this equation into the r.h.s. of (3.31) and calculating the average of the matrixelements, we obtaindhnbj ~U(t)jn0bidt = � Z t0 dt1 Xn1b1n2b2 hnbj ~W (t)jn1b1ihn1b1j ~W (t1)jn2b2i hn2b2j ~U(t1)jn0bi : (3.34)From Eq. (2.42), we �nd that W nn1bb1 W n1n2b1b2 = �bb2 Qnn1Qn1n2Vbb12 and hencedhnbj ~U(t)jn0bidt = � Z t0 d� Xn1b1n2 ei(En�En2 )tei(En2+"b�En1�"b1)��Qnn1Qn1n2Vbb12 hn2bj ~U (t� �)jn0bi ; (3.35)where we have set � = t� t1. In the weak{coupling limit, d ~U=dt is small and ~U(t� �) maybe replaced by ~U(t) 2. This approximation amounts to neglecting memory e�ects and isthus a Markov approximation. For large t, we may further use the identityZ 10 d�ei(E�E0)� = iP 1E �E0 + ��(E �E0) : (3.36)Neglecting the level shift given by the principal value, this results indhnbj ~U(t)jn0bidt = �12 Xn1n2W (1)nn1n1n2ei(En�En2 )t hn2bj ~U(t)jn0bi ; (3.37)where we have de�ned the generalized transition probability per unit time (to be comparedwith the Golden Rule result Eq. (4.5))W (1)nn1n1n2 = 2�Xb1 Qnn1Qn1n2Vbb12 �(En2 + "b �En1 � "b1) : (3.38)2This intuitive argument can be made more rigorous by substituting y = A0t, ~u(y) = ~U(t), where A0is the strentgh of the coupling, and taking the van Hove limit A0 ! 0, t!1, A0 t �xed (see Section 5 ofRef. [Zwa61]).



24 Chapter 3. Averaging: Diagrammatic methodReturning to the Schr�odinger picture, Eq. (3.37) takes the formdhnbjU(t)jn0bidt = � i(En + "b) hnbjU(t)jn0bi� 12 Xn1n2W (1)nn1n1n2 hn2bjU(t)jn0bi : (3.39)This is the expected expression for the time derivative of the matrix elements of U(t) forthe unsymmetrized random{matrix coupling (I). We observe that Eq. (3.39) cannot beintegrated in closed form, since the right{hand side does not only depend on hnbjU(t)jn0bibut also on all the other matrix elements hn2bjU(t)jn0bi, n2 6= n. In a similar fashion, onecan calculate the time derivative of U y(t). We �nddhnbjU y(t)jn0bidt = i(En0 + "b) hnbjU y(t)jn0bi� 12 Xn1n2W (2)n2n1n1n0 hnbjU y(t)jn2bi ; (3.40)with W (2)n1n0n2n1 = 2�Xb1 Qn1n0Qn2n1Vbb12 �(En2 + "b �En1 � "b1) : (3.41)We note that W (2)n1n0n2n1 is not simply the complex conjugate of W (1)nn1n1n2 .In concluding this section, it is instructive to rederive the average SRM evolution oper-ator U(t) by implementing the simple method developed here. This will shed some light onthe approximations involved. We start with the derivative of the time{evolution operatoras given by Eq. (3.34). We use the symmetrized variance (2.43) and get W nn1bb1 W n1n2b1b2 =�nn2�bb2W nn1bb1 2. This yieldsdhnbj ~U(t)jnbidt = �Xn1b1W nn1bb1 2 Z t0 d�ei(En+"b�En1�"b1)� hnbj ~U(t� �)jnbi : (3.42)We then make the Markov approximation, employ identity (3.36) and arrive atd ~Unb(t)dt = �iP Xn1b1 W nn1bb1 2En + "b �En1 � "b1 ~Unb(t)��Xn1b1W nn1bb1 2�(En + "b �En1 � "b1) ~Unb(t)= (�i�nb � �nb2 ) ~Unb(t) ; (3.43)where we have used the de�nitions (3.20) of the level shift �nb and the decay width �nb.Finally, we integrate Eq. (3.43) taking into account the initial condition ~U(0) = 1. Thisleads to ~Unb(t) = e(�i�nb��nb2 )t ; (3.44)or, written in the Schr�odinger picture,Unb(t) = e�i(En+"b+�nb)t��nb2 t : (3.45)



3.3. The average density operator 25This expression for the ensemble{averaged evolution operator is identical to the result(3.23) obtained using the diagrammatic method. However, we emphasize that the ap-proach used in the present section is restricted to the weak{coupling case, whereas thediagrammatic method has a much wider range of applicability (including the strong{coupling limit).We now investigate the validity of the Markov approximation. We do this by substi-tuting Eq. (3.44) into the r.h.s. of Eq. (3.42). We obtaindhnbj ~U(t)jnbidt = �e�(i�nb+�nb2 )t Xn1b1W nn1bb1 2 Z t0 d�e(i(En+"b�En1�"b1+�nb))+�nb2 )� (3.46)Under the conditions �nb � En + "b �En1 � "b1 ;�nb � En + "b �En1 � "b1 ; (3.47)we can ignore �nb and �nb in the integrand, and with the help of identity (3.36), we�nd that Eq. (3.46) reduces to Eq. (3.43). The weak{coupling conditions (3.47) are verysimilar to those used by Wigner and Weisskopf in their early work on spontaneous emission[Wei31]. We also see from these considerations that the weak{coupling condition (3.26) isactually equivalent to a Markov approximation.3.3 The average density operatorIn this section, we shall apply the diagrammatic technique to calculate the mean value ofthe total density operator �̂(t) for system plus bath. As in Section 3.2, we will introducethe propagator K(t) and work in Fourier space. The density operator at times t; t0 obeysthe following von Neumann equation�̂(t; t0)�(t)�(t0) = K(t)�̂(0)Ky(t0) ; (3.48)where we have used the de�nition (3.1) for the propagator K(t). We take the doubleFourier transform F (E;E0) = Z 1�1 Z 1�1 dtdt0ei(Et�E0t0)f(t; t0) (3.49)and obtain �̂(E;E0) = G(E)�̂(0)Gy(E0) : (3.50)Here, the Fourier transform G(E) of the propagator is given by Eq. (3.5). We next expand�̂(E;E0) in a Born series and take the ensemble average. We use the expansion (3.6) forG(E) and its Hermitian conjugate and get�(E;E0) = 1Xs=0 1Xr=0G0(WG0)s�̂(0)(Gy0W )rGy0 : (3.51)In performing the average of this quantity, we use again Wick's theorem and retain onlyproducts of pairs of W 's. Two W 's are said to be \cross-contracted" if one of them oc-curs in G, the other in Gy. We use the general rule that terms containing contraction



26 Chapter 3. Averaging: Diagrammatic methodlines which intersect or cross-contraction lines which cross any other contraction linesgive negligible contributions and can thus be omitted. This means that contributions likeWG0WG0WG0WG0 � � �WGy0WGy0 and WG0W � � � WGy0WGy0 can be neglected. As a result,we �nd that G appears sandwiched between two W 's which are contracted across �̂(0),and the general term in the expansion (3.48) attains the formGW � � �WG�̂(0)GyW � � �WGy : (3.52)The average density operator � may thus be written as� = G�̂(0)Gy + GWG�̂(0)GyWGy+ GWGWG�̂(0)GyWGyWGy + � � � (3.53)or � = G�̂(0)Gy +GWG�GyWGy : (3.54)3.4 SummaryIn this chapter, we have calculated the ensemble average of U(t) and �̂(t), the evolutionand density operators for system{plus{bath, using a diagrammatic perturbation expan-sion. The obtained averaged equations (3.10) and (3.54) completely determine the dynam-ics of the composite system in the weak{coupling limit. Transforming back to the timerepresentation, we may rewrite these equations asU(t) = U0(t)� Z t0 dt1 Z t10 dt2 U0(t� t1)W U0(t1 � t2) W U(t2) ; (3.55)and �(t; t0) = U(t)�̂(0)U y(t0)+ Z t0 d� Z t00 d� 0 U(t� �)W �(�; � 0) W U y(t0 � � 0) : (3.56)Eqs. (3.55) and (3.56) are the averaged form of the Dyson and von Neumann equation,respectively. These two equations will be used in the next chapter to derive the averagedmaster equation describing the system S.In the case of the symmetrized random{matrix coupling, Eq. (3.55) can be solved inclosed form: U(t) is diagonal in the energy eigenbasis and its diagonal matrix elementsare given by Eq. (3.23). In contradistinction, for the non{symmetrized coupling, a closedsolution of the averaged Dyson equation is not available. Nevertheless, an expressionfor the time derivative of U(t), Eq. (3.39), may be obtained by using a variant of thediagrammatic method, valid solely in the limit of weak{coupling.



Chapter 4Derivation of the master equation
4.1 IntroductionThis chapter deals with the description of the relaxation of the quantum system S resultingfrom its coupling to the heat bath. The di�culty one is confronted with when dealing withcomplex systems, is how to achieve such a description in a manageable way. Even thoughthe microscopic equations (3.55) and (3.56), which were derived in Chapter 3, specifythe averaged time development of the composite system in full detail, they are not veryuseful as they stand. They are too complex and contain more information than is actuallyneeded. Two approximate and more tractable evolution equations are currently used inthe literature [Kam97] 1: The master equation and the quantum Langevin equation. Inthe present chapter, we shall focus on the master equation and we will defer the discussionof the Langevin approach to Chapter 6.To obtain a Markovian master equation for the reduced density operator �̂S(t) fromthe averaged equations (3.55) and (3.56), we shall proceed as follows: (i) solve the Dysonequation (3.55), (ii) substitute the resulting U(t) into the von Neumann equation (3.56),(iii) take the trace over the bath degrees of freedom and (iv) di�erentiate with respect totime. As we already know from the discussion in Section 3.2.2, it is not always possibleto perform step (i). This is the case, in particular, for the unsymmetrized variance ofEq. (2.42). Nevertheless, a master equation can still be derived in the weak{couplinglimit.As a preliminary step to the derivation of the master equation, we shall �rst evaluate,in Section 4.2, the ensemble average of the transition probability per unit time. Thiscalculation up to second order in the random interaction W yields the averaged formof Fermi's Golden Rule. In Section 4.3, we shall then carry out the derivation of theMarkovian master equation. We shall again consider the two forms of the random{matrixcoupling presented in Section 2.3. We will conclude this chapter by a discussion of thedi�erent times scales appearing in the random{matrix model, in Section 4.4.1A new approach, based on a stochastic Schr�odinger equation, has been developed recently [Str99a,Str99b]. 27



28 Chapter 4. Derivation of the master equation4.2 Fermi's Golden RuleWe suppose in this section that S is initially in some eigenstate jmi with �̂S(0) = jmihmj,and we ask for the ensemble{averaged probability to �nd the quantum system in anotherstate jni at a later time t. We havePn(t) = hnj�S(t)jni =Xb hnbj�(t)jnbi ; (4.1)where the total density operator �(t) is given by Eq. (3.56) with t = t0. In order to obtainan expression for �(t) up to second order in W , we replace U(t) by U0(t) and �(�; � 0) byU0(�)�̂(0)U y0 (� 0) in the r.h.s. of the averaged von Neumann equation (3.56). This resultsin �(t) = Z t0 d� Z t0 d� 0 U0(t� �)W U0(�)�̂(0)U y0 (� 0)W U y0(t� � 0) ; (4.2)where we have omitted the �rst term which does not contribute to Pn(t) unless n = m.Inserting Eq. (4.2) into Eq. (4.1) and evaluating the integrals, we getPn(t) =Xb jhnbjW jmaij2 4 sin(En + "b �Em � "a) t2En + "b �Em � "a !2 : (4.3)For times much larger than the collision time, t� t�, the factor 4(sin2 12xt)=x2 is sharplypeaked at x = 0 and may be approximated by 2�t �(x). This yieldsPn(t) = 2�tXb jhnbjW jmaij2 �(En + "b �Em � "a) : (4.4)The transition probability per unit time is then de�ned asWnm = Pn(t)t = 2�Xb jhnbjW jmaij2 �(En + "b �Em � "a) : (4.5)This is the ensemble{averaged version of Fermi's Golden Rule. We see that Eq. (4.5)agrees with the result obtained from ordinary second{order perturbation theory [Mes62].4.3 Derivation of the master equationWe now turn to the derivation of the Markovian master equation satis�ed by �S(t). Theequation applies provided the coupling between system and bath is weak. More precisely,we use the following assumptions.i) The time t obeys the inequalities t� � t� tP . Here t� = 1=� is the duration timeof a single action of the interaction and tP is the Poincar�e recurrence time of thesystem. This condition is always needed to describe a relaxation process in terms ofa transport equation.ii) For all states jni and jbi, the bandwidth � has to satisfy the inequalities !; 
 � ��kT . Here 
 is the relaxation constant and ! denotes the mean level spacing of thesystem S. For the harmonic oscillator, 
 is de�ned in Eq. (5.10). For other systems,



4.3. Derivation of the master equation 29an analogous de�nition applies. Condition ii) requires weak coupling between bathand system and ensures the validity of the Markov approximation. It also requiresthe temperature T to be larger than a minimum temperature kTm = � and may,therefore, also be seen as de�ning a semiclassical approximation.These assumptions are discussed in more detail in Section 4.4. In the next two subsections,we treat the two forms of the random{matrix interaction separately.4.3.1 Case (II): Symmetrized couplingWe begin with the simpler case, that is, with the approximated form (II). Because thevariance of the random{matrix coupling is symmetric in the system{bath variables, theaveraged Dyson equation (3.55) for the evolution operator can be solved in closed form(see Section 3.2.1, Eq. (3.23)): U(t) is diagonal in the energy basis and given byUnb(t) = e�i(En+"b)t��nb2 t ; (4.6)where we have neglected the level shift �nb. The decay width �nb is given by Eq. (3.20).To obtain the averaged master equation, we proceed as indicated in the introduction. We�rst substitute U(t) from Eq. (4.6) into the averaged von Neumann equation (3.56). Wethen take the trace over the bath and arrive atXb hnbj�(t; t0)jn0bi =Xb Unb(t) hnbj�̂(0)jn0biU yn0b(t0)+ �nn0 Z t0 d� Z t00 d� 0 Xbn1b1 Unb(t� �)� jhnbjW jn1b1ij2hn1b1j�(�; � 0)jn1b1iU yn0b(t0 � � 0) : (4.7)Here we have used (2.43) to writehnbjW jn1b1ihn2b2jW jn0bi ' �nn0�n1n2�b1b2 jhnbjW jn1b1ij2 : (4.8)By arguments similar to those presented in Section 3.2, one can show that the terms wehave omitted in Eq. (4.8) give a negligible contribution in the limit NB to in�nity. Wenow take the time derivatives with respect to t and t0, useddtUnb(t) = ���nb2 + i(En + "b)�Unb(t); (4.9)and its Hermitian conjugate, and �nd� @@t + @@t0�Xb hnbj�(t; t0)jn0bi = �i(En �En0)Xb hnbj�(t; t0)jn0bi�12Xb (�nb + �n0b) hnbj�(t; t0)jn0bi+�nn0 Xbn1b1 jhnbjW jn1b1ij2 Z 0�t dt1e(i(En+"b)+�nb2 )t1hn1b1j�(t+ t1; t0)jn1b1i+�nn0 Xbn1b1 jhnbjW jn1b1ij2 Z 0�t0 dt01e(�i(En+"b)+�nb2 )t01hn1b1j�(t; t0 + t01)jn1b1i ; (4.10)



30 Chapter 4. Derivation of the master equationwhere we have put t1 = � � t and t01 = � 0 � t0.The right{hand side of Eq. (4.10) is easily interpreted. The �rst term describes thefree motion. The second term (the \loss term") corresponds to transitions which depletethe states n and n0 whereas the two last terms (\gain terms") correspond to transitionswhich feed the state n (we shall discuss the absence of o�{diagonal gain terms in moredetail in Chapter 6). The gain terms are non{local in time and, therefore, involve memorye�ects. In the limit of weak coupling, however, the process becomes Markovian and thememory e�ects play no role [Wei80]. To see this, we note that for short times (to zerothorder in W), Eq. (3.56) reduces to�(t; t0) = U0(t)�̂(0)U0y(t0) : (4.11)We use this form in the gain terms and accordingly approximatehn1b1j�(t+ t1; t0)jn1b1i by e�i(En1+"b1)t1hn1b1j�(t; t0)jn1b1i (4.12)and hn1b1j�(t; t0 + t01)jn1b1i by hn1b1j�(t; t0)jn1b1iei(En1+"b1)t01 : (4.13)Setting t = t0, we obtainddthnj�S(t)jn0i = �i(En �En0)hnj�S(t)jn0i � 12Xb (�nb + �n0b) hnbj�(t; t0)jn0bi+ �nn0 Xbn1b1 jhnbjW jn1b1ij2hn1b1j�(t)jn1b1i� �Z 0�t dt1e(i(En+"b�En1�"b1 )+�nb2 )t1 + Z 0�t dt1e(�i(En+"b�En1�"b1 )+�nb2 )t1� : (4.14)Condition ii) implies that �nb � En+"b�En1�"b1 ; see also Eq. (3.47). We hence neglect�nb in the integrands of Eq. (4.14). This amounts to replacing U(t) by U0(t) and is similarto what we did in Section 4.2 when we calculated the average of the survival probabilityPn(t). Moreover, for su�ciently large times, we haveZ t�t dt1ei(En+"b�En1�"b1 )t1 ' 2��(En + "b �En1 � "b1) : (4.15)For times much larger than the collision time, t� t�, Eq. (4.14) thus reduces toddthnj�S(t)jn0i = �ihnj [HS; �S(t)] jn0i�� Xbn1b1 jhnbjW jn1b1ij2 �(En + "b �En1 � "b1) hnbj�(t)jn0bi�� Xbn1b1 jhn0bjW jn1b1ij2 �(En0 + "b �En1 � "b1) hnbj�(t)jn0bi+2� �nn0 Xbn1b1 jhnbjW jn1b1ij2�(En + "b �En1 � "b1) hn1b1j�(t)jn1b1i ; (4.16)where we have used the de�nition (3.20) of the decay width. It is clear that the transitionprobabilities per unit time, Wnn1 and Wn1n, as given by their Golden Rule expressions



4.3. Derivation of the master equation 31(4.5), Wnn1 = 2�Xb jhnbjW jn1b1ij2�(En+ "b�En1� "b1) ;Wn1n = 2�Xb1 jhnbjW jn1b1ij2�(En+ "b�En1� "b1) ; (4.17)do not depend explicitly on the bath variables b and b1. Consequently, the traces over thebath can be carried out and we �nally obtain the SRM Markovian master equationddthnj�S(t)jn0i = �i hnj [HS ; �S(t)] jn0i�Xn1 �Wn1n +Wn1n02 � hnj�S(t)jn0i+ �nn0 Xn1 Wnn1hn1j�S(t)jn1i : (4.18)It may seem curious that, in the evaluation of the gain term, it is necessary to invokethe Markov approximation while in the loss term, the limit of weak coupling apparentlysu�ces. To explain this fact, we recall that we always work in the limit of in�nite matrixdimension NB. The loss term in the master equation (4.18) is obtained from single{sideWick contractions, symbolically written as V V ( ):( ) or ( ):( )V V , whereas the gainterm is generated by Wick contractions V ( ):( )V which connect matrix elements inboth amplitudes. Selection among the �rst type of Wick contractions is a�ected by both,the limit NB ! 1 and the weak{coupling limit. From our discussion in Section 3.2, weknow that of the three Wick contractions that correspond to the terms of fourth order,VVVV, VVVV, and VVVV, the last is neglected because NB ! 1 and the second,because of weak coupling. In contradistinction, the form of the gain terms in Eq. (4.10)is determined entirely by the limit NB ! 1. Hence, an additional step is needed toimplement the weak{coupling limit.4.3.2 Case (I): Non-symmetrized couplingFor the non{symmetric form (2.42) of the random{matrix coupling, the averaged time{evolution operator is not diagonal in energy representation. We recall that we have insteadhnbjU(t)jn0b0i = �bb0hnbjU(t)jn0bi : (4.19)Therefore, the matrix elements hnbjU(t)jn0b0i cannot be given in closed form (see Sec-tion 3.2.2). However, the time derivative of these quantities can be obtained explicitlyin the limit of weak coupling. This su�ces to obtain the master equation. Aside fromthis di�erence, the derivation proceeds in complete analogy to that given in the previoussubsection. In analogy to Eq. (4.7), we obtainXb hnbj�(t; t0)jn0bi = Xbn1n2hnbjU(t)jn1bihn1bj�̂(0)jn2bihn2bjU y(t0)jn0bi� Z t0 d� Z t00 d� 0Xbn1 Xn2b2n3n4 hnbjU(t� �)jn1biQn1n2Qn3n4Vbb22�hn2b2j�(�; � 0)jn3b2ihn4bjU y(t0 � � 0)jn0bi ; (4.20)



32 Chapter 4. Derivation of the master equationwhere we have used that, according to Eq. (2.42),hn1bjW jn2b2ihn3b3jW jn4bi ' �b2b3Qn1n2Qn3n4Vbb22 : (4.21)We take the double time derivative, use Eqs. (3.39) and (3.40) for the time derivative ofthe averaged evolution operator, the Markov approximation in the gain terms, and theidentity Z 10 d�eix� = iP 1x + ��(x) : (4.22)We neglect the level shift due to the principal{value integral. All these steps yield theMarkovian master equationddthnj�S(t)jn0i = �ihnj [HS; �S(t)] jn0i�12 Xn1n2W (1)nn1n1n2hn2j�S(t)jn0i � 12 Xn1n2W (2)n1n0n2n1hnj�S(t)jn2i+12 Xn1n2W (3)nn1n2n0hn1j�S(t)jn2i+ 12 Xn1n2W (4)nn1n2n0hn1j�S(t)jn2i ; (4.23)where we have de�ned the generalized transition probabilitiesW (1)nn1n1n2 = 2�Xb1 Qnn1Qn1n2Vbb12 �(En2+ "b�En1� "b1) ;W (2)n1n0n2n1 = 2�Xb1 Qn1n0Qn2n1Vbb12 �(En2+ "b�En1� "b1) ;W (3)nn1n2n0 = 2�Xb Qnn1Qn2n0Vbb12 �(En1+ "b1�En� "b) ;W (4)nn1n2n0 = 2�Xb Qnn1Qn2n0Vbb12 �(En2+ "b1�En0� "b) : (4.24)The master equation (4.23) shows a structure which is quite similar to the SRM masterequation (4.18): the �rst term on the right side describes the free motion without coupling,the next two terms are the loss terms which deplete the states n and n0 and the last termscorrespond to the gain terms which feed the states n and n0. It is interesting to note, thatthe unsymmetrized random{matrix coupling (2.42) leads to an averaged master equation,Eq. (4.23), in which gain and loss terms are symmetric, whereas the symmetrized coupling(2.43) leads to a master equation, Eq. (4.18), in which this symmetry is lost.4.4 Discussion: Time ScalesIn view of the derivation given in the previous section, we discuss the various time scalesappearing in our random{matrix model. These time scales play an essential role in de�ningthe range of validity of the master equation [Wei80, Rau96].According to the statistical ansatz in Eq. (2.41), the interaction V connects eigenstatesof HB within an energy interval � �. Thus, the bandwidth � can be visualized as theaverage amount of energy exchanged during a single action of V , and t� = 1=� can beinterpreted as the duration time of a single action of V (i.e., the time needed to transfer



4.5. Summary 33the energy �). A statistical description in terms of a master equation can be valid onlyfor times t� t�.Any dynamical process in a �nite{sized system will return (close) to its initial stateafter a characteristic time, the Poincar�e recurrence time tP (in the example of a two{levelsystem, the Poincar�e time corresponds to the Rabi period tP = 2�=(E+ � E�), where(E+ � E�) is the energy di�erence between the two (perturbed) levels [Mes62]). Whenthe bath is much larger than the system, the recurrence time is essentially determined bythe mean level spacing D of the bath, tP � 1=D. Obviously, tP tends to in�nity with thesize of the bath. This is the condition of irreversibility. The inequality t � tP must beful�lled in order to have relaxation.The weak{coupling condition ii) requires that the relaxation constant 
 be muchsmaller than the amount � of energy transferred during a single action of the interac-tion, 
 � � (see also Section 3.2.1). This condition has a simple interpretation in termsof the times that correspond to these energies. The relaxation time tR = 1=
 must bemuch larger than the time t� = 1=� needed for a single action of V , t� � tR.There are two time scales which determine the memory time of the heat bath [Asl85,Lin84]: The time t� (the inverse of the frequency cuto� of the bath in the Caldeira-Leggett model) and the time tB = 1=kT . The latter is purely quantum in origin. For high(low) temperature, thermal (quantum) 
uctuations dominate and the memory time ofthe bath is given by t� (by tB, respectively). A crossover between thermal and quantum
uctuations occurs at the crossover temperature kTm = �. To guarantee the validityof the Markov approximation, the temperature must be much larger than the crossovertemperature, � � kT . This condition can be rephrased in terms of length scales: Therange of the interaction must be much larger than the thermal de Broglie wavelength ofthe Brownian particle �dB = 1=p4MkT .4.5 SummaryThe present chapter has been concerned with the derivation of a Markovian master equa-tion for the reduced density operator �S(t), starting from the averaged Dyson and vonNeumann equations (3.55) and (3.56). Our central result is embodied in the master equa-tions (4.18) and (4.23), obtained for the symmetrized and non-symmetrized form of therandom{matrix coupling, respectively. The equations are valid in a domain of parametervalues speci�ed by the inequalities (i) and (ii) of Section 4.3. Eqs. (4.18) and (4.23) arecompletely determined once the transition probabilities (4.17) and (4.24) are known. Bothequations show the typical gain{loss structure. However, the SRM master equation hasthe peculiar feature of having no o�-diagonal gain terms. This is due to the form (2.43) ofthe second moment which supposes that the entire interaction acts as a random matrix:In our approach, the gain term for these non{diagonal elements vanishes because of theKronecker delta for the states of the system S appearing in condition (II).Before we end this chapter, let us make a �nal comment on the fact that the averagedmaster equations (4.18) and (4.23) are naturally given in the energy basis jni of the systemS. It is well known that full random matrices which belong to GOE are, by construction,basis independent, since they are invariant under any orthogonal transformation [Meh91].On the other hand, random band{matrices single out a speci�c basis in Hilbert space,namely the basis in which they have a band structure. In the case of our model, this



34 Chapter 4. Derivation of the master equationpreferred basis corresponds to the energy eigenbasis jbi of the bath Hamiltonian, as shownby Eq. (2.41). This, together with the conservation of the total energy, explains whyEqs. (3.55) and (3.56) are expressed, after the bath has been traced out, in the energyeigenbasis of S.



Chapter 5Applications5.1 IntroductionIn the previous chapters, we have developed a formalism which allows us, in principle,to calculate the ensemble{averaged density operator for a system interacting with a heatbath. The present chapter is devoted to the illustration of the results obtained so far.More speci�cally, we shall apply the averaged Markovian master equations (4.18) and(4.23) to two simple quantum systems: The damped harmonic oscillator [Dek81] and thedissipative two{level system [Leg87]. These two systems are the paradigm of a quantumdissipative system and have been the object of an intensive study in past years (see [Wei93]and references therein). We shall compare our master equations with those derived byAgarwal [Aga73, Aga74] within the oscillator bath model.We shall begin with the study of the damped harmonic oscillator in Section 5.2. InSection 5.2.1, we will consider the SRM master equation and compare it with the cor-responding RWA equation. The range of validity of the SRM equation will then be in-vestigated and we will derive an expression for the weak{coupling condition in terms ofthe parameters of our random{matrix model. Positivity of the density matrix will also bebrie
y discussed. In the following section, we shall deal with the unsymmetrized randomcoupling. In particular, we shall compare the resulting master equation with the Caldeira{Leggett equation and discuss the 
uctuation{dissipation theorem. Finally, in Section 5.3,we will examine the case of the dissipative two{level system, again for the two forms ofthe random{matrix interaction.5.2 First Application: Harmonic oscillatorLet us consider a one{dimensional harmonic oscillator with mass M and frequency !.The corresponding Hamiltonian HS is given by Eq. (2.3) and the energy spectrum reads[Mes62] En = (n+ 1=2) !; n = 1; 2; : : : : (5.1)We assume a coupling linear in the position of the system S and, accordingly, set Q = x.We introduce the usual creation and annihilation operators ay and a. We recall that interms of these ladder operators, the position operator x may be expressed asx = r 12M! (a+ ay) : (5.2)35



36 Chapter 5. ApplicationsDue to the tridiagonal structure of this operator in energy representation, we will �ndthat the elements of the matrix Wmnab = QmnVab vanish unless jm� nj = 1, de�ning thusa one{step process.5.2.1 Case (II): Symmetrized couplingDerivation of the SRM master equationThe transition probabilities in Eq. (4.17) are easily evaluated with the aid of Eqs. (2.41)and (2.43). For times t� tP , we can replace the sum over b by an integral and obtainWnn1 = 2�Xb jQnn1 j2Vbb12 �(En + "b �En1 � "b1)= 2� jQnn1 j2A0 Z d"b � �("b)�("b1)�12 e� ("b�"b1 )22�2 �(En + "b �En1 � "b1)= 2� jQnn1 j2A0 e�2 (En1�En)e� (En1�En)22�2 : (5.3)In the last line, we have replaced the density of states �(") by the expression (2.39). Wemake use of the identitiesajni = pn jn� 1i and ayjni = pn+ 1 jn+ 1i ; (5.4)together with Eq. (5.2) for Q = x. This givesQnn1 = 1p2M!�pn �n1;n�1 +pn+ 1 �n1;n+1� : (5.5)Substituting (5.5) in Eq. (5.3), we obtain for the only non{vanishing termsWnn�1 =W0ne��2 ! ; Wnn+1 =W0(n+ 1)e�2 ! ;Wn�1n =W0ne�2 ! ; Wn+1n =W0(n+ 1)e��2 ! ; (5.6)where we have set W0 = A0�M!e� !22�2 ; (5.7)and used the formula of the energy spectrum. The averaged master equation for thedamped harmonic oscillator takes then the formddthnj�S(t)jn0i = �ihnj[HS ; �S(t)]jn0i�12�Wn�1n +Wn+1n +Wn0�1n0 +Wn0+1n0�hnj�S(t)jn0i+�Wnn+1 hn+ 1j�S(t)jn+ 1i+Wnn�1 hn� 1j�S(t)jn� 1i� �nn0 ; (5.8)or, equivalently,ddt hnj�S(t)jn0i = �i!(n� n0)hnj�S(t)jn0i � 
h(n+ n0)(2nth + 1) + 2nthihnj�S(t)jn0i+�2
(nth + 1)(n+ 1) hn+ 1j�S(t)jn+ 1i+ 2
nthn hn� 1j�S(t)jn� 1i� �nn0 :(5.9)



5.2. First Application: Harmonic oscillator 37Here, we have de�ned the relaxation constant,
 =W0 sinh �2! ; (5.10)and nth denotes the average number of quanta at temperature T ,nth = 1e�! � 1 : (5.11)The SRM master equation (5.9) is given in energy representation. This form is not verysuitable for a comparison with the RWA master equation. An operator equation can beobtained with of the help of the identities (5.4). Employing them it is straightforward tocheck that (5.9) is the energy representation of the following equationd�S(t)dt = � i! [aya; �S(t)]� 
�aya�S(t)� 2Da�Say + �S(t)aya�� 2
nth�aya�S(t)�Da�S(t)ay �Day�S(t)a+ �S(t)aay� : (5.12)In Eq. (5.12) we have introduced the projector D which selects the diagonal part of theoperator on which it operates, (DO)nn0 = Onn �nn0 : (5.13)An important property of the SRM master equation (5.12) is that the dynamics of the o�{diagonal terms decouples from that of the occupation probabilities P n(t) = hnj�S(t)jni.This is easily demonstrated by setting n = n0 in (5.9). We �nd that the diagonal elementsobey the equationddtP n(t) = 2
nthnPn�1(t) + 2
(nth + 1)(n+ 1)P n+1(t)� 2
hn(2nth + 1) + nthiP n(t) : (5.14)Eq. (5.14) does not depend on non{diagonal matrix elements and is of the form of a Paulimaster equation [Pau28]. In this form, the gain{loss structure for the probability of eachstate n becomes particularly clear (see Fig. 5.1): The �rst line is the gain due to transitionsfrom the states n� 1 and n+1, and the second term is the loss due to transitions in thesetwo states. The steady state solution of Eq. (5.14) reads2
(nth + 1)nP n = 2
nthnPn�1 : (5.15)This leads to the thermal distribution for P n,P n = nthnth + 1 P 0 = e�n�!1� e��! : (5.16)
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ows in the Pauli equation (5.14) (taken from Ref. [Aga73]).Comparison with the RWA master equationLet us now compare the RWA and SRM master equations (2.30) and (5.12). First, wenote that an essential feature common to these approximate equations is that the diagonaland o�{diagonal elements do not mix. The resulting simpli�cation which occurs in thedescription of the open system is one of the reasons why the RWA Hamiltonian is sowidely used in quantum optics 1 (see, e.g. [Mey91]). The rationales for this decouplingare di�erent, however. In the RWA case, it is due to the omission of the rapidly varyingterms in the interaction Hamiltonian, whereas in the SRM case, it stems from the fact thatthe entire interaction is taken as a random{matrix. Second, we observe that the evolutionequations for the diagonal terms are identical: In both cases the occupation probabilitiesobey Eq. (5.14). This can easily be understood by direct comparison of Eqs. (2.30) and(5.12). We see that the two master equations coincide term by term except for the gainterms a�S(t)ay and ay�S(t)a. In the SRM equation, they are replaced by their projectiononto the diagonal, Da�S(t)ay and Day�S(t)a. Hence, only the diagonal parts of theseequations are the same. That the coincidence between the SRM and RWA equations doesnot extent to the time dependence of the non{diagonal elements hnj�S(t)jn0i, n 6= n0, isdue to the form (2.43) of the approximated variance of the random interaction and theresulting absence of gain terms in the coherence.Weak{coupling conditionAs already indicated in Chapter 4, the averaged Markovian master equation (5.12) is onlyvalid when the coupling between system and bath is \weak". Here we wish to investigatewhat \weak" really means. More speci�cally, we want to express a weak{coupling condi-tion in terms of the parameters of the random{matrix interaction, Eq. (2.41). Followingthe discussion at the end of Section 3.2.1, we compare�nb(E) and Xn1b1W nn1bb1 2(G0)2n1b1�n1b1(E) : (5.17)1One may mention, for example, the Jaynes{Cummings model for a dissipative two{level system [Jay63],which is only exactly solvable under the rotating wave approximation.



5.2. First Application: Harmonic oscillator 39These quantities are calculated as in the preceding section. For the decay width �nb(E)this gives�nb(E) = 2�Xn1 jQnn1 j2 Xb1 Vbb12 �(E �En1 � "b1)= �A0M! 8<:n exp0@� 12�2 E �En � "b + ! � ��22 !2 + �2�28 1A+ (n+ 1) exp0@� 12�2 E �En � "b � ! � ��22 !2 + �2�28 1A9=; : (5.18)We shall assume in the following that n � 1, so that n + 1 may be replaced by n in thesecond line of the above expression. We �rst show that �nb(E) depends weakly on energy.From Eq. (5.18) we see that �nb(E) is written as a sum of two Gaussians, each with width�: The �rst Gaussian is centered at E1 = En + "b � ! + ��22 and the second one atE2 = En + "b + ! + ��22 . The two maxima of the Gauss curves are thus separated by adistance 2!.
EE2E1

Γnb

E0 20 E

Γnb

EE1 EFigure 5.2: Two Gaussians centered at E1 and E2 coalesce in a single Gaussian centeredat E0 in the limit ! � �� kT (see text for details).Under the conditions in which(a) the bandwidth � is much larger than the level spacing ! of the system,! � � ; (5.19)(b) and the temperature T of the heat bath is much larger than a minimum tem-perature kTm = �,�� kT or, alternatively, ��2 � � ; (5.20)one may omit �! � �=2�2 in the argument of the exponentials in Eq. (5.18). It thusfollows that the two curves coalesce in one single Gaussian of width � and centered atE0 = En+"b (see Fig. 5.2). Moreover, it is possible to neglect the variation of �nb(E) withenergy if the height of this Gaussian, �nb = �nb(En + "b) ' 2
n, is small compared to itswidth �. Consequently, if 
 � �, one can approximate the decay width by its maximum



40 Chapter 5. Applicationsvalue, �nb(E) ' �nb. Next, we compute Pn1b1W nn1bb1 2(G0)2n1b1�n1b1(E). The evaluation ofthe latter is very similar to that of the decay width. We obtainXn1b1W nn1bb1 2(G0)2n1b1�n1b1(E) = �Xn1 jQnn1 j2 �n1b1Xb1 Vbb12 �0(E �En1 � "b1)' �n1b1 � �A0M!�n� : (5.21)From Eq. (5.21), we deduce that the second term in Eq. (5.17) can be neglected withrespect to the decay width, if �A0M! � � ; (5.22)or, equivalently, 
 � � ; (5.23)where we have used Eq. (5.10) and condition (a). We have thus shown that the SRMmaster equation for the damped harmonic oscillator is valid provided the following weak{coupling{high{temperature condition is ful�lled!; 
 � �� kT : (5.24)We emphasize again that condition (5.24) is neither restricted to the approximated form ofthe random{matrix interaction nor to the speci�c case of the harmonic oscillator. Indeed,since the symmetrization of the variance does not a�ect the random bath operator V , itis clear that (5.24) also applies for the unsymmetrized form of the the random{matrixcoupling. Moreover, the preceding arguments may be easily generalized to systems otherthan the harmonic oscillator, by requiring that jQnn1 j2 vanishes unless the states n1 andn are close in energy and by identifying ! with the mean level spacing.PositivityBy employing an approach to quantum dissipation based on quantum dynamical semi-groups, Lindblad has shown that the general form of a Markovian master equation, whichsatis�es complete positivity, is given by [Lin76a]d�S(t)dt = �i[H; �S(t)]� 12Xk �LykLk�S(t) + �S(t)LykLk � 2Lk�S(t)Lyk� ; (5.25)where Lk are operators acting in the Hilbert space of the system S. For the harmonicoscillator, Lindblad also proved that Markovian master equations cannot simultaneouslyful�ll the following three conditions [Lin76b]: (i) The reduced density operator is positivede�nite for all times t > 0; (ii) for t ! 1, the reduced density operator attains thermo-dynamic equilibrium; (iii) in the classical limit, the equation is equivalent to the Langevinequation. Upon rewriting Eq. (2.30) in the following formd�̂S(t)dt = � i! [aya; �̂S(t)]� 
nth�aay�̂S(t) + �̂S(t)aay � 2ay�̂S(t)a�� 
(nth + 1)�aya�̂S(t) + �̂S(t)aay � 2a�̂S(t)ay� ; (5.26)



5.2. First Application: Harmonic oscillator 41we recognize immediately that the RWA master equation is of the Lindblad type withL1 � a and L2 � ay. This guarantees the positivity of the reduced density operator. Asa consequence, the quantum{classical correspondence with the Langevin equation is lost,however, since as shown by Eq. (5.16), the RWA equation leads to thermal equilibrium(cf. also the discussion in Section 6.3.1).We now examine if the SRM master equation (5.12) is of the Lindblad form. By atransformation similar to that used in Eq. (5.25), Eq. (5.12) can be restated asd�S(t)dt = � i! [aya; �S(t)]� 
nth�aay�S(t) + �S(t)aay � 2Pay�S(t)a�� 
(nth + 1)�aya�S(t) + �S(t)aay � 2Pa�S(t)ay� : (5.27)Eq. (5.27) clearly shows that the SRM equation is not of the form (5.25). This implies thatthe reduced density operator may become negative for some particular initial conditions.As we will see in the next section, this is also the case for the Caldeira{Leggett masterequation.5.2.2 Case (I): Non-symmetrized couplingLet us consider the averaged master equation (4.23) that corresponds to the unsym-metrized random{matrix coupling. We �rst evaluate the generalized transition proba-bilities of Eq. (4.24). We proceed in complete analogy to case (II). We �nd, for instance,W (1)nn1n1n2 = 2�A0Qnn1Qn1n2e�2 (En2�En1 )e� (En2�En1 )22�2 : (5.28)Using the explicit form (5.5) of the matrix elements of Q, we getW (1)nn�1n�1n =W0ne�!2 ; W (1)nn+1n+1n+2 =W0q(n+ 1)(n+ 2)e�!2 ;W (1)nn+1n+1n =W0(n+ 1)e��!2 ; W (1)nn�1n�1n�2 =W0qn(n� 1)e��!2 ; (5.29)where W0 is given by Eq. (5.7). Proceeding analogously for the other transition probabil-ities and inserting the result into the master equation, we obtainddthnj�S(t)jn0i = �i!(n� n0)hnj�S(t)jn0i)�
nth �qn(n� 1) hn� 2j�S jn0i+ (n+ 1)hnj�S jn0i��
(nth + 1)�nhnj�S jn0i+q(n+ 1)(n+ 2) hn+ 2j�S jn0i��
nth �qn0(n0 + 1) hnj�S jn0 � 2i+ (n0 + 1)hnj�Sjn0i��
(nth + 1)�n0hnj�S jn0i+q(n0 + 1)(n0 + 2) hnj�S jn0 + 2i�+
nth �pnn0hn� 1j�S jn0 � 1i+qn(n0 + 1)hn� 1j�S jn0 + 1i�+
(nth + 1)�q(n+ 1)n0hn+ 1j�S jn0 � 1i�
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nth �pnn0hn� 1j�S jn0 � 1i+q(n+ 1)n0hn+ 1j�S jn0 � 1i�+
(nth + 1)�qn(n0 + 1)hn� 1j�Sjn0�+2
(nth + 1)�q(n+ 1)(n0 + 1)hn+ 1j�S jn0 + 1i� : (5.30)It is easy to check that this result coincides with the master equation (2.15) in energy rep-resentation derived (without RWA) by Agarwal for a harmonic oscillator linearly coupledto a bath of harmonic oscillators,d�Sdt = �i![aya; �S ]� 
�aya�S � 2a�Say + �Saya+ a2�S � a�Sa� ay�Say + �Say2�� 
nth�2[ay; [a; �S ]] + [ay; [ay; �S ]] + [a; [a; �S ]]� : (5.31)Besides the master equation, there is an important relation which expresses the closerelationship existing between relaxation and 
uctuations at equilibrium. This 
uctuation{dissipation relation will be the subject of the following section.5.2.3 Fluctuation{Dissipation Theorem and High{Temperature LimitUpon substituting a = �pM!x+ i=pM! p� =p2 and its Hermitian conjugate in (5.31),we �nd the Caldeira{Leggett master equation [Cal83a, Cal89] (see also [Koh97])d�Sdt = �i! [HS; �S]� i
 [x; fp; �Sg]�D [x; [x; �S ]] ; (5.32)where the di�usion constant D is given byD = 
M! coth��!2 � : (5.33)On the other hand, using Eq. (5.7), the damping coe�cient 
 can be written as
 = A0�M! e� !22�2 sinh �2! : (5.34)We see that a small bandwidth � tends to exponentially decrease the damping coe�cient.In view of our ansatz for the interaction between system and bath, this is not surprising.Eqs. (5.33) and (5.34) are both a statement of the 
uctuation{dissipation theorem betweenthe friction coe�cient 
 and the di�usion coe�cient D. To be consistent, the two expres-sions should coincide. We �nd that this is the case only in the limit of large bandwidth,! � � and in the limit of high temperatures, �! � 1. In these limits, Eqs. (5.33) and(5.34) become identical and they reduce to the Einstein relation
 = D2MkT : (5.35)Here the di�usion constant D is determined by the strength of the coupling,D = A0� : (5.36)



5.3. Second Application: Two{level system 43We have thus demonstrated, by a self{consistency argument, that the averaged masterequation (5.31) is valid in the large{bandwidth, high{temperature limit, ! � � and! � kT , in agreement with Eq. (5.24) 2.We �nally mention that the Caldeira{Leggett equation (5.32) does not have the Lind-blad form (5.25) [Dio93]. This implies that the positivity of the reduced density operatorcan be violated for certain initial states. In Ref. [Pei98], it was shown that positivity isguaranteed provided the dispersion �xx = hx2i � hxi2 of the initial wave packet obeys thecondition �xx � �dB2 : (5.37)5.3 Second Application: Two{level systemAs a second illustration, we consider a two{level system with upper (lower) level j+i (j�i,respectively) and level separation !0. The corresponding Hamiltonian of the system isgiven by Eq. (2.24). We write En = 12!0n; n = �1 ; (5.38)and take Q = �x. We �rst derive the averaged master equation for the non{symmetrizedcoupling.5.3.1 Case (I): Non-symmetrized couplingWe begin with Eq. (4.23) and proceed as in Section 5.2 for the damped harmonic oscillator.For the generalized transition probabilities we �ndW (1)+��+ = W0 e�2 !0 ;W (1)�++� = W0 e��2 !0 ; (5.39)and similar expressions for W (2) , W (3) and W (4). Here W0 is given by Eq. (5.7) with !replaced by !0 and M set to unity. Thus,ddth+j�S j+i = �12W0 e�2 !0h+j�S j+i � 12W0 e�2 !0h+j�Sj+i+12e��2 !0h�j�Sj�i+ 12e��2 !0h�j�Sj�i= �2
(nth + 1)h+j�S j+i+ 2
nthh�j�S j�i ; (5.40)and, in a similar way,ddth�j�S j�i = �2
nthh�j�S j�i+ 2
(nth + 1)h+j�Sj+i ;ddth�j�S j+i = i!0h�j�Sj+i � 
(2nth + 1)hh�j�S j+i � h+j�S j�ii ;ddth+j�S j�i = �i!0h+j�S j�i � 
(2nth + 1)hh+j�Sj�i � h�j�S j+ii : (5.41)2 One should mention that the Caldeira{Leggett master equation has been shown to be valid even atlow temperatures for a weakly damped oscillator, 
 � ! [Cal89].



44 Chapter 5. ApplicationsIn the previous equations, 
 and nth are given by Eq. (5.10) and (5.11), respectively, with! replaced by !0 and M set to unity. We introduce the raising and lowering operators �+and �� which obey the relations (2.25). Simple manipulations with these spin matrices,together with the closure relation�S = Xfm;ng=f+;�g jmihmj�S jnihnj ; (5.42)show that the master equation for the dissipative two{level system may be written asddt�S = �2
(nth + 1)�+���S�+�� + 2
nth �+�S���i!0 �+���S���+ � 
(2nth + 1)h�+���S���+ � �+�S�+i+i!0 ���+�S�+�� � 
(2nth + 1)h���+�S�+�� � ���S��i�2
nth ���+�S���+ + 2
(nth + 1)���S�+ ; (5.43)or, in a simpler fashion,ddt�S = �i12!0 [�z; �S ] (5.44)+ 
nth�2�+�S�� + �+�S�+ + ���S�� � �S���+ � ���+�S�+ 
(nth + 1)��+�S�+ + ���S�� + 2���S�+ � �+���S � �S�+��� :For nth = 0, Eq. (5.44) reduces to the Agarwal equation for spontaneous emission ofa two{level atom [Aga71b, Aga74]. It may seem surprising that Eq. (5.44) applies forT = 0 where the inequality � � T is clearly violated and non-Markovian e�ects arepresent. However, it was shown in Ref. [Unr89], using a coupling to a scalar �eld, thatthe high{temperature master equation is obeyed even at low temperatures provided thetime t is larger than the memory time of the bath, t � tB. This implies that condition(ii) of Section 4.1 may be replaced by the less restrictive condition tB � t� tP (see alsoFootnote 2).5.3.2 Case (II): Symmetrized couplingIt is possible to quickly write down the SRM master equation for the dissipative two{levelwithout any calculation. We note that Eq. (5.44) is the same as Eq. (5.30) for the dampedharmonic oscillator with the substitution a ! ��, ay ! �+. A similar correspondenceexists between the RWA equations for the harmonic oscillator and the two{level system[Car93]. We can therefore simply make the substitution a ! ��, ay ! �+ in Eq. (5.12)to writed�S(t)dt = � i12!0 [�z; �S ]� 
��+���S(t)� 2D���S�+ + �S(t)�+����2
nth��+���S(t)�D���S(t)�+ �D�+�S(t)�� + �S(t)���+� :(5.45)This is the SRM master equation (5.44) applied to the two{level system. As for thedamped harmonic oscillator, this equation coincides with the corresponding RWA masterequation except for the gain terms which are equal to zero for the o�{diagonal elements.



5.4. Summary 455.4 SummaryWe have applied the averaged Markovian master equations (4.18) and (4.23) to two cases,the damped harmonic oscillator and the two{level system. We have assumed that thesystem{bath interaction is linear in the position coordinate of the quantum system. For thedamped oscillator and case (I), we have obtained the same equation (5.31) as Agarwal whoconsidered a harmonic oscillator coupled to a heat bath which was modeled as an in�niteset of harmonic oscillators. In the limit of high temperature, this equation coincides withthe master equation (5.32) derived by Caldeira and Leggett. For the SRM case (II), ourmaster equation (5.14) for the diagonal elements of the reduced density operator is identicalto the Lax{Louisell master equation evaluated in the rotating wave approximation. Thisis because in case (II) we impose conditions upon the interaction matrix elements ofthe position coordinate of the quantum system. These conditions are tantamount tothe RWA. For the non{diagonal elements of the reduced density operator, these sameconditions imply the vanishing of the gain terms. In this point our result di�ers fromthe one obtained by Lax and Louisell. In contrast to the RWA equation, Eqs. (5.31) and(5.32) are not of the Lindblad form. This means that for initial conditions which do notsatisfy condition (5.37), the reduced density operator is not positive de�nite for all times.The range of validity of the averaged master equations (4.18) and (4.23) is expressed bythe weak{coupling condition (5.24). Although derived for the speci�c case of the SRMdamped harmonic oscillator, this condition is completely general.For the two{level system and case (I), our master equation (5.44) reduces, at T = 0,to the Agarwal equation for spontaneous emission of a two{level atom. In case (II), as forthe damped oscillator, this coincidence is restricted to the diagonal matrix elements.We conclude that Markovian master equations for quantum Brownian motion derivedin the weak coupling limit possess universal validity [Lut99]: These equations are inde-pendent of the speci�c microscopic model used for their derivation. This is not true ofapproximations such as the rotating wave approximation. Typically, such approximationsviolate certain invariance requirements (translational invariance in the case of the RWA)and thereby lose universal validity.
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Chapter 6Symmetrized random{matrixcoupling6.1 IntroductionThis chapter discusses the symmetrized form of the random{matrix interaction. As wesaw in the preceding chapter when we studied the damped harmonic oscillator and thedissipative two{level system, the averaged master equation obtained using this approx-imated random{matrix coupling bears a strong resemblance with the master equationderived from the RWA Hamiltonian, but they are not identical. In both cases we have adecoupling of the time evolution of the diagonal and the non{diagonal matrix elements,but only the diagonal parts coincide. The non-diagonal parts di�er in that there is no gainterm in the random{matrix model. This is due to the form of the symmetrized variance(2.43). It is our goal here to investigate the physical consequences of such a di�erence.To this end, we �nd it convenient to use an alternative description of quantum relaxationbased on the quantum Langevin equation. For simplicity we shall restrict ourselves to thedamped harmonic oscillator.Section 6.2 begins with a general presentation of the quantum Langevin equation andits relation to the master equation. In Section 6.2.1, we brie
y summarize various resultsconcerning the RWA quantum Langevin equation for the annihilation operator. This willmake it possible to compare with the SRM quantum Langevin equation to be derived inSection 6.2.2. In the following section, we shall express both Langevin equations in termsof position and momentum of the system S. We will then consider their classical limit byusing the Weyl transform. This will permit us, in particular, to get some new insight intothe loss of correspondence of the RWA equation with the classical Langevin equation forBrownian motion, mentioned at the end of Section 5.2.1.6.2 Quantum Langevin equationJust as there are two fundamental ways of describing the evolution of an isolated quantumsystem, the Sch�odinger picture and the Heisenberg picture, there are two basic ways todeal with a quantum system in contact with a heat bath [Mey91, Coh92]. The �rst oneis based on the Sch�odinger picture and leads to an equation for the density operator, themaster equation. This is the approach we have used so far. The second one is based on the47



48 Chapter 6. Symmetrized random{matrix couplingHeisenberg picture and leads to an equation for a given quantum operator which is similarto the classical Langevin equation. In particular, it contains a \quantum noise operator"akin to the classical 
uctuating force. For this reason, this equation is called quantumLangevin equation. It has been shown recently [Kam97] that both descriptions coincidefor the oscillator bath model. This means that, although each approach individuallyinvolves approximations, the resulting equations | the master equation and the Langevinequation | contain the same physical information about the behavior of the quantumsystem. This will be illustrated and emphasized in the coming section.6.2.1 RWA couplingWe consider a quantum harmonic oscillator of massM and frequency ! coupled to a bathof harmonic oscillators according to the rotating wave Hamiltonian (2.31). The Heisenbergequation of motion for the annihilation operator a(t) is written as_a(t) = i[H; a(t)] = �i!a(t)� iXi �iai(t) : (6.1)After eliminating the bath operators ai(t) and performing the Markov approximation,Eq. (6.1) becomes [Mey91, Coh92] (see also [Aga73])_a(t) = �i!a(t)� 
a(t) + F̂RWA(t) : (6.2)This is the quantum Langevin equation obeyed by the operator a(t). The relaxationconstant 
 is de�ned in Eq. (5.10) and the noise operator F̂RWA(t) is a delta correlatedcomplex Gaussian random operator with the propertieshF̂RWA(t)i = hF̂ yRWA(t)i = hF̂RWA(t)F̂RWA(t0)i = hF̂ yRWA(t)F̂ yRWA(t0)i = 0 ;hF̂ (t)yRWAF̂RWA(t0)i = 2DRWA �(t� t0) ; (6.3)where DRWA = 
 nth is the di�usion constant. In Eq. (6.3) the symbol h i denotes thethermal average of a given system operator in the Heisenberg picture,hO(t)i = 1Z trB�O(t) exp(�HB=kT )� : (6.4)We can now use the quantum Langevin equation (6.2) to compute the evolution of theexpectation value of the operator a(t). Since the mean value of F̂RWA(t) is equal to zero,we readily �nd ddtha(t)i = �i!ha(t)i � 
ha(t)i : (6.5)Here we see that the mean value of the annihilation operator tends exponentially towardszero with a relaxation time tR = 1=
ha(t)i = ha(0)ie�(i!+
)t : (6.6)One can also calculate the expectation of the number operator ay(t)a(t) to obtainddthay(t)a(t)i = �2
 hay(t)a(t)i+ 2
 nth : (6.7)



6.2. Quantum Langevin equation 49A useful way to interpret this result is to reexpress it asddthay(t)a(t)i = �2
 (nth + 1) hay(t)a(t)i + 2
 nth �hay(t)a(t)i + 1� : (6.8)The rate of change of the mean number hay(t)a(t)i is seen to result from the balancebetween emission from the system into the bath and from the bath into the system (cf.the discussion of the diagonal part of the RWA master equation in Section 5.2.1). Equation(6.7) can be solved easily to givehay(t)a(t)i = hay(0)a(0)i e�2
t + nth(1� e�2
t) : (6.9)Thus, for large times, the average number of quanta of the harmonic oscillator reaches theequilibrium value nth = (exp(!=kT )� 1)�1.One may also use the master equation satis�ed by the reduced density operator �̂S(t) tocompute these expectation values. Indeed, let O be any system operator in the Schr�odingerpicture and let hO(t)i be its average value at time t. Then,hO(t)i = trS�O�̂S(t)� : (6.10)We note that in the Heisenberg picture Eq. (6.4), the operator O is time dependent,while in the Schr�odinger picture Eq. (6.10), the time dependence is carried by the densityoperator. One can easily verify, using the RWA master equation (2.31) for �̂S(t), thatthe resulting expressions for the mean values of the operators a and aya are identical toEqs. (6.5) and (6.6). The object of the next section is to make use of this importantremark to obtain the SRM Langevin equation from the averaged master equation (5.8).6.2.2 SRM couplingOur purpose is to derive the averaged Markovian quantum Langevin equation for theannihilation operator a, corresponding to the symmetrized form of the random{matrixcoupling (2.43). To this end, we shall not start from the random{matrix Hamiltonian(2.36), but instead we will use the averaged Markovian master equation (5.8) obtained inSection 5.2. As we learned in the preceding section, the two approaches are completelyequivalent. However, the advantage of the latter method clearly lies in the fact that theaverage over the random{matrix ensemble has already been performed. In analogy to theRWA Eqs. (6.2) and (6.3), we shall assume that the SRM Markovian quantum Langevinequation obeyed by a is of the general form_a(t) = �i!a(t)� 
a(t) + F̂SRM(t) ; (6.11)where F̂SRM(t) is a delta correlated noise operator satisfyinghF̂SRM(t)F̂SRM(t0)i = hF̂ ySRM(t)F̂ ySRM(t0)i = 0 ;hF̂ (t)ySRMF̂SRM(t0)i = 2DSRM �(t� t0) : (6.12)The mean value hF̂SRM(t)i of the noise operator and the di�usion constant DSRM are thetwo quantities we wish to determine. We use Eq. (5.8) to calculate the time derivative of



50 Chapter 6. Symmetrized random{matrix couplingthe thermal average of the annihilation and number operatorsha(t)i = trS �a �S(t)� =Xn pn+ 1 hn+ 1j�S(t)jni ;haya(t)i = trS �aya �S(t)� =Xn n hnj�S(t)jni : (6.13)This leads to ddtha(t)i = � (i! + 
)ha(t)i + 4
 nthha(t)i� 2
 (2nth + 1)Xn npn+ 1 hn+ 1j�S(t)jni ; (6.14)and ddthaya(t)i = �2
 haya(t)i+ 2
 nth : (6.15)At this stage it is instructive to compare these two equations with the correspondingRWA equations (6.5) and (6.7). We �rst see that the SRM equation (6.15) for the numberoperator is identical with the RWA equation (6.7). This is not surprising since this quantitydepends only on the diagonal matrix elements of �S (see Eq. (6.13)) and we already knowthat these matrix elements coincide in both cases. It also shows that the SRM harmonicoscillator reaches thermal equilibrium at the same rate as the RWA oscillator. On theother hand, Eq. (6.14), which depends on the non{diagonal matrix elements of �S , isdi�erent from its RWA counterpart. In addition to the �rst term, which correspondsto the drift operator D̂RWA(t) = �(i! + 
)a(t), there is a term which does not appear inEq. (6.5). This term is equal to the mean value of the noise operator F̂SRM(t) (we recall thathF̂RWA(t)i vanishes). We therefore conclude that the absence of gain terms in the coherenceof the reduced density operator leads to a non{zero centered noise operator. This has theconsequence that the random process described by the SRM quantum Langevin equationis non{stationary, since the mean value is explicitly time dependent.We now proceed to evaluate the mean of the operator F̂SRM(t). We begin by calculatingthe time dependence of the last term on the r.h.s. of (6.14),h(t) = 2
 (2nth + 1)Xn npn+ 1 hn+ 1j�S(t)jni : (6.16)Since the diagonal and o�{diagonal matrix elements of the master equation do not mix,this can be done exactly. The matrix elements hn+1j�S(t)jni satisfy the simple di�erentialequationddthn+ 1j�S(t)jni = ��i! + 
(2n+ 1) + 4
nth(n+ 1)�hn+ 1j�S(t)jni : (6.17)which has the solutionhn+ 1j�S(t)jni = hn+ 1j�S(0)jni exp h��i! + 
(4nth + 1) + 2
n(2nth + 1)�ti : (6.18)By substituting this result into Eq. (6.16), we �nd thath(t) = 2
 (2nth+1)hn+1j�S(0)jni exp h��i! + 
(4nth + 1)�ti u�2
(2nth+1)t� ; (6.19)



6.2. Quantum Langevin equation 51where the function u(y) is given byu(y) = Z 10 dn hn+ 1j�S(0)jninpn+ 1 e�yn : (6.20)Combining Eqs. (6.19) and (6.20), we can write the solution of Eq. (6.14) in the formha(t)i = exp h��i! + 
(4nth + 1)�ti� �ha(0)i � 2
(2nth + 1) Z t0 dt0u�2
(2nth + 1)t0�� ; (6.21)and we get the following expression for the mean value of F̂SRM(t)hF̂SRM(t)i = �
4nthha(t)i � h(t) : (6.22)Let us now give an estimate of the function u(y) in Eq. (6.20). We assume that, initially,we have a wave packet localized at some point n = n0 in the spectrum. We writehn+ 1j�S(0)jni � exp �(n� n0)2r2 ! : (6.23)We further assume that the overlap of this Gaussian with the exponential exp(�yn) in(6.20) is negligible. This is for instance the case if n0 = 100, r = 4. Then, u(y) is verysmall and can be set to zero for all practical purposes. Eqs. (6.21) and (6.22) may thusbe rewritten as ha(t)i = ha(0)i exp h��i! + 
(4nth + 1)�ti ; (6.24)and hF̂SRM(t)i = �
4nthha(t)i : (6.25)DiscussionThe e�ect of the lack of o�{diagonal gain terms in the master equation (5.8) on the dynam-ics of the SRM oscillator is twofold. First, we note from Eq. (6.18) that the non{diagonalmatrix elements of �S decay exponentially on a time scale given by tD = (
(4nth + 1)+2
n(2nth + 1))�1. This shows that the reduced density operator becomes diagonal in theenergy basis as a consequence of the coupling to the environment. This phenomenon isknown as decoherence and tD is called the decoherence time [Zur81, Zur91, Giu96]. We seethat tD is inversely proportional to the state n and to the temperature T of the heat bath.This implies that tD is in general much smaller than the relaxation time tR = 
�1. In con-tradistinction, the RWA oscillator becomes diagonal in the coherent{state basis [Wal85].The di�erence is of course due to the form (2.43) of the approximated variance whichsingles out the energy eigenbasis of the SRM oscillator. The second e�ect, as already indi-cated above, is that the mean value of the noise operator F̂SRM(t) is non{zero. However, inthe limit of low temperatures, nth and, consequently, hF̂SRM(t)i become vanishingly small.This shows that in this limit the RWA and SRM oscillators are identical (cf. Eqs. (6.6)and (6.24)). On the contrary, for high temperatures, (6.18) is a large quantity and cannotbe omitted. As a result, the decay of the mean value of the annihilation operator (6.25) ismuch faster in the SRM case, with a decay rate rate equal to 
(4nth+1). This is approxi-mately 4nth times larger than for the RWA oscillator. It is interesting to compare this with



52 Chapter 6. Symmetrized random{matrix couplingthe number operator. As we have already seen, the decay rate of hay(t)a(t)i is the samein both cases. This means that for the SRM oscillator the annihilation operator relaxesmuch faster than the number operator (see Figs. 6.1 and 6.2). This is a consequence of thefact that ha(t)i is determined by the mean value of the noise operator, whereas hay(t)a(t)idepends on its variance, and that these two quantities can be speci�ed independently.
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Figure 6.1: RWA oscillator: hx(t)i=hx(0)i (continuous line) and hp(t)i=hx(0)i (dashed line)for hp(0)i = 0, M = 1, ! = 2 , 
 = 0; 1.
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Figure 6.2: SRM oscillator: hx(t)i=hx(0)i (continuous line) and hp(t)i=hx(0)i (dashed line)for hp(0)i = 0, M = 1, ! = 2 , 
 = 0; 1, nth = 8.Finally, we calculate the SRM di�usion constant DSRM. We do this by identifying thetime derivative of hayai obtained from the Langevin equation (6.15), with the known resultEq. (6.13). We use Eq. (6.15) and the identitya(t) = a(t��t) + Z tt��t dt0 a(t0) (6.26)to obtain the correlation functionhF̂ ySRM(t)a(t)i = hF̂ ySRM(t)a(t��t)i+ Z tt��t dt0 �hF̂ ySRM(t)D̂RWA(t0)i+ hF̂ ySRM(t)F̂SRM(t0)i� : (6.27)



6.3. Classical Langevin equation 53Since the operator a(t0) at time t0 cannot be a�ected by a 
uctuation at a later time t,the �rst term on the r.h.s. of (6.27) is zero. Similarly, the correlation hF̂ ySRM(t)D̂RWA(t0)iis zero except at the point t = t0 which is a set of measure zero. We are hence left with[Mey91] hF̂ ySRM(t)a(t)i = Z tt��t dt0 hF̂ ySRM(t)F̂SRM(t0)i = DSRM ; (6.28)where Eq. (6.12) have been used. In an similar fashion, one �ndshay(t)F̂SRM(t)i = DSRM : (6.29)We further have ddtay(t)a(t) = day(t)dt a(t) + ay(t)da(t)dt : (6.30)Taking the average on both sides of (6.30) and using (6.15), we �ndddthay(t)a(t)i = �2
hay(t)a(t)i + hF̂ ySRM(t)a(t)i+ hay(t)F̂SRM(t)i= �2
hay(t)a(t)i + 2DSRM : (6.31)By direct comparison with Eq. (6.13), we infer that the SRM and RWA di�usion constantsare equal DSRM = DRWA = 
nth : (6.32)
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Figure 6.3: Mean energy hE(t)i. RWA/SRM oscillator (continuous line), FC oscillator(dashed line) for hp(0)i = 0, M = 1, ! = 2 , 
 = 0; 1.6.3 Classical Langevin equationIn this section, we focus on the classical aspect of the quantum Langevin equation. TheWeyl transform (2.18) will serve as our main tool to obtain the classical analogue of aquantum equation. Again, we shall begin our discussion with the RWA oscillator.



54 Chapter 6. Symmetrized random{matrix coupling6.3.1 RWA couplingOne of the interesting features of the Heisenberg picture is that the equations of motionlook like the corresponding classical equations of motion. This can be easily demonstratedby expressing these equations in terms of the position and momentum operators x and px = r 12M! �ay + a� p = isM!2 �ay � a� : (6.33)From Eq. (6.2) together with its Hermitian conjugate, one obtains_x = pM � 
x+ F̂ xRWA(t) and _p = �M!2x� 
p+ F̂ pRWA(t) : (6.34)In Eq. (6.34), we have introduced F̂ xRWA(t) = (2=M!) 12 Re F̂RWA(t) and F̂ pRWA(t) = (2M!) 12Im F̂RWA(t), two independent real Gaussian random operators with zero means and vari-ance hF̂ xRWA(t)F̂ xRWA(t0)i = 2
nthM! �(t� t0);hF̂ pRWA(t)F̂ pRWA(t0)i = 2
nthM! �(t� t0) : (6.35)As announced, the quantum Langevin equations (6.34) for x and p have the same formas their classical counterparts, but they are still operator equations. They may be con-verted into equations for ordinary variables by an appropriate phase{space transformationf(x)op ! x , (p)op ! pg, for instance the Weyl transformation. This yields_x = pM � 
x+ F xRWA(t) and _p = �M!2x� 
p+ F pRWA(t) ; (6.36)where F xRWA(t) and F pRWA(t) are now two independent real Gaussian random functions withzero mean and hF xRWA(t)F xRWA(t0)i = 2
(nth + 12 )M! �(t� t0);hF pRWA(t)F pRWA(t0)i = 2
(nth + 12)M! �(t� t0) : (6.37)Note that in (6.37) nth has been replaced by nth+1=2. This is due to our choice of the Weylordering 1. In the classical limit, these equations then reduce to the classical Langevinequation, where nth + 1=2 has to be consistently replaced by its high temperature valuekT=! . The number quantum Langevin equations (6.36) were �rst derived by Agarwal[Aga71a, Aga73] from the corresponding RWA Fokker{Planck equation (2.31). Before weproceed to examine the SRM oscillator, we comment on the RWA Langevin equations.We see from (6.36) that the two equations are symmetric in x and p: Friction andrandom forces are associated with momentum as well as with position. As a result, thetime derivative of x is no longer equal to p=M , as it is the case for normal Brownian motion.This means in turn that the RWA Hamiltonian breaks translational invariance. One canshow, however, [Aga71a] that in the limit of weak damping, 
 � !, the solutions of theFC and the RWA Fokker-Planck equations become identical. Nevertheless, the presence1We recall that in the Weyl ordering (xy)op ! (xy + yx)=2.



6.4. Summary 55of these additional terms in the x-equation is considered by some authors [For96, For97]as constituting a severe drawback of the rotating wave approximation as, for example, theEhrenfest theorem can never be satis�ed.From a mathematical point of view, it is quite clear how this violation of translationinvariance comes about. The suppression of the terms aai, ayayi in the rotating waveapproximation transforms a coupling, originally linear in the position x thus symmetricin a and ay, in a coupling symmetric in x and p. But, physically, it is less transparenthow the omission of non{resonant terms which induce virtual (i.e. non{energy conserving)transitions can break translational invariance. A more appealing explanation can be foundwithin the random{matrix model, where a similar violation occurs.6.3.2 SRM couplingWe now turn to the discussion of the SRM case. In complete analogy to the precedingsection, we �rst express the SRM quantum Langevin equation (6.11) in terms of theposition and momentum operators and then take the Weyl transformation. We �nd_x = pM � 
x+ F xSRM(t) and _p = �M!2x� 
p+ F pSRM(t) : (6.38)Here F xSRM(t) and F pSRM(t) are two independent real Gaussian random functions with meanhF xSRM(t)i =r 2M! Re hFSRM(t)ihF ySRM(t)i = p2M! Im hFSRM(t)i ; (6.39)and variance hF xRWA(t)F xRWA(t0)i = 2
(nth + 12 )M! �(t� t0);hF pRWA(t)F pRWA(t0)i = 2
(nth + 12)M! �(t � t0) : (6.40)In Eq. (6.39), hFSRM(t)i is the Weyl transform of hF̂SRM(t)i. We �nd from Eq. (6.38) thatthe SRM oscillator breaks translation invariance since these equations are also symmetricin x and p. This can be explained as follows. In the symmetrized form of the random{matrix coupling the whole interaction Q
V , including the system operator Q, behaves likea random{matrix. But Q, the position operator of the system in our case, is essentiallydeterministic. The reason for the violation of translation invariance is hence that thedeterministic position of the system is treated as a random quantity. The fact that thelatter has the properties of a random matrix, i.e. independence of the matrix elementsas expressed by the Kronecker delta in (2.43), leads further to the non{vanishing of themean of the noise operator.6.4 SummaryUsing the quantum Langevin equation approach to quantum dissipation, we have investi-gated the physical consequences of the lack of o�{diagonal gain terms in the SRM masterequation (5.8) for the damped harmonic oscillator. In particular, we have made a com-parison with the related RWA oscillator. First of all, we have found that, in contrast to



56 Chapter 6. Symmetrized random{matrix couplingthe RWA case, decoherence takes place in energy representation. This is due to the form(2.43) of the variance which singles out the eigenbasis of HS. We recall that for the RWAoscillator decoherence occurs in the coherent{state basis. The second consequence is thatthe stochastic process described by the SRM Langevin equation (6.11) is not stationary.Indeed, the mean value of the noise operator is non{zero and explicitly time{dependent.Moreover, it depends on the initial density operator �̂(0). However, for not low{lying ini-tial wave{packets, one may neglect this dependence on the initial conditions. The di�usionconstant, on the contrary, is the same in both cases. This implies that energy transferbetween system and bath is also identical for both oscillators. For very low temperatures,the mean value of FSRM(t) vanishes, and the dynamics of the SRM harmonic oscillatorreduces to that of the RWA oscillator. On the other hand, in the high{temperature limit,this non{zero centered noise operator induces a rapid decay of the annihilation operator.By expressing the quantum Langevin equation in terms of position and momentum ofthe system and employing the Weyl transform, we have obtained the classical Langevinequation. As in the RWA case, the SRM oscillator violates translational invariance. Thisis due to the symmetrization of the random interaction which treats the deterministicposition of the system as a random quantity.



Chapter 7Averaging: The supersymmetrymethod7.1 IntroductionAs already mentioned in the introduction, our second motivation for considering a random{matrix model for quantum Brownian motion is to go beyond the usual Caldeira{Leggettapproach and to treat situations where the environment is strongly in
uenced by thesystem. A typical example is nuclear �ssion. In this case, the deformation of the nucleusstrongly a�ects the internal (collective) degrees of freedom. As a result, the latter cannotbe modeled by a set of independent harmonic oscillators [Wei89]. In the context of ourrandom{matrix model, the in
uence of the system on the environment can easily be takeninto account by introducing ensembles of random matrices which depend parametricallyon variables of the system, for instance the position coordinate x. The second moment ofthe random band{matrix V in Eq. (2.40) may then be generalized to read [Ko76, Bul96]Vab(x)Vcd(x0) = (�ac�bd + �ad�bc)Vab2 exp �(x� x0)22d2 ! ; (7.1)where we have introduced a spatial correlation length d. For �nite d, the form (7.1) impliesthat the bath operators V become uncorrelated as soon as the distance jx � x0j is muchlarger than d. If, however, the correlation length becomes in�nitely large, d!1, Eq. (7.1)reduces to Eq. (2.40). We just recover the random{matrix model we have studied so farwhere the environment is not a�ected by the system. The correlation length d can thusbe interpreted as a measure of the strength of the system's in
uence on the environment.Before we calculate the ensemble average of the evolution equations (2.7) and (2.8)using the generalized variance (7.1), we rederive the results obtained in Chapter 3 withthe diagrammatic expansion, by employing the powerful supersymmetry method [Efe97,Ver85]. The supersymmetry technique is a non{perturbative method which permits toperform the ensemble average exactly (for a pedagogical introduction to supersymmetrywe refer to Ref. [Fyo95]). The �rst step of this averaging method consists in expressingthe propagator (the one{point function) as the derivative of a generating function Z(J)with respect to some source variable J [Guh98]. The generating function is written asa Gaussian functional integral over both commuting and anticommuting (Grassmann)variables. This has the important consequence that Z(J) in normalized to unity, Z(0) = 1,57



58 Chapter 7. Averaging: The supersymmetry methodand the average over the Gaussian random{matrix ensemble becomes straightforward.The second step consists in an approximate evaluation of the remaining integrals in theaveraged generating function Z(J) by using a saddle{point approximation. This leads toa non{linear � model. The average of two{point correlators can be computed by applyingthe same formalism by doubling the dimension of the �eld space.The next section is devoted to the derivation of the non{linear � model correspondingto the SRM coupling which has been studied in Chapter 6. We will begin in Section 7.2.1with the introduction of the generating function and calculate its ensemble average inSection 7.2.2. In Section 7.2.3 we shall then perform the Hubbard{Stratonovitch transfor-mation before making the saddle{point approximation in Section 7.2.4. In the followingsection these results will be used to evaluate the averaged one{point function and theweak{coupling limit will also be discussed. Finally, in Section 7.4, we shall be concernedwith the calculation of the ensemble average of the two{point function.7.2 Derivation of the non-linear sigma modelWe recall that we aim at calculating the mean values of the propagator G(E(1)) and ofthe density operator �̂(E(1); E(2)) = G(E(1))�̂(0)Gy(E(2)) for the symmetrized random{matrix coupling, using a �eld{theoretical averaging method. In order to carry out theirensemble averages, we begin by expressing these two quantities as the derivative of a gen-erating function involving integration over both commuting and anticommuting variables.In the sequel we use the techniques described in Ref. [Ver85].7.2.1 Generating functionIn this section we introduce the basic formulas and de�ne our notation which is closeto the one used in Ref. [Ver85]. We recall that the indices m (m = 1; : : : ; NS) and a(a = 1; : : : ; NB) label the states in the Hilbert spaces HS and HB of the system and thebath, respectively, and that N = NS :NB is the dimension of the composite Hilbert spaceH = HS 
HB. Let D be a N �N symmetric matrix whose matrix elements are given by[D(E)]ma;nb = E �mn�ab �Hma;nb= E �mn�ab � (Em + "a) �mn�ab �QmnVab : (7.2)The propagator and the density operator may be expressed in terms of the operator D as[G(E(1))]ma;nb = [D�1(E(1))]ma;nb ; (7.3)and [�̂(E(1); E(2))]ma;nb = Xpcqd[D�1(E(1))]ma;pchpcj�̂(0)jqdi[D��1(E(2))]qd;nb : (7.4)Both E(1) and E(2) are given a positive in�nitesimal part �. We introduce 4N ordinary(commuting) real integration variables S1(1)ma; S2(1)ma; S1(2)ma; S2(2)ma and 4N Grass-mann (anticommuting) complex integration variables �(1)ma; ��(1)ma; �(2)ma; ��(2)ma,which form the elements of the 8N graded vector  , Tma = �S1(1)ma; S2(1)ma; S1(2)ma; S2(2)ma; �(1)ma; ��(1)ma; �(2)ma; ��(2)ma� : (7.5)



7.2. Derivation of the non-linear sigma model 59The associated volume element is[d ] = [dS(1)][dS(2)][d�(1)][d�(2)] ; (7.6)where[dS(p)] =Yma dS1ma(p) dS2ma(p) and [d�(p)] =Yma d��ma(p) d�ma(p) : (7.7)The label p = 1; 2 distinguishes the two (advanced{retarded) blocks which are necessary forcalculating the two-point function (7.4) (for the evaluation of the one{point function thep = 1 block would su�ce). To account for the complex conjugation sign for p = 2, we fur-ther introduce the 8� 8 diagonal matrix L = diag(1; 1;�1;�1; 1; 1;�1;�1) = fL��g with1 � �; � � 8; the 8N�8N graded matrix L = L
11N = diag(11N ; 11N ;�11N ;�11N ; 11N ; 11N ;�11;�11N ) = fL���mn�abg, where 11N is the N �N unit operator, 11N = 11S 
 11B; and wede�ne the mean energy E = (E(1) + E(2))=2 and the energy di�erence " = E(2) � E(1).We consider the Gaussian generating functionZ(E; "; J) = Z eL( ;J)[d ] ; (7.8)where the Lagrangian L is given byL = 12 i yL 12D(J)L 12 ; (7.9)with D(J) = E+ i� �H0 �W � 12"+ J : (7.10)The individual terms in Eq. (7.10) are 8N � 8N graded matrices de�ned as followsE = E 118 
 11N = E f����mn�abg ;� = � L
 11N = � fL���mn�abg = �:L ;H0 = 118 
H0 = f���(Em + "a) �mn�abg ;W = 118 
W = f���Wma;nbg ;" = "L
 11N = " fL���mn�abg = ":L : (7.11)with 1 � �; � � 8, 1 � m;n � NS , and 1 � a; b � NB . The 8N � 8N graded matrixJ (the source matrix) is obtained by block construction from the two real and symmetricmatrices Jma;nb(1) and Jma;nb(2) according toJ = f�Jma;nb(1);�Jma;nb(1);�Jma;nb(2);�Jma;nb(2);+Jma;nb(1);+Jma;nb(1);+Jma;nb(2);+Jma;nb(2)g : (7.12)This matrix is introduced in order to obtain the expression of physical interest by di�er-entiation of Z with respect to elements of J. Explicitly, we have [Ver85],(1� 12�mn�ab) [D�1(E(1))]ma;nb = 14 @@Jma;nb(1)Z(E; "; J)����J=0 ; (7.13)



60 Chapter 7. Averaging: The supersymmetry methodand (1� 12�mn�ab)(1 � 12�pc�qd) [D�1(E(1))]ma;nb [D��1(E(2))]pc;qd =116 @2@Jma;nb(1)@Jpc;qd(2)Z(E; "; J)����J=0 : (7.14)We note that Z(E; "; J) contains the entire physical information about the compositesystem and that the average of the propagator and the density operator can be calculatedfrom Z(E; "; J) by combining Eqs. (7.2), (7.13) and Eqs. (7.3), (7.14).7.2.2 Ensemble averageIn this section we calculate the ensemble average Z(E; "; J) of the generating function(7.8). The stochastic quantities all reside in the graded matrix W. We therefore need tocalculate the ensemble average of exp(�12 i yL 12WL 12 ). To this end, we use the fact thatfor a N � N random matrix W belonging to any Gaussian distribution with zero mean,we have [Zuk94] exp (�i trWX) = exp��12 (trWX)2� (7.15)for any �xed N�N matrix X. The second moment of the trace on the r.h.s of Eq. (7.15) iseasily calculated. We use the symmetrized form (2.43) of the random{matrix interactionand obtain (trWX)2 = XmanbWmnab 2Xnmba (Xnmba +Xmnab ) : (7.16)Explicit calculation shows that in the present case the matrix X is symmetric,Xnmba =X�  �ma;� L��  nb;� =X�  �nb;� L��  ma;� = Xmnab ; (7.17)and hence (trWX)2 = 2 XmanbWmnab 2Xnmba Xmnab= 2 Xmanb�� Wmnab 2 ( �ma;� L��  nb;�) ( �ma;� L��  nb;�) : (7.18)This expression can be simpli�ed by introducing a set of graded 8 � 8 matrices Ama;m = 1; : : : ; NS and a = 1; : : : ; NB . We de�neA��ma = (L 12 )�� ma;� �ma;�(L 12 )�� ; (7.19)which satis�es X��  �ma;� L��  nb;� �ma;� L��  nb;� = trg(AmaAnb) : (7.20)With the help of Eq. (7.20), the average of exp(�12 i yL 12WL 12 ) can be written in theform exp��12 i yL 12WL 12 � = exp �14 XmanbMmnab trg(AmaAnb)! ; (7.21)



7.2. Derivation of the non-linear sigma model 61where we have introduced the N �N matrix M de�ned by Mmnab =Wmnab 2. Consequently,the averaged generating function can be cast into the formZ(E; "; J) = Z exp�12 i yL 12 (E+ i� �H0 � 12"+ J)L 12 �14 XmanbMmnab trg(AmaAnb)! [d ] : (7.22)We note that because Vab2 is a banded matrix with bandwidth �, the matrix Mmnab =Vab2jQmnj2 is also a band{matrix with a bandwidth given by �:NS . The ratio of thebandwidth and the matrix dimension is then equal to �:NS=N = �=NB .7.2.3 Hubbard{Stratonovitch transformationIn Eq. (7.22) the second term in the exponent is a quartic function of the integrationvariables  ma (remember that Ama depends quadratically on the components of the gradedvector  , cf. Eq. (7.19)). As a result the integral over [d ] is di�cult to calculate as itstands. The standard way to circumvent this di�culty is the Hubbard{Stratonovitchtransformationexp �14 XmanbMmnab trg(AmaAnb)! =Z exp �14 Xmanb(M�1)mnab trg(�ma�nb)� i2Xma trg(�maAma)! [d�] : (7.23)With the help of a Gaussian integration over an a set of auxiliary 8 � 8 graded matrices�ma, the transformation (7.23) reduces the quartic form in (7.22) to a quadratic one. Thevolume element reads [d�] = Qma[d�ma]. By direct calculation and using the de�nition(7.19), we �nd thattrg(�maAma) =X��  �ma;�(L 12 )�����ma(L 12 )�� ma;� : (7.24)Now one can substitute Eqs. (7.23) and (7.24) into Eq. (7.22) for Z(E; "; J) and formallychange the order of integration over [d�] and [d ]. The expression in the exponent isagain bilinear with respect to the graded vector  and the corresponding integration canbe performed. This yields Z(E; "; J) = Z eL(�;J)[d�] ; (7.25)where the Lagrangian is given byL(�; J) = �14 Xmanb(M�1)mnab trg� (�ma�nb)� 12trg�;ma lnN(J) ; (7.26)with N(J) = E+ i� �H0 � 12"+ J�� ; (7.27)and � = f���ma�mn�abg : (7.28)



62 Chapter 7. Averaging: The supersymmetry methodThe graded trace multiplying (M�1)mnab has as argument the matrix product �ma�nb; thesymbol � denotes that the trace extends over a graded 8� 8 matrix. In contradistinction,the trace over the logarithm extends in addition over the set of indices fm;ag.7.2.4 Saddle-point approximationWe are going to evaluate the integral Eq. (7.25) with the help of a saddle-point approxima-tion. We put " = J = 0 to have the case of maximum symmetry (we keep the in�nitesimalmatrix � to ensure converge) and rewrite the Lagrangian (7.26) asL(�) = trg� "�14 Xmanb(M�1)mnab �ma�nb � 12Xma ln(E+ �H0ma � �ma)# : (7.29)The saddle-points are determined by the condition that the Lagrangian be stationary, i.e.�L(�) = 0 at � = �(0) . For this purpose we write �ma = �ma(0) + ��ma and getL(�) = L(�(0)) + �L+ �2L ; (7.30)with the �rst variation of the Lagrangian given by�L = trg� "�12 Xmanb(M�1)mnab ��ma�nb(0) + 12Xma (E+ �H0ma � �ma(0))�1��ma# ; (7.31)and where the second variation is equal to�2L = trg� "�12 Xmanb(M�1)mnab ��ma��nb+ 12Xma (E+ �H0ma � �ma(0))�1��ma(E+ �H0ma � �ma(0))�1��ma# :(7.32)The saddle-point equation �L = 0 then readsXnb (M�1)mnab �nb(0) = (E+ �H0ma � �ma(0))�1 : (7.33)We note that the di�erent �ma(0) are coupled by the non{diagonal elements of the matrixM�1. Moreover, since the saddle{point solutions satisfy the non{linear equation (7.33),the integral over [d�] in Eq. (7.25) will lead to a non{linear sigma model. We now considerthe case of the one{point function and two{point function separately.7.3 One-point functionIn the present section, we shall apply the results obtained previously to evaluate theensemble average of the propagator (7.3). In this case, we can restrict ourselves to in-troducing only a 4N graded vector  . The resulting expression for the Lagrangian L(�)coincides with Eq. (7.26) with the only replacement of the matrix L by the identity ma-trix 114 = diag(1; 1; 1; 1). We begin by making the shift of variables �ma ! �ma + Jma in



7.3. One-point function 63Eq. (7.26). This removes the J -dependence from the logarithm. We �ndL(�) = trg� "�14 Xmanb(M�1)mnab �ma�nb � 12Xma ln(E+ �H0ma � �ma)#+ 2 Xmanb(M�1)mnab �maJnb ; (7.34)where we have used thattrg� " Xmanb(M�1)mnab �maJnb# = Xmanb(M�1)mnab X�� ���maJ��nb = �4 Xmanb(M�1)mnab �maJnb :(7.35)Di�erentiating with respect to the source matrix J , we get from Eqs. (7.3) and (7.13) thefollowing expression for the averaged propagator[G(E)]nb = [D�1(E)]nb = Z Xma (M�1)mnab �ma �exp trg� "�14 Xmanb(M�1)mnab �ma�nb � 12Xma ln(E+ �H0ma � �ma)#! [d�] ; (7.36)which has to be evaluated with the help of the saddle-point approximation. It turns outthat in this case the saddle-point equation (7.33) has a single diagonal solution �ma(0).We further notice that L(�(0)) = 0 and thatZ exp ��2L(�(0))� [d(��)] = 1 : (7.37)The last statement can easily be understood by observing that there are no 
uctuationsaround a non-degenerate saddle-point. Collecting everything, we arrive atGma =Xnb (M�1)mnab �nb(0) : (7.38)In this expression, we recognize the components of the linear equation G =M�1�(0). Thisequation can readily be inverted to give �(0) =MG or�ma(0) =Xnb Mmnab Gnb : (7.39)Inserting the solution (7.39) into the right{hand side of the saddle point equation (7.33)and using (7.38), we �nally obtain the average propagatorGma = 1E+ �H0ma �PnbMmnab Gnb : (7.40)We recognize the strong coupling result (3.9).



64 Chapter 7. Averaging: The supersymmetry methodWeak couplingLet us now determine the solutions of the saddle-point equation (7.33) in the limit inwhich the system{bath coupling is weak. We begin by considering the case of vanishingcoupling. In this case the matrix M = 0 and therefore its inverse M�1 diverges. The onlyway to obtain a �nite G from Eq. (7.38) is to require that the saddle-point solution �ma(0)vanishes. According to Eqs. (7.33) and (7.38) the corresponding averaged propagator thenreduces to the free propagator G0,Gma = 1E+ �H0ma = (G0)ma ; (7.41)as one would expect for vanishing coupling. As we turn on the weak interaction, we assumethat �ma(0) is still small and we therefore neglect it in the denominator of Eq. (7.33). Thesaddle{point equation becomesXnb (M�1)mnab �nb(0) ' (E+ �H0ma) = (G0)ma : (7.42)The solution of (7.42) is readily found to be equal to�ma(0) =Xnb Mmnab (G0)nb : (7.43)Again, we substitute this expression for �ma(0) in Eq. (7.33) and make use of the relation(7.38). The corresponding average propagator can then be written in the formGma = 1E+ �H0ma �PnbMmnab (G0)nb : (7.44)This is the weak-coupling result (3.10) obtained in Section 3.2.1 using the diagrammaticmethod. Eq. (7.44) is valid provided �ma(0) is small with respect to E+ � H0ma inEq. (7.33). More speci�cally, the weak-coupling condition reads�ma(0) =Xnb Mmnab (G0)nb � E+ �H0ma ; (7.45)and is identical to (3.26). It is interesting to notice that in the limit of weak coupling the�ma(0)'s in Eq. (7.42) decouple, in contrast to the strong coupling expression Eq. (7.33).7.4 Two-point functionIn this section, we turn to the evaluation of the averaged two{point function. Here, incontrast to the one{point function, the saddle points are not isolated, instead, there isa degenerate manifold of saddle points. This is due to the invariance of the Lagrangian(7.9) under symmetry transformations. This degeneracy of the non{linear manifold thenimplies the existence of massless Goldstone modes which may be obtained by expanding theLagrangian near the extremum. Further, by expanding the resulting e�ective Lagrangianin an asymptotic series, the diagrammatic perturbation theory may be recovered.



7.4. Two-point function 65Parametrization of �We begin by discussing the parametrization of the saddle{point manifold. In the absenceof symmetry breaking (� = " = J = 0), the Lagrangian (7.9) is invariant under any lineartransformation  ! T which preserves the bilinear form  yL . The 8N � 8N gradedmatrices T = fT���mn�abg then satisfyT�1 = L 12TL 12 : (7.46)The corresponding transformation induced on the matrix � is given by�! T�1�T : (7.47)We see from (7.47) that the group of the transformations T generates a full manifold of ma-trices �. Moreover, it turns out that the integral over d[�] in the Hubbard{Stratonovitchtransformation (7.23) does not converge if the symmetry of the Lagrangian (7.9) is notimplemented correctly. In order to overcome this convergency problem one has to requirethat the manifold of matrices � is invariant with respect to the transformation (7.47).This leads to the following general form of the matrix � [Ver85]� = T�1�DT ; (7.48)where �D is a diagonal matrix. The forms of �D and T are completely determined byarguments of symmetry and convergence. At this stage, it is convenient to perform a cosetdecomposition of the graded group of the T matrices. We write T = RT0 where R spansthe subgroup that commutes with L. We then have� = T0�1PT0 ; (7.49)where we have de�ned P = R�1�DR : (7.50)We next consider the vicinity of the saddle point and expand �D around its saddle{pointvalue �(0). We write �D = �(0) + ��D ; (7.51)use Eqs. (7.49) and (7.50) together with the fact that R commutes with �(0) and arriveat � = �G + �� ; (7.52)where �G = T0�1�(0)T0 ; (7.53)and �� = T�1��DT = T0�1�PT0 : (7.54)The graded matrices �G represent massless (Goldstone) modes, whereas the matrices Prepresent massive modes and �P the massive 
uctuations around it. We shall see belowthat in the limit 1 � �� NB , the two modes decouple and the integration over �P canbe done exactly with the help of the saddle{point approximation. Using (7.28), we mayrewrite Eq. (7.52) as �ma = �Gma + ��ma ; (7.55)



66 Chapter 7. Averaging: The supersymmetry methodwith �Gma = T�10 ma�ma(0)T0ma ; (7.56)and ��ma = T�10 ma�PmaT0ma : (7.57)The matrix T0ma can be written in the form (in the [1; 2] block notation)T0ma =  (1 + tma12 tma21 ) 12 i tma12�i tma21 (1 + tma21 tma12 ) 12 ! ; (7.58)where the 4 � 4 graded matrices tma12 and tma21 are given in table D.3 of Ref. [Ver85].Eq. (7.56) shows that the saddle points are degenerate and form a manifold which isparametrized in terms of the variables tma12 . The elements of this manifold are preciselythe matrices �Gma.Let us consider the parametrization (7.49) rewritten as�ma = T�10 maPmaT0ma : (7.59)If we take the independent elements of Pma = diag(P11ma; P22ma) and T0ma as the newintegration variables, the Jacobian of the transformation may be cast into the form[d�ma] = F [Pma][dPma]d�(t) ; (7.60)where F [Pma] depends only on the eigenvalues of Pma, [dPma] = [dP11ma][dP22ma] is theusual 
at measure and d�(t) is the measure on the coset space and depends only on thevariables tma12 [Ver85].Decoupling of the massive modesWe substitute Eq. (7.55) into the Lagrangian (7.26) and use Eqs. (7.56) and (7.57) . Inthe limit 1� �� NB, the terms linear in ��ma cancel out and we �nd [Fyo91, Fyo94]L(�G + ��; J) = �14trg� Xmanb h(M�1)mnab + 2�(0)ma�(0)nb �mn�abi �Pma�Pnb +L(�G; J) : (7.61)We observe that the variables �Gma and f�Pmag decouple and that the latter occur quadrat-ically in (7.61). Furthermore, the Jacobian F [Pma] in (7.61) can be shown to be unity[Ver85]. As a result, the Gaussian integral over f�Pmag can be performed exactly withthe aid of the identityZ Yma [dPma] exp �12 XmanbOmnab trg� �Pma�Pnb! = 1 : (7.62)We are then left with an e�ective Lagrangian which is identical to Eq. (7.26) except forthe replacement �ma ! �Gma. We thus haveZ(E; "; J) = Z eL(�G;J)[d�(t)] ; (7.63)



7.4. Two-point function 67where L(�G; J) is given byL(�G; J) = �14 Xmanb(M�1)mnab htrg� (�Gma�Gnb) + " trg� �GmaLi�12 trg�;ma ln�E+ �H0 ��G + J� : (7.64)Here, the term �12" has been removed from the logarithm with the help of the substitution�! �� 12".Asymptotic expansionThe two{point function (7.14) is obtained by double di�erentiation with respect to J ofZ(E; "; J) at J = 0. We therefore writeln�E+ �H0 ��G + J� = ln�E+ �H0 ��G�+ ln�11 + (E+ �H0 ��G)�1J� ; (7.65)and expand the second term in powers of J , keeping terms up to second order. We thentake the trace over �;ma and expand the exponential in Eq. (7.63) in powers of J , againup to second order. All these steps yieldZ(E; "; J) = Z [d�(t)] 14 Xmam0a0 trg� BGmaJma;m0a0BGm0a0Jm0a0;ma+ 18 Xmam0a0 trg� BGmaJma;ma trg� BGm0a0Jm0a0;m0a0!� exp �14 Xmanb(M�1)mnab htrg� (�Gma�Gnb) + " trg� �GmaLi! ; (7.66)where we have introduced the notationBGma = (E+ �H0ma � �Gma)�1 : (7.67)We then take the derivatives with respect to Jm1a1;m2a2(1) and Jm01a01;m02a02(2) and obtain[D�1(E(1))]m1a1;m2n2 [D��1(E(2))]m01a01;m02n02 =14 Z [d�(t)]�14 trg� BGm1a1I(1)BGm2a2I(2) �m01m2�a1a02�m1m02�a1a02+ 14 trg� BGm01a01I(1)BGm02a02I(2) �m01m2�a1a02�m1m02�a1a02+ 14 trg� BGm1a1I(1) �m1m2�a1a2 trg� BGm01a01I(2) �m01m02�a01a02�� exp �14 Xmanb(M�1)mnab htrg� (�Gma�Gnb) + " trg� �GmaLi! : (7.68)Here, we have de�ned the 8 � 8 graded matrices I(1) = diag(�1;�1; 0; 0; 1; 1; 0; 0) andI(2) = diag(0; 0;�1;�1; 0; 0; 1; 1).We now use Eq. (7.68) to generate an asymptotic expansion for the two{point function.We proceed as in Ref. [Nis86] and expand the matrix �Gma in powers of the matrices tma12 .



68 Chapter 7. Averaging: The supersymmetry methodSince we are only interested in the terms of lowest order, we only carry the expansion tosecond order in the tma12 . According to Eq. (7.58), we haveT0ma '  1 00 1 !+  12 tma12 tma21 i tma12�i tma21 12(tma21 tma12 ) ! : (7.69)We use Eqs. (7.56), (7.69) together with the identity T�10 ma = LT0maL and expand theterms multiplying the exponential in Eq. (7.68). We gettrg� B(0)m1a1T0m1a1I(1)T�10 m2a2 B(0)m2a2T0m2a2I(2)T�10 m1a1 '�Gm1a1Gym2a2 +Gym1a1Gm2a2� trg [tm1a121 �tm2a212 �] ; (7.70)for the �rst term and a similar expression for the second one. Here we have de�nedthe 4 � 4 matrix � = diag(�1;�1; 1; 1) and we have made use of the relation BGma =T�10 maB(0)maT0ma, where B(0)ma =  Gma 00 Gyma ! : (7.71)The expression (7.71) for B(0)ma is obtained by combining Eq. (7.67) with Eqs. (7.33) and(7.38) for the averaged one{point function Gma. For the third preexponential term (thedisconnected term), we �nd�trg� B(0)m1a1T0m1a1I(1)T�10 m1a1��trg� B(0)m01a01T0m01a01I(2)T�10 m01a01� ' 16Gm1a1Gym01a01 :(7.72)We now turn to the remaining terms in the integrands of Eq. (7.68). The volume element[d�(t)] = Qma[d�(tma12 )] is given by [Nis86]Yma[d�(tma12 )] =Yma detg� 12 (1 + tma12 tma21 )[dtma12 ] : (7.73)By expanding the graded determinants in powers of the tma12 tma21 and keeping only the termsof lowest order, Eq. (7.73) reduces toYma[d�(tma12 )] 'Yma[dtma12 ] : (7.74)By proceeding in an analogous way, one may expand the argument of the exponential inpowers of the matrices tma12 . Up to second{order, the exponent can then be written in theform [Nis86]�14 Xmanb(M�1)mnab htrg� (�Gma�Gnb) + " trg� �GmaLi ' �12 Xmanb ���1�mnab trg[tma12 tnb21] ; (7.75)where ��1 is an ordinary symmetric N � N matrix. One may evaluate the ensembleaverage of the density operator (7.4) by employing the following identities [Nis86],Z Ypc [dtpc12] exp �12 Xmanb ���1�mnab trg[tma12 tnb21]! = 1 ; (7.76)



7.5. Summary 69andZ Ypc [dtpc12] exp �12 Xmanb ���1�mnab trg[tma12 tnb21]! trg [tm1a121 �tm2a212 �] = 16�m1m2a1a2 : (7.77)Collecting everything, we obtainhm1a1j�jm02a02i = Gm1a1hm1a1j�̂(0)jm02a02iGym02a02+ Xm01a01Gm1a1hm1a1j�̂(0)jm01a01iGym01a01 4�m1m01a1a01 �m1m02�a1a02 :(7.78)Eq. (7.78) has to be compared with the result Eq. (3.54) of the diagrammatic theory. Weobserve that the disconnected terms are identical in both equations. However, we fail toreproduce the connected part, although the presence of the Kronecker deltas in (7.78)leads to the correct vanishing of the o�{diagonal gain terms. It is not completely clear tous whether this is due to the asymptotic expansion itself or, more likely, to the evaluationof the � matrix in the exponent. Here, the non{diagonal elements of theM matrix play animportant role. Although vanishingly small in the limit 1 � � � NB , they are essentialin the evaluation of the averaged one{point function.7.5 SummaryThis chapter has been devoted to the rederivation of the ensemble average of the Dysonand von Neumann equations for system plus bath, considering the symmetrized random{matrix coupling. These averaged evolution equations have been obtained previously inChapter 3 by means of a diagrammatic perturbation expansion. Here we have employedan averaging procedure which is more suitable for further generalization of our random{matrix model for quantum Brownian motion. This chapter can thus be considered as a�rst step towards an extension to a parameter dependent random{matrix interaction. Byintroducing a functional integral over both commuting and anticommuting variables (thegenerating function) we have been able to perform the ensemble average exactly. Theaveraged one{point and two{point functions have then been evaluated with the help ofa saddle{point approximation. The resulting averaged propagator coincides exactly withthe one obtained within the diagrammatic theory, both for weak and strong coupling. Anagreement between the asymptotic expansion of the averaged density operator and itsperturbation expansion expression could so far only be found for the disconnected part.



70 Chapter 7. Averaging: The supersymmetry method



Chapter 8ConclusionThe work presented here has been motivated by the question of the dependence of theMarkovian description of quantum Brownian motion on model assumptions, and by thedesire to go beyond the standard Caldeira{Leggett approach where the system of interestis coupled to a collection of harmonic oscillators. To this end, we have used a randomband{matrix model for the system{bath interaction to derive Markovian master equationsfor one{dimensional quantum systems weakly coupled to a heat bath.Our random{matrix model for quantum Brownian motion has been presented in Chap-ter 2. We have distinguished two cases: (I) That part of the interaction which dependson the bath variables is a member of a Gaussian ensemble of random matrices of propersymmetry; (II) the entire interaction is a member of a Gaussian ensemble of random ma-trices of proper symmetry. The second form of the random{matrix coupling, symmetricin both the variables of the system and the bath, may be considered as an approximationof form (I) and is related to the rotating wave approximation of the oscillator bath model.In Chapter 3, the average over the random{matrix ensemble of both the time{evolutionoperator U(t) and the density operator �̂(t) for system plus bath have been calculated inthe limit of weak{coupling. For the approximated coupling (II), a diagrammatic pertur-bation expansion in powers of the interaction has been employed. By summing up theresulting Born series, the averaged Dyson equation for U(t) could be solved in closed form.In contrast, in the case of the non{symmetrized form (I), a closed solution of the averagedDyson equation is not available. However, by using a variant of the diagrammatic method,valid only in the limit of weak coupling, an expression for the time derivative of U(t) couldbe found.The averaged von Neumann equation for �(t) combined with the solution of the aver-aged Dyson equation have then been utilized to derive Markovian master equations for thereduced density operator of the system in Chapter 4. We have considered case (I) and case(II) separately and the form of the corresponding master equations di�ers in both cases.Although both equations show the typical gain{loss structure, there are no o�{diagonalgain terms in the averaged master equation obtained with the symmetrized coupling (II).The physical consequences of the absence of these terms have been examined in Chapter 6.In the following chapter, we have applied the averaged master equations to two simplequantum systems, the damped harmonic oscillator and the dissipative two{level system.The coupling to the heat bath has been taken linear in the position coordinate of thesystem. For the damped oscillator and random{matrix coupling (I), we have obtainedthe same equation as Agarwal who considered the oscillator bath model. In the high{71



72 Chapter 8. Conclusiontemperature limit, this equation coincides with the master equation derived by Caldeiraand Leggett. For case (II), our master equation for the diagonal elements of the reduceddensity operator is identical to the Agarwal master equation evaluated in the rotatingwave approximation (RWA). This is because in case (II) we impose conditions upon theinteraction matrix elements of the position coordinate of the quantum system. Theseconditions are tantamount to the RWA. For the non{diagonal elements of the reduceddensity operator, these same conditions imply the vanishing of the gain terms. In thispoint our result di�ers from that obtained by Agarwal. For the dissipative two{levelsystem and case (I), our master equation reduces, at zero temperature, to the Agarwalequation for spontaneous emission of a two{level atom. For case (II), as for the dampedharmonic oscillator, only the equation for the diagonal elements agrees with the rotatingwave approximation equation. This demonstrates that Markovian master equations forquantum Brownian motion derived in the weak{coupling limit possess universal validity:These equations are independent of the speci�c microscopic model used for their derivation.This is not true of approximations like the rotating wave approximation. Typically, suchapproximations violate certain invariance requirements (translational invariance in thecase of the RWA) and, thereby, lose universal validity.In Chapter 6, we have made use of the quantum Langevin approach to quantum dissi-pation to investigate the consequences of the lack of o�{diagonal gain terms in the masterequation for the damped oscillator in case (II). First, we have found that decoherence takesplace in energy representation, in contrast to the RWA case where the reduced densityoperator becomes diagonal in the coherent{state basis. Second, the absence of the non{diagonal gain terms leads to a non{stationary stochastic process: The �rst moment of thenoise operator is explicitly time{dependent. However, in the zero{temperature limit, thismean value is seen to vanish and the dynamics of our damped oscillator reduces to thatof the RWA oscillator. Further, by expressing the Langevin equation in terms of positionand momentum of the system and taking the classical limit with the help of the Weyltransform, we have found that translational invariance is violated, as in the RWA case.This is due to the symmetrization of the random interaction which treats the deterministicposition of the system as a random quantity.Finally, in Chapter 7, we have used the supersymmetry method to calculate the ensem-ble average of the evolution equations for system plus bath, considering the symmetrizedrandom{coupling (II). This non{perturbative averaging procedure is most suitable forhandling parameter dependent random{matrix interactions. The results obtained in thischapter therefore constitute a �rst step towards an extension of our random{matrix modelto situations where the environment is strongly in
uenced by the system.
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