A
s

ELSEVIER Nuclear Physics B 592 [FS] (2001) 512-562

H,

www.elsevier.nl/locate/npe

Flow equation approach to the sine-Gordon model

Stefan Kehreirf
Lyman Laboratory of Physics, Harvard University, Cambridge, MA 02138, USA

Received 28 June 2000; accepted 8 August 2000

Abstract

A continuous sequence of infinitesimal unitary transformations is used to diagonalize the
guantum sine-Gordon model f@ € (2, 00). This approach can be understood as an extension
of perturbative scaling theory since it links weak- to strong-coupling behavior in a systematic
expansion: a small expansion parameter is identified and this parameter remains small throughout the
entire flow unlike the diverging running coupling constant of perturbative scaling. Our approximation
consists in neglecting higher orders in this small parameter. We find very accurate results for the
single-particle/hole spectrum in the strong-coupling phase and can describe the full crossover from
weak to strong-coupling. The integrable structure of the sine-Gordon model is not used in our
approach. Our new method should be of interest for the investigation of nonintegrable perturbations
and for other strong-coupling problems2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
1.1. Motivation

Perturbative scaling theory plays a key role for analyzing the large class of physical
systems with a mismatch between the high-energy scale of the model and the experimen-
tally interesting low-energy scale. For example, in field theory one is generally interested
in the universal properties at energies much lower than the UV (ultraviolet)-cutoff, or in
condensed matter physics in energies and temperatures much smaller than the Fermi en-
ergy/temperature usually of order of a few 1000 K. In order to link high-energy and low-
energy regimes it is of fundamental importance to perform perturbation theorstabke
order by first analyzing the effect from high-energy scales, and then progressively smaller
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energies. An elementary example for this procedure is provided by atomic physics, where
one, e.g., first establishes the fine structure of a spectrum before using these states to eval-
uate the hyperfine splittings.

For systems with continuous energy scales, like in field theory, the above observations
have led to the development pkrturbative scaling theoryPerturbative scaling ideas
have become a key theoretical tool for analyzing physical systems with many degrees
of freedom. The principal idea is to stugerturbativelythe effect of lowering the high-
energy cutoff by finding a Hamiltonian with this reduced cutoff and renormalized couplings
that describe the same low-energy physics as the original Hamiltonian. In a path integral
formulation this is conveniently achieved by successively integrating out the high-energy
degrees of freedom.

This procedure leads to the well-known renormalization group (RG) equations that
describe the flow of the running coupling constants upon lowering the UV-cutoff.
For the important class adtrong-couplingproblems, however, the RG-equations lead
to running coupling constants that grow larger and larger at smaller energy scales
(and often eventually even diverge). Since the RG-equations themselves are derived
perturbatively, this means that the perturbative scaling approach breaks down for strong-
coupling problems. Well-known examples for this class of models are the Kondo model in
condensed matter physics or QCD in elementary particle physics. In spite of its eventual
breakdown, perturbative scaling can still contribute significantly to the understanding
of strong-coupling problems. For example, in the Kondo model, the divergence of the
running coupling constant occurs at an energy that sets the low-energy Kondo scale of
the model, which already allows considerable insight into the problem. Still the approach
becomes uncontrolled since the coupling constants grow very large, and it has, so far, not
been possible to extend the perturbative scaling approach in such a way that a controlled
systematic expansion emerges that links weak- to strong-coupling behavior. One can sum
up these observations by noting that the perturbative scaling approach often allows us to
identify the relevant low-energy scale of a strong-coupling problem, but frequently not the
physical behavior associated with this energy scale octh&soveibehavior linking high
and low energies. For an excellent review of these issues see Ref. [1].

This paper will exemplify the way in which Wegner's methodlofv equation$2] can
overcome these shortcomings and provide an analytic description for a weak- to strong-
coupling behavior crossover. In the flow equation approach, a continuous sequence of
infinitesimal unitary transformations is applied to a many-particle Hamiltonian such that
the Hamiltonian becomes successively more diagonal. Wegner has set up this approach in
a differential formulation
= nB), HB)) 1)

Here n(B) = —n(B)' is an anti-Hermitian operator. Thereforé(B) as obtained by
the solution of this differential equation describes a one-parameter family of unitarily
equivalent Hamiltoniang (B = 0) = H is the initial condition relating us to the original
HamiltonianH in which we are interesteiVe wantH (B = oo) to be diagonalln order

to achieve this, Wegner has proposed a suitable choice for the gengrajahat we will
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discuss in more detail in Section 3.1. Wegner’s constructiongénerates a Hamiltonian

flow where the interaction matrix elements that couple degrees of freedoms with a large
energy difference are removed first (for smalBr and more degenerate matrix elements
during later stages of the flow. Thigeparation of energy scaldés reminiscent of the
perturbative scaling approach and allows a stable sequence of approximations. As opposed
to the perturbative scaling approach, however, degrees of freedomogiategrated

out in the flow equation approach, instead they are successively diagonalized. A similar
framework that contains Wegner’s flow equations as a special case has independently been
developed by Gtazek and Wilsosiifilarity renormalization schem¢3,4].

So far the flow equation approach has been applied to a variety of models in condensed
matter theory like thei-orbital model [2,5], impurity models like the spin-boson model
[6,7] and the Anderson impurity model [8], electron—phonon systems [9,11] and spin
models [12,13] etc. (for an overview see also Ref. [14]). One advantage of this scheme
lies in the observation that it is a non-perturbative approach due to the separation of
energy scales, but still has access to all energy scales since no degrees of freedom are
integrated out. Therefore one can investigate correlation functions on all energy scales
[6,7]. Also the flow equation approach allows the systematic derivation of low-energy
effective Hamiltonians not plagued with singular interactions that frequently occur in other
approaches [8-10].

However, these applications did not deal with strong-coupling problems as defined
above, which would be a very interesting perspective for this new method. Glazek and
Wilson undertook a first step in this direction in Ref. [15]. They investigated a quadratic
Hamiltonian that shows strong-coupling behavior due to the formation of a bound state
from a continuum, and demonstrated how this model can be solved using infinitesimal
unitary transformations. However, since they dealt with a quadratic Hamiltonian, this was
not a true many-particle strong-coupling problem as would be of most interest in condensed
matter theory or high energy theory.

Recently, | described the application of the flow equation method to the one-dimensional
quantum sine-Gordon model [16]. The sine-Gordon model is a many-particle problem with
an interesting phase structure including a strong-coupling regime. It was shown in Ref. [16]
that it is possible to use the flow equation scheme to develop a systematic expansion that
links weak- to strong-coupling behavior in a controlled way. Already the leading order
of this expansion was is close agreement with exact results. In the present paper | will
present the various details of the calculation not included in the original Letter [16] in a
self-contained manner.

The sine-Gordon model is defined by the Hamiltonian

2
H =/dx (Enz(x) + }(a—d’) +ut? cos{ﬂ¢(x)]), )
2 2\ ox

whereg (x) is a bosonic field andl (x) its conjugate momentum field with the commutator
[[T(x),¢(x)] = —ié(x — x’). u > 0 is a small dimensionless coupling constant and
A o« t—1 an implicit UV-cutoff. We are interested in the universal properties for energies
|E| < A.
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The sine-Gordon model exhibits a strong-coupling phasgfof 87 with a mass gap
andfermioniclow-energy excitationsnfassive solitor)s The perturbative scaling analysis
leads to a characterististrong-coupling divergencef the running coupling: in this
regime. This makes the sine-Gordon model an interesting test model for our new approach.
The main emphasis in this paper will not lie in deriving new results in this well-studied
model, but in showing how these results follow within the flow equation method, and how
therefore our new method can be useful for strong-coupling problems more generally.

Other features that make the sine-Gordon model an attractive test model are its
interesting phase structure with a Kosterlitz—Thouless type transition to a phase with
massless solitons gf/87 ~ 1+ O(u), its integrable structure that allows the comparison
with exact results [17,18], and its relation to a variety of other models like the gf@in-1
X-Y-Z chain, the 1d electron gas with backward scattering, the Thirring model in field
theory and the 2d Coulomb gas (for an overview of these relations see Ref. [19]). Therefore
the results from the flow equation approach can be viewed within a variety of model
contexts.

The main motivation for being interested in the flow equation approach to this integrable
model lies, however, in the observation that our new method doemake use of the
integrable structure. In our approach a small parameter is identified and used within a
suitably renormalized perturbation expansion. The usual perturbative scaling approach fails
because the initially small expansion parameiefiverges during the RG-procedure. In
the flow equation approach the expansion parameter will turn out to be the product of the
running coupling: and a factot—1+ B2/4x). This combination wilalwaysremain small
during the flow. Itis therefore feasible to study for example nonintegrable perturbations and
correlation functions within our new approach, which should be of considerable interest in
a variety of contexts. Although the calculations presented here appear rather lengthy and
technical at first, they are straightforward and much closer to conventional many-body
techniques than methods building on the integrable structure.

1.2. Outline

The structure of this paper is as follows. Section 2 deals with some general properties
of the sine-Gordon model that are important in the sequel. In Section 2.1 the sine-
Gordon model and the regularization used in this paper are introduced. Section 2.2 reviews
the perturbative scaling analysis, the phase structure, and the strong-coupling behavior.
In Section 2.3 various exact results based on the integrable structure of the sine-Gordon
model are summed up, especially properties of the ppit 47 where the model
becomes equivalent to a noninteracting Thirring model. This equivalence will play an
important role in understanding the structure of our flow equation approach later on.

After setting the stage in Section 2, Section 3 deals with the actual application of the flow
equation approach to the sine-Gordon model. Some general properties of the flow equation
method are reviewed in 3.1. Then the appropriate generdi®y for the sine-Gordon
model diagonalization is worked out in 3.2 and the commutgoB), Ho] evaluated
in 3.3. The key computational parts of the flow equation approach are contained in 3.4
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and 3.5, where the commutatdrg B), Hint(B)] and[n(B), Hgiag(B)] are evaluated. From
these commutators the flow f(B) and of the running coupling constant are deduced in
Section 3.6.

For the convenience of the reader, all the results from this technical part are summed
up in Section 4.1, in particular the Hamiltoni&h(B) along the flow and the set of flow
equations governing the various parameterd {iB). We will see in 4.2 that in the strong-
coupling phaseH (B) flows to an effective low-energy noninteracting Thirring model.
The mass gap of the sine-Gordon model can be easily deduced from this low-energy model,
and the results are then compared with perturbative scaling analysis and exact integrable
model results. The agreement will turn out to be very good. In Section 4.3 the final diagonal
Hamiltonian H (B = oo) is discussed in more detail, in particular the soliton dispersion
relation and properties in the crossover region. Finally in Section 4.4 the approximations
and the expansion parameter of our approach are reviewed.

Section 5 sums up the conclusions and an outlook to open questions. The appendix
contains important properties of vertex operators that are used throughout this paper.

2. Sine-Gordon model
2.1. Definition

The one-dimensional quantum sine-Gordon model is defined by the Hamiltonian
1 1/0¢)\>
H:/dx S+ = % +ut?codBe ()] ). (3)
2 2\ 0x
¢ (x) is a bosonic field and7(x) its conjugate momentum field with the fundamental
commutator
[IT(x), p(x")] = —id(x — x'). 4)

In (3) an UV-momentum cutofft « z ~1is implied.« is a dimensionless coupling constant.
Without loss of generality we will assunse> 0 andg > 0.
Expanding the fields in normal modes gives

P(x)=— _Z I ik (04 1) + 028, (5)
T k0
IT(x)=—— k| e ™ (o1.(k) — 02(k)). 6
(x) \/47;)‘/' (o1(k) — 02(k)) (6)
Sums over wavevectoks p, g, . .. are to be understood in the sense
2

def 7 @)

k n=—00

with k = 27n/L throughout this papel. is the system size. The basic commutators for
k., k' >0 are
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[01(—k), 01(K")] = [02(k). 62(=k")| = 8pr L/ 27,

[oj(k),0;(k"] =[oj(—k),0;(—k)] =0 (8)
and forj # j’
[0 (k). 0j/ (K] =[oj(=k), 05 (k"] =[0j(—=k),0;(—k")] =0. 9)

All other commutators can be derived \dﬁ(—k) =0, (k). The vacuumg2) is defined by
01(—k)|R2) = 02(k)[2) =0 (10)
for all kK > 0. The notion of thelual field® (x) will also be useful® (x) is defined by

3,0 (x) = —I(x), (11)
leading to the commutator
[0@), ("] =i0(x —x). (12)
In terms of normal modes one finds
JIT ik
o — i x _ . 1
O (x) mk; p (o1(k) — 02(k)) (13)

The concept ofrertex operatorsvill play an important role in the sequel. Vertex operators
V;(a; x) are defined as normal-ordered exponentials

Vi(a; x) =:exp< ay \/F e Blrlmirrg (p)> : (14)
p#0

with + (upper sign) corresponding tp = 1 and — (lower sign) toj = 2. This sign

convention will be used throughout this paper. Normal ordering. : amounts to

commuting all the operators that annihilate the vacuum according to (10) to the right. One

can rewrite (14) in terms of the field and its dual (11)

Vi(a; x) =:exp(:l:iaﬁ/dec(e)[q’)(x+e):|:6~)(x+e)]): (15)

with the Lorentzian

© a/2rx
€)= —FF—.
¢ €2 +a?/4
c(€) is normalized

(16)

e¢]

/ dec(e) =1 an

—00

and c(¢) a0 8(¢). Further properties of vertex operators, in particular their operator
product expansion (OPE), are reviewed in Appendix A.

One can rewrite the interaction term of the sine-Gordon model (3) in terms of vertex
operators
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:/dx(lﬂz( )+ = (8¢>
0x

2
2 o
2;}(%) (vl(a;x)VZ(—a;xHv2(a;x)v1(—a;x))>. (18)

The prefactor(27ra/L)"‘2 follows from (A6). Here and in the sequel and 8 are used
interchangeably with the identification

M (19)

Var
Eq. (18) is the form of the sine-Gordon Hamiltonian that we will investigate with the flow
equation approactNoimplicit momentum cutoff is implied in (18): the UV-regularization
of the Hamiltonian (18) is achieved by the cutoff paramater 0 in the vertex operators.
The regularizations in (18) and (3) are relatediby o« A o< 1. For a direct comparison
between the original Hamiltonian (3) and the form (18) used here one can also identically
express (18) as

H= /dx( M (x) + = (%) +—c08[ﬁ dec(e)¢(x+e)D (20)

The regularization with: therefore amounts temearing outhe interaction term. In the
limit « — 0 one recovers the c@&p (x))-interaction term.

The universal properties of the sine-Gordon model for enerfiésg a—1 are not
affected by this choice of regularization. We find, however, notational simplifications
and more compact expressions in the course of our calculation when we start with (18)
(or equivalently (20)). In order to clarify the main conceptual ideas of the flow equation
approach, it will therefore be convenient for us to use the regularization (18) with the
UV-cutoff «~ built in via the definition of the vertex operators.

2.2. Perturbative scaling analysis

The flow equation approach can be viewed as an extension of perturbative scaling.
Therefore it is useful to briefly review the results of the perturbative scaling analysis as
applied to the sine-Gordon model. A comprehensive review can be found in Ref. [20].

In 2-loop order there are two renormalization group equations that describe the flow of
andpg upon integrating out the degrees of freedom with- d A < |k| < A (see Ref. [21])
dp—2 u? du ( B2

e 2) (21)

dinA~  4x’ dinA

The initial conditions are(t 1) = u and 8(r 1) = B. These scaling equations give rise
to the Kosterlitz—Thouless type phase diagram shown in Fig. 1. The two separdtrices
originating fromp2 = 87 with A2 = 87 (1 + ) for smallu divide the parameter space in
three sectors:

1. The weak-coupling sector I;

2. The crossover sector Il;



S. Kehrein / Nuclear Physics B 592 [FS] (2001) 512-562 519

4 T | T T T T

3 noninteracting —
i Thirring model
=] 2 —
1 — —
L s i
S s "
<3S .-
0 Lo 1 /'
0 1 2 3

B’/ 4n

Fig. 1. Perturbative scaling flow and the phase diagram of the sine-Gordon model. The
strong-coupling phase is to the left and/or above the KT-transitiorslinedashed line fop? > 8r),

the weak-coupling phase beld. . B2 =4n (dotted line) corresponds to the noninteracting Thirring
model, see Section 2.3.

3. The asymptotic freedom sector lIl.
Both in Il and Il the perturbative scaling equations (21) leadttong-couplingoehavior
with the running coupling constantgrowing larger and larger during the flow. Therefore
the perturbative RG approach eventually becomes invalid in these sectors. This indicates
the opening of mass gap in the spectrum in Il and Ill. Acr8ssthe system undergoes
a Kosterlitz—Thouless type phase transition between this massive phase and the massless
phasein .

In spite of the strong-coupling divergence in Il and Il1, the perturbative scaling equations
allow us to analyze the size of the mass gap by identifying the m&sggth the scaling
invariant of (21). One, e.g., finds the following expressions for smallO

1/(2—p?/4m) 2
u 1—8</8xn
_— f 1 22
MocA(Z_IBZMn) or » > 1, (22)
1 B2 -t
M x A exﬁ(—m> for (1 — g — I/l) > 1 (a|0ngS—), (23)

bis B2 )l
M x A — f 1-—+ >1 I Sy). (24
x exp( N 52/87r)2> or( g, Tu (alongsSy). (24)
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In this manner one can obtain information about the renormalized low-energy scale even
in the strong-coupling phase. But the perturbative scaling approach does by itself not
lead to an understanding of the physical behavior associated with this low-energy scale.
This situation is typical for other strong-coupling problems as well, the Kondo model
being the paradigm in condensed matter theory [1]. In combination with mappings to
other exactly solvable models these shortcomings can sometimes be partially overcome,
see Section 2.3 below. However, in general there is considerable interest in theoretical
methods that can solve strong-coupling problems in a controlled way. Therefore the flow
equation approach might be an interesting tool also for other strong-coupling problems by
removing some of the above shortcomings.

The phase diagram Fig. 1 remains essentially unchanged in higher loop orders [20]. For
latter comparison with the flow equation solution it is interesting to also write down the
3-loop result for the mass gap 6n (that is forg2 = 87 (1 — u)) in the limitu — 0

1
Mo<Au1/2eXp<——>. (25)
2u

Notice theu!/2-prefactor as compared to the 2-loop result (23). Higher loop orders beyond
3-loop should only affect the proportionality factor in (25) [20].

2.3. Integrable structure and relation to other models

The sine-Gordon model is one of the best studied integrable models, which makes it a
very suitable test model for our new approach. Its spectrum was obtained exactly from an
inverse scattering solution [17] and ifsmatrix was calculated by Zamolodchikov [18].

For a recent review see Ref. [22].

In the strong-coupling phase the exact solution confirms the scaling behavior (22) for the
massM of the solitons and antisolitons. The ex&ematrix [18] also shows that for small
rapidity differences these solitons and antisolitons behave as fermions. This important
observation of achange in statisticfor the low-energy excitations will be reproduced
in our flow equation framework.

In addition, the exact solution shows that new features appegt¥er 4r: soliton—
antisoliton bound statesbifeathery emerge in the spectrum with excitation energies
smaller than 2/. There is one breather fomd3 < B2 < 4w, two breathers for 2 <
B2 < 87/3, etc. [22].

The sine-Gordon model is related to other integrable models like the gRix2Y-Z
chain and the Thirring model. Since in particular the relation to the Thirring model will be
fruitful in the sequel, it is useful to sum up some of its main properties here: The massive
1d Thirring model is defined by the Lagrangian density

1 ~ 1 _
Lrn=Y (wmaw -5 gm“) —Myy (26)

n=0

in terms of the two-component spingi(x)
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_( V1)
v = (1) @)

with components obeying fermionic anticommutation relations
;0,0 M =858 =y, (W00, ¥, =¥, v} =0 (28)

The current is defined by dg&y“w with v dZefI/IT)/o and they-matrices are explicitly
given by

V0=<gé) and V1=<_gé>~ (29)

The exact Bethe ansatz solution of the Thirring model was obtained by Bergknoff and
Thacker [23].

Coleman [24] has shown the equivalence of the sine-Gordon model with the Thirring
model (26) order by order in perturbation theory with the following mapping between the
coupling constants

B 1

4 14g/m’

(30)

One notices thgs? = 4 is a special point of the sine-Gordon model since it corresponds
to a noninteractingmassive Thirring model g = 0). For g2 = 47 the elementary
excitations of the sine-Gordon model are thereferenionicwith the dispersion relation
+E; with

Ex=vk2+ M2. (31)

The explicit relation between the bosonic field of the sine-Gordon model and the fermionic
field of the Thirring model was found by Mandelstam [25]. B3r= 47 one has explicitly

1
vjlx) = ﬁvj(_L x) (32)

with V;(«; x) from (14) (notice that thé/; (+1; x) obey anticommutation relations (A20)
in the limit « — 0). TheseThirring fermionst correspond to the quantized soliton
solutions of the sine-Gordon model [25].

The perturbative scaling approach does not “know” about the special péiat 4
where the sine-Gordon model is trivially diagonalizable by using the equivalence to the
quadratic Thirring model: the strong-coupling scaling trajectories in Fig. 1 go right through
the line 82 = 4. The subsequent strong-coupling divergence of the running coupling
constant is then due to the fact that one has generated the nonvanishing energy. #ale
similar scenario occurs in the Kondo model: there the diagonal Hamiltonian corresponds
to the Toulouse point [26] and the nonvanishing energy scale is the Kondo tempé&iature

1 Notice, however, thaV1(£1; x) commutes withV»(+1; x) instead of anticommuting. “Proper” fermions
can easily be defined with an additional Jordan—-Wigner phase factor, but nothing new can be learned from this
Jordan-Wigner construction.
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A standard approach to avoid the strong-coupling divergence is to scale the model to
the exactly solvable ling2 = 45 : one stops the scaling ong@&(Aeff) = 47 and obtains
the mass from the value of the running coupling constant. With this approach it is also
plausible that the low-energy single-particle/hole excitations in the strong-coupling phase
are fermionic with a mass set by the scaling invariant. Though very useful, this is an
uncontrolled approximation since the running coupling constant is already large when
B2(Aet) = 47. It is therefore difficult/impossible to learn something about the crossover
from weak-coupling to strong-coupling or about the effect of irrelevant operators at the
strong-coupling fixed point. These shortcomings make it desirable to develop our new
method that will allow a systematic expansion describing the full crossover flow.

The sine-Gordon model is also related to a variety of other models like the 2d Coulomb
gas with temperatur@ = =2 and fugacityz o u, or a 1d electron gas with backward
scattering. For an overview of these and other relations see Ref. [19]. As a final remark we
also want to mention that the mapping to the 1d electron gas gives a natural interpretation
to the separatrice$y. in Fig. 1 since they correspond to an electron gas with SU(2)
spin-symmetric interactions [19]. The sine-Gordon model v#th= 87 (1 + ), |u| < 1
therefore carries a hidden SU(2)-symmetry.

3. Flow equation approach
3.1. General concepts

The idea to apply a sequence of infinitesimal unitary transformations to a Hamiltonian
in order to make it more diagonal has been independently put forward by Wegner [2]
and Gtazek and Wilson [3,4]. Wegner's original work focussed on diagonalizing many-
particle Hamiltonians, whereas the focus in the work of Gtazek and Wilson was to
construct effective low-energy Hamiltonians for strong-coupling field theories: such
effective Hamiltonians can then be analyzed by standard techniques in order to find the
bound state spectrum, which in turn could be interpreted as, e.g., hadrons or mesons.
Though the outlook of these approaches is somehow different, the concepts are very
similar. In this paper we will follow Wegner’s methodology.

The main idea of Wegner'low equationss to generate a one-parameter family of
unitarily equivalent Hamiltonian#& (B) labelled by &low paramete. ? This is achieved
by solving a differential equation

dH(B)
dB
with some anti-Hermitian generatg(B) = —nT(B) whereH (B = 0) = H is the initial
Hamiltonian. One wants to choosgB) such thatH (B) becomes more diagonal as
B — oo: splitting up H (B) in its diagonal and interaction parts

= [n(B), H(B)] (33)

2The flow parameter has been denoted lny most other works on flow equations. In order to avoid confusion
with the common notation wheris the logarithm of the change in length scale in RG-equatiBrisstead of?
is used in this work.
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H(B) = Ho(B) + Hint(B), (34)

this amounts to requiringlint(B) becomes (in some sense) smaller for> co. In order
to achieve this, Wegner proposed the following generator [2]

n(B) E'[Ho(B). Hin(B)]. (35)

With this choice ofy(B) one can show
d

dB
and in this sense the operati:(B) becomes smaller along the flow. Notice tiBahas
the dimension of (Energy¥ with this choice. However, for a many-particle Hamiltonian
Eq. (36) is usually not well-defined since the trace is typically infinite. Also higher and
higher order interactions are successively generated by the system of Egs. (33) and (35),
which have to be truncated in some way making rigorous statements difficult.

Still one finds that (35) is generally a suitable choice for achieving our goal to make the
initial Hamiltonian diagonal ifHin:(B = 0) can be viewed as a small perturbation term:
truncating the system of higher order interactions produced by (33) and (35) in some
order of the coupling constant then amounts to generating a perturbation expansion in
a renormalized coupling constant. From this point of view the flow equation approach
is similar to perturbative RG. Matrix elements &f,:(B = 0) that couple states with
large energy differences are eliminated in the initial stages of the flow (for #adnd
matrix elements coupling more degenerate states are eliminated later. This is reminiscent
of the energy scale separation underlying the renormalization group approach, which is the
suitable perturbation expansion for systems with largely varying energy scales.

Explicit applications of these ideas have been discussed for various model Hamiltonians
like the n-orbital model [2,5], dissipative quantum systems [6,7], systems with electron—
phonon coupling [9—11] and various other models in condensed matter physics [8,12,13,
15,27,28]. In the present paper it will be shown how this method can be used for the sine-
Gordon model as a genuine strong-coupling many-body Hamiltonian.

Tr H2,(B) <0 (36)

3.2. Generaton

The aim of this work is to diagonalize the sine-Gordon model (18) using the method
of infinitesimal unitary transformations outlined above. We split up the sine-Gordon
HamiltonianH (B) into a free partHy and the interaction paifini(B)

H(B) = Ho + Hint(B) (37)
with

1 1/0¢\?
Ho= [ dx <5n2<x) + 5(%) ) =3 p(o1p)or(=p) + 02— paa(p). (38)

p>0

Hint(B) = f dxdyu(B; y)(Vi(e: x)Va(—a; x — y) + h.c). (39)
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In order to avoid confusion the initial parametarsand 8 in (18) will from now on be
denoted asg andBp. The initial condition for (39) then reads

2
_ P —0. )= 0 Zra)
i M(B—O,y)—znazfs(y)( I ) : (40)

Notice that we have already allowed for a general nonlocal interagtiBny) in (39) since
the initially local interaction (40) will become nonlocal along the flow (see below). Next
we have to evaluate (35). The following commutator is useful

[oj(p), Vir(e; x)] =6 a @ exp<—%|p| + ipx> Viras x) (41)

leading to

{Z poi(p)or(—p), Va(e; x)] =0, Vi (e x),

p>0
{Z po2(—p)oa(p), Va(e; x)] = —id, Va(e; x). (42)
p>0
Thus we find the following generator
n(B) = [Ho, Hint(B)]
. du(B; y)
=—2i /dx dy SrTae (Vl(a; X)Vo(—a; x —y)+ h.C.). (43)
y

3.3. Commutatofn, Ho|

To study the flow generated bywe first look at the commutatd¥;, Ho]. Using (42)
one easily shows

92 B;
[, Hol = 4/dx dy % (Va(e; x) Va(—a; x — y) + h.c). (44)

Comparison of the coefficients on the left-hand side of (33) with (44) gives
du(B:y)  9%u(B;y)
B ay2
where possible contributions from, Hint] are still missing. Eq. (45) has the character of a

diffusion equation: the initially local interaction becomes increasingly non-local along the
flow. In terms of Fourier coefficients

u(B;y)=y u(B; p)e”" (46)

p

(45)

one finds the solution
2

uo  _a2p(2ma\”
w(Bip) =7 75¢ 4”B<T) ' (47)
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One sees explicitly that matrix elemenigB; p) coupling states with large energy
differenceq p| are eliminated in the early stages of the flow (for sn#ll whereas matrix
elements coupling more degenerate states are decoupled later during the flow. This is a
generic feature of Wegner’s generator (35).

Later we will see that (47) is modified due to higher-order contributions. Therefore we
introduce a more general parametrization

2
i(B) (2ma\* B
u(B; p)= %(%) v(B; p) (48)

with a running couplingi(B), initially (B = 0) = ug. The differential equation for the
coefficientsv(B; p) now reads

ou(Bip) .
= —4p"u(B: p) (49)

with the initial conditionv(B =0; p) = 1.
3.4. Commutatofn, Hint]

3.4.1. General properties

The evaluation ofln, Hint] is the key calculation in the flow equation approach. We
first look at some general properties of such commutatorsAkefio, B1, B2 be arbitrary
operators with[A;, B;/] = 0. We definexOx as the operator with its ground state
expectation value subtracted

0+ L0 — (0, (50)

with the notation{ O) d='3f<S2| 0122). One easily shows

[A1B1, A2B2] = (A1A2)(B1B2) — (A2A1)(B2B1) + (B1B2) * A1A2 *
— (B2B1) x* ApA1 %+ (A1A2) x B1Bo %
— (A2A1) % BoBy %+ R (51)
with
R=%A1A2% xB1Bo % — % ApA1 % *BoB1 *. (52)

In generalR leads to the generation of higher-order interaction terms during the flow.
R vanishes if the operators fulfill the following exchange relations

A1A2 + ei¢A2A1 =c, B1B> + e_i¢BzBl =c (53)

with fixed ¢ andc. E.qg., for¢ = 0 these are fermionic anticommutation relations, or for

¢ = m bosonic commutation relations. Then no higher-order interactions are generated
and it is possible to close the flow equations without approximations. For gefdrathe
interaction term we will, however, have to develop a suitable approximatioR fiarthe

next section.
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3.4.2. [n, Hint] in the sine-Gordon model

There are two structurally different commutators of vertex operators generated by
[1, Hint] in the sine-Gordon model.V; VZT, Vsz] and [V, VZT, Vi VZT] (or equivalently
V]V, V] V,1). The first term

[Vi(er; x1) Va(—a; x1 — y1), Vi(—a; x2) Va(a; x2 — y2)] (54)

and its hermitian conjugate will turn out to be the leading contributions and are discussed
first. Egs. (A16) and (A17) give

2 —
(Via; x1) Va(—a; x2)) = s7%, (Vi(—a; x2) Vi(a; x1)) =5, %,
2
(Va(—a; x1 — y1) Valo; x2 — y2)) =55,
(Vala; x2 — y2) Vo= x1— y1)) = 55 (55)
with
2 2n
si=—7(i0e—x0+a),  s2=—(i(x1—y1—x2+y2) +a). (56)

Using (51) we then find

[Vi(a; x1) Va(—a; x1 — y1), Vi(—a; x2) Va(o; x2 — y2)]

e M el
-1 2 1 2

+ sz_”‘2 * V(o x1) Vi(—a; x2) % — 52_“2 x Vi(—a; x2) Vi(a; x1) *

2
+ 5 % Vo(—a; x1 — y1) Vala; x2 — y2)%

2
=519 x Va(a; x2 — y2) Va(—a; x1— y1) *+ R (57)
with
R =*V1(a; x1) Vi(—a; x2) % *Vo(—a; x1 — y1) Valo; x2 — y2) *

— % Vi(—a; x2) Vi(a; x1) * *Va(a; x2 — y2) Va(—a; x1 — y1) *. (58)

The key approximation in our method is to use an operator product expansion (OPE) in
higher-order interaction terms likR, and then to neglect contributions with larger scaling
dimensions (more irrelevant terms in the RG-sense). From (A18) we, e.g., conclude

*Vi(a; x1) Vi(—a; x2)*

= SIaZ (iot(xz —x1) Z \/me—%lm—ipnal(p) 4. .)y (59)
p#0

where we have neglected the higher-order terms in (A18). Notice that-thember

contribution has already been removed by subtracting the ground state expectation value.

Putting everything together gives

w2 2 w22
R=0o?(x2—x1)(x1 — y1 — X2+ y2) (57 5, % —5,%5,%)
X Z /|pq|e_%(‘pl—HqD_ipxl_iq(Xl_yl)al(p)az(q). (60)

p.q#0
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The first and second term in (57) arelumbers and describe a shift in the ground state
energy. This is of no particular interest and we will not look into it. The various other
terms generated iy, Hint] are discussed in the next subsections.

3.4.3. R-term
The R-term in (57) leads to the following contribution frofm, Hint]
. ou(B; y1)
2 / dudipdyrdys (B 122020 — 1) 1 = y1 = 224 32)
% (s£a235a2 _giazggaz) 3 fIpqle$UPIHlab=ipri=iaG1=0) 1 () 5a(q)
p,q#0
L\
= —smaz(—> Z k|tx o1.(k)o2(—k) (61)

2 120

with coefficients;

—alk|—ikzy ou(B; z1)

u(B; z1+ z2)z3(z2 — 23)
021

tk:/ledZZdZ3e

x ((iza+a) (i(z2—z9) + )™ —h.c). (62)

Except for an (unimportant) initial transient wheBe< a2, the z1-integral leads to the
following expression:

= —omia*?’ Zpu(B; pu(B; —k — p) / dx ¢! *FPIax [ () (63)
p

with
I(X)=/dyy(x—y)

) (A4 i) A—iy+ix)™ = A—iy) " (A+iy—ix)™).  (64)
Writing 1+ i(y + §) = r+e'®* with

2\ 2 yE35 Tow
e = 1+<y:|:§> . e =arcsin— e[—E,E} (65)
leads to
. x? 2 )
1(X)=21/dy (Z -y )(V+r—) “ Sln(Oé (- —¢+))- (66)

The flow is dominated by the term decaying most slowly withwhich corresponds to the
large«x behavior ofl (x). Therefore we can approximate

X
r4 X | =

2

wherez = 2y/x, and find

|z £ 1], (67)
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3-20% ¥ )

[ a2 12 sinfe20- — pu0). (68)
—00

With the above approximation one has € {—%, Z}. Thus the only contributions th(x)

come from regions witlp_ # ¢4

I(x) =2i|~

- —¢py=—1m1 = x>0, —-1<z<l,

¢__¢+=7T = .x<0, _1<Z<1 (69)
leading to
3202 1 L
I(x)=—2i Sin(oezy-[)sgr(x) > /dz (1—Z2) —a
-1
73/2 x 3—242

=2 s > : 70
T@—)rE—a?) g“’”‘z (70)

With (48) and (49) the sum overin (63) gives

> pu(B: pu(B: —k — p) e
p

( u(B) 2 (2na 2 T [ ax n ik ox a’x?  ikax 2BK2
=i — ———+ = — — — .
477202 L 8B\16B 2 32B 2

(71)

The final step is to perform the-integration in (63). This can be done in closed form
leading to hypergeometric functions. However, the flow is determined by the IR-limit
k — 0 where the integral is simpler

pomi 32 (opyi-e( #(B) \*(2na “ (72)
N an22) \'L '

For the fullk-dependence we write
t = tieo f (¢ k</B). (73)

To leading order the only information that we will need abgi?; x) is that it falls of
rapidly to zero for large argumenits| > 1. For example one easily shows

fle? = L) = (1-8¢%).
f(ozz =2x)= e _ 2x x erf(«/ﬁx) e (74)

These functions are depicted in Fig. 2.
Putting everything together the-terms in (57) fromin, Hint] contribute

32/328\" % &2
[, Hintl — = (7) @D i*(B) kz#o k| f (% k/B ) o1(k)o2(—k).

(75)
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X

Fig. 2. f(@?; x) for «? = 2 anda? = 1, see Eq. (74).

An important observation can be made éoe 1: due to the divergert-function in the
denominator, the term (75) vanishes fﬁﬁ = 4. This is an immediate consequence

of the fact that in this case the vertex operators describe fermions. The interaction
term of the sine-Gordon model is then simply a quadratic term in the fermions and
no higher-order interactions are generated during the flow, therefore according to (53)
R =0 for all B. For ﬂg = 47 we will be able to solve the flow equations without any
approximations, thereby recovering the equivalence to the noninteracting Thirring model
discussed in Section 2.3. This demonstrates a fundamental difference of our approach
to perturbative scaling, where the scaling trajectories go right through thgfire4sn

(see Fig. 1).

Let us next look at the fifth and sixth term in (57). The total contribution fignHint]
to terms of this structure is

. ou(B; y1)
[, Hint]l — —Zl/dndxzdyldyz %M(B;yz)

x (57" % Va(—a: 31— y1) Valer: x2 — y2) *
- 3{“2 * Vo(a; x2 — y2) Vo(—a; x1 — y1) *
577 % Vol x1 = y1) Va(—a; X — o)
— 57 % Va(—a x2 — y2) Valer x1 — Y1)%). (76)
For simplicity we will only look at the first term in this expression since all the other terms

can be treated likewise. We first exchange the two vertex operators using (A22) as this will
lead to a normal-ordered expression below
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2

Ju(B; 5
2 f dxidxadyrdy, 225D (B ) 7o 2
oy1 sg‘
x #Va(a; x2 — y2) Va(—a; x1 — y1)* (77)

with s1, s2 from (56). We can rewrite this in terms of Fourier transforiaas-(0)

def ; def t
Vi(—a;x) £ P Vi(—as p), Vil p) = [Vi(—a: p)]' (78)
P
substitutexo — x2 + x1 and perform the integral ovet.. This leads to

2
L\* ou(B; y1)
_Ari = dxp>dyrdy, ———u(B;
m(h) /xz yidy2 o u(B; y2)

x 3w Va(as K)Va(—a; k) (ixz+a) ™
k

. 2
G2 —y2+yD)+al"  _ikipryi—yo
[—i(x2— y2 + y1) +al®®

2

L \% —
- —8712(2—) /dx dy Z pu?(B; p) e TP 4 Vo(a; k) Vo(—a; k) %
JT

k,p

o2 lix+ a]"‘2

x[ix+y)+a]™ ———, 79
(x+) [—ix +a]®’ (79)
where we have employed (46). Next theéntegration can be done using
2
/dy(ly+lx+a) o e'PY = ~iIP¥| p|¥ _1F(n2)9(p), (80)

which is valid in the limitjap| « 1: this holds except for an (unimportant) initial transient
with wavevectors of ord(:'xr‘1 We find

FWZ)(Zn) / ZZP u?(B; p)e~ik+px

k p>0
x % Va(a: k) Va(—a: k) L"]z (81)
[—ix +al¥
Next we can approximate
lix +al®’
————  — cogra?) +isin(ra?) sgnx) (82)
[—ix +al

using the same reasoning as in (A24). This gives

167t3 L az OtZ
_m(z> (271’ COS(T[O(Z) ];k MZ(B§ k) % Vo(a; —k) Voa(—a; —k) %

+isin(ra®) Y > %" u?(B: p)

k p>0



S. Kehrein / Nuclear Physics B 592 [FS] (2001) 512-562 531

x /dx e 1 KHPIXsan(x)  Vo(a; —k) Va(—a; —k) *)

_ _pal(B) (21a)”
B )\ L

x (cos(nozz) 3 kG (B k) # Vales —k) Va(—a; —k)
k>0

1. 2 a? 20p.
+;Sln(mx)22p v°(B; p)

k p>0
pF#k

1
* Vo(a; —k) Vo(—a; —k) *)
p—k

(83)

In order to do the sum ovep in the second term it will be sufficient to use the
approximate solutiorv(B; p) = e=4Br” from (49). Deviations from this approximate
solution essentially only occur close to the strong-coupling fixed pdirt 1, where the
second term vanishes anyway. Thisummation leads to an integral of the type

o0
aZ

h(a?; x) = P/dye*y2 -
y—x
0

1 2 2
Aol o D)5

. 1+ a2 1—a? 2
—zsgr(x)F( 5 )F( 5 X >]} (84)

where I'(s, z) denotes the incompletg-function. One easily shows(a?; x = 0) =
I'(«?/2)/2 and the asymptotic behavior fpr| > 1

1+a?

h(e?; x) = —% +0(x7?) (85)

with a smooth crossover in between.
It will be convenient to use the normalized operators

1-a?q1/2
Sj<a;k>"=8f[27”r<a2)<i“) } Vi(—a: k)

2
2
. o Lik|\ 7" 7Y/2 .

with the properties (see (A7))

ST; —)1Q) = S, (@; b)|Q) = SJ(@; b)|Q) = S, (@; —k)|Q) =0 Vk>0  (87)
and the normalization

(S,(a; ) ST (@; K)) = (ST (@; k) S, (@; K')) = 1000 (k) L/ 27,

(ST (@; k) Sy (a3 K)) = (S, (@3 k) Sh (ar; K)) = 8146/ (—k) L2 (88)
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for |ak|, |ak’| < 1 as follows easily from (A16) and (A17). We express (83) in terms of
these operators and find

2u2(B) -
3 F2(0l2) (COS(T[O‘ ]; (ak)ZOt ! Z(B k) Sz((x k)SZ (Ot, —k)
+ % sin(zra?) Z(ak)“z_l(SB/az)_az/ ?h(?; VBB k) S} (e; —k) S, (@; —k)

k>0

+ lsm (ra? Z(ak)“ ~1(8B/a?)" “z/zh(oﬂ; VBB k) # S)(a; k) S, (a; k)*). (89)
k>0
In the first two terms we do not need the subtraction operati@nanymore since the
vacuum is already annihilated by them. The third term does not yet annihilate the vacuum.
This can be easily achieved by using (A26). However, already the second term will turn
out to have hardly any effect, and the third term is again smaller than the second term. In
order to simplify our expressions we therefore omit the third term in the sequel, although
there would be no problem at all in carrying it along as well. Let us now also collect the
other terms from (76) leading to

432%(B)
a3T2(a?)

X Z(Cos(naz) (ak)y®*~12(B; k)

k>0

[n, Hintl — —

+ % sin(ma?) (ak)®*~(8B/a?)"*"/%h(o?: VBB k))

x (Sy(@; —k) S (@; —k) + SJ (: k) Sy (s k)
+ Sh(es —k) S, (@ —k) + S, (e k) S3(@t: K). (90)
Since a generically flows as a function oB, this implies that vertex operators with
different scaling dimensions contribute to each wavevegtoHowever, most of the

contribution to a giverk-vector occurs in a narrow range of the flow: we will see in
Section 4.3 that for a givehthe main contribution occurs wheh~ By with

1
By d—'afm (weak-coupling phase)
def 1 . .
B, = ——— (strong-coupling phase with mass . 91
C= iz (strong-couplingp gl (91)

In order to simplify our notation we therefore use a single scaling dimension
corresponding to eachwith « = «(By). 2 The newly generated term in the Hamiltonian
can then be written as

3 This approximation becomes exact in the low-energy limit, e.g., in the strong-coupling phasiedoM .
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Hiag(B) = Y &(B: k)(Py (—k) P{ (—k) + P{ (k) P (k)

k>0
+ Py (—k) Py (—k) + P, (k) P; (k)) (92)
with
P, () E'S (@B:k). Pl =S ((Bo): k) (93)
and according to (90)
dw(B; k 4ii%(B
“’;B ) __ - 3?«2((0,)2) (Cos(naz) (ak)? =12 (B; k)

+ 2 sinre?) (ak) " (88/a%) 21 (c?: VBB k))
(94)

with w (B = 0; k) = 0. Using Egs. (42) one can easily cheék, Hyiag(B)] = 0, therefore
Hyiag(B) can be interpreted as diagonal.

3.4.5. Hyes

So far we have not discussed the commutators with the stru[:t/L_JLr@;, i VZJr 1 and
[V1TV2, V1TV2] that are also generated Iy, Hint]. From (51) one concludes that these
commutators contain only thR-term. The operator product expansion in fe¢erm then
generates interactions with the structii€2«) Vo(—2w), etc., that is only terms with larger
scaling dimensions. These interactions are neglected in the present approximation, just
like the higher-order terms in (59). We formally sum up these neglected terms with larger
scaling dimensions iffes.

3.5. Commutatoln, Hgiag]

We also have to study the effect of the infinitesimal unitary transformations on the newly
generated terms (92). An overlap exists essentially only for wavevectors of Brdét.
For notational simplicity we can therefore use the running scaling dimension(B) in
(92) and arrive at the following commutator
du(B; y)
dy

X Zw(B; k)([Vl(a; X)Va(—o; x —y), 81 (e; —k)SI(Ot; —k)
k>0

[, Hdiagl = —Zifdx dy

+ ST (@ 1) Sy (@ k) + Sh(@; —k) S, (a; —k)
+ 8, ST ]+ h.c.). (95)
A typical contribution comes, e.g., from
[Vae: x), 81 (e b)S; (@ 6]
= Vi(e; )1 (@; ) Sy (@; k) — ST (@; k) * Sy (s k) Va(e; x) *
— 81 (ot k) (S (e k) Va(ar: ). (96)
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The first and the second term on the rhs lead to normal-ordered interactions with larger
scaling dimensions and are therefore neglected (or formally containggdn The third
term on the rhs gives rise to interactions of the tyfyg leading to

ou(B;y)
y

x 3 @(B: ) (Valer: 1S~ Va(—a: x — ) S](@: —k))
k>0

[17, Hdiagl — —Zi/dxdy

— V(e 1), (e; K)(S5 (e k) Va(—as x — 7))
+ (Vi(a; x) S (e; —k)>SI(0t; —k)Va(—a; x —y)
— (Sy (@ k) Vae: 1)) ] (@ k) Va(—as x — y) + h.c)

) 1-q27-1/2
2 [asar M0 5 oiwsn| a2 (42)

k>0
x (Vala; )8y (s —k)e F ™) — vy (i x) S, (a; k)e )
ikx

+ ST (a; —k) Va(—a; x — y)e
- SI(OE k) Vo(—a; x — y)e x4 h.c)

or LIk
—47r/dx2a)(B;k)ku(B;k)|:F(a2)T<Z) ]

k>0
x (Vala; x)Sy (s —k)e ™™ + Vi(a; x) S, (a3 ket
+ ST (@; k) Va(—a; x)e™ + S (a; k) Va(—a; x)e ™ + h.c)

a?-1
B ' ) 1 L|k|
= —87L Xk:a)(B, [k]) |k|M(B’k)F(ot2)( o )

X (ST (a; k) S, (@; k) + S5 (ar; k) S, (@; ). (97)

This term has to be compared with (39)

Hint = / dxdyu(B;y) (Vi(a; x)Va(—a; x — y) + h.c)

@?-1

1 (Llk

=27L) :u(B;k)r(az) <%> (ST (s k) S, (a; k) + Sh(@; k) S, (@3 b))
k

(98)

Eq. (97) therefore gives an additional contribution to the previous flow equation (49) and
one finds

a”(alij k) — —4k%u(B: k) — Alk| o (B; [k|)v(B: k). (99)
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3.6. Flow off?

3.6.1. Unitary transformatioaV
We have seen that the term (75)
> wi(B)lkloa(k)o2(—k) d B (100)
k
with
2
32328\ «%(B) ) )
B)=—|—7%5 —————u“(B B); kv/B 101
wi (B) az(a2> 528 =T © ¢ ) f(e*(B): kv/B) (101)
is generated during the flow. This term is not contained in the original sine-Gordon
Hamiltonian. We will now show how this term can be eliminated by an additional unitary
transformatiore? with

U=>"v,(o1(p)oa(-p) — o1(=p)o2(p)) (102)
p>0
with suitable parameteng, [29].
Let us first write down some general properties of this unitary transformation for
generah,. The bosonic fields are transformed according to
e Yo1(p)e” = o1(p) coshy, + o2(p) sinhyy,
e Yoa(p)e? = o2(p) coshy, + a1(p) sinhy, (103)

and vertex operators as

e UVi(a: x)e¥ =€ : eXp|:ot Z COSh\,//,,M e_%lp_i”xal(p)j| :
p
p#0
X : exp|:a Z sinhy,, vipl e_gpl_ipxaz(p):| |
p#0 P
e UVa(a; x)eV =e¢ - exp|:—oz Z coshy, virl eglpipxoz(p)] :
p#0 P
x :exp|:—a23inh1/fp—'|p| eglpipxal(p):| : (104)
p#0 P
where
2 . . e*“'m
C=—a?) sinhy, sinhy_, (105)
p>0
3.6.2.¢ VUHCY

We take the point of view that (100) has been generated infinitesimally by integrating
the flow equations fronB to B 4+ d B. We therefore apply the above unitary transformation
(102) toH
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H(B+dB) — ¢ YH(B+dB)ev. (106)
Let us first investigate the effect dify: for the choice

wp(B)

Yp=——"5—dB. (107)

the transformatione=Y HoeV reproducesHoy and generates an additional term that
annihilates (100). This can be shown easily by using the transformation rules (103). Notice
that terms of ordetzfﬁ and higher can be neglected singgis of orderd B.

Next we have to find the effect of this transformationf@p:(B). Using (104) one finds

e UVi(a; x)Va(—a; y)e

= Vi(a; x): exp[a Z l”p@ egplipyﬁl(lﬂ)] :
p

p#0
x Vo(—a; y): exp|:a Z l/fpM eglpipxaz(p)] ], (108)
p
p#0

where we have again used thias is of orderd B. Using an OPE, we can combine the first
two terms into a vertex operator with a modified scaling dimension, and likewise for the
second two terms. The calculation proceeds along similar lines as in (A18):

Vi(o; x): exp|:a Z I/fp@ eglpipydl(p):| :

p#0

= exp|:a Z @ e%plipxal(p):| exp|:a Z @ e%plipxgl(p)]
p P

p>0 p<0

x exp{ D v 3’""%1(19)]

p>0
X exp|:a Z wp@ e—%Pl—im’(,l(p)]
p<0 P
=e xeXp|: Z\/F —32lpl- ’px(1+1// e PO X))al(p)j|
p>0
xexp|: Z*/F ~2IPl=ipr (1 4y, e TP X>)ol(p)] (109)
p
p<0
where
exp(—ap —ip(x —y))
C=—a? ) 110
o pggl/fp P ( )

From (74) we know thay, falls of rapidly on an energy scale of order'/2. The leading
behavior of the sum is therefore (except for an uninteresting initial transient)
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€= —atyyo " SPAP it =) a1

p>0 p

leading to (compare Eq. (A13))

o <2n @+ix—y) )“2‘””0, (112)
L
Herea = s+/B takes into account the UV-cutoff generated by the decay of the functions
f(a; x) from Fig. 2. The actual value of the proportionality constawill only affect our
results in next to leading order as will be shown later. Still we give its value here for latter
comparison with the three loop scaling results:dér= 2 one finds in a somehow lengthy
calculation
Ty

Ins_In2+Z—§, (113)
wherey ~ 0.577 is Euler’s constant. depends only weakly oa?, therefore we will use
this value throughout. Next

exp[ Z\/F _7|p‘ ’px(l_i_w e —ip(y— X))O-l(p):|

p>0 p
- exp|:cx(1+ Vp=0) )~ AP —ipi-ipe, (p)]
p>0
X exp{i(x —Mayp=0y_Iple 2P 7P oy (p) +O((x — y)z)}
p>0

= Vl((x(1+ 1ﬁp:O)Q x)

x <1+ i —Yay,—0 Y Iple 2717 g1 (p) + O((x — y>2)>

p>0
= V1(a(1+ ¥p—0); x) + more irrelevant terms (114)

up to less singular (more irrelevant) terms. We formally include these more irrelevant terms
(they have the structure of products of vertex operators multiplied by derivatives of the
bosonic field) intoH,es and neglect them from now on. It should also be noted that we
have approximated the flow of the scaling dimension in the vertex operator by restricting
ourselves to the flow in the IR-limi# — «(1 + ¥,—0). At first sight this seems to be a
problematic approximation since the functiofigx?; x) in (74) are nontrivial. However,
the effect of the unitary transformationsasly cumulative on the low-energy scale where
F@x)“=Z"1. Hence it is possible to restrict ourselves to the IR-limit.

Putting everything together we find

Hint(B 4+ dB) —> ¢~V Hint(B + d B)eV

_ <2ns\/E>“2(B)wP°(B)dB

a L
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X /dxdyu(B; y)
x [Va(a(1— 222 4B); x)
x Vo(—a(1— 2220 gB): x — y)+hec].  (115)

Similar to the OPE above we have set- y = 0 in (112), that is we have neglected less
singular terms.

Finally, we have to investigate the effect of the additional unitary transformation (106)
on Hgiag from (92). This is similar to the action on the interaction term, except that here
we find terms of the structure

e UVi(a; x)Vi(—a; y)e

= Vi(er 1) Vi(—a: y) exp[a > v /] eﬁ'l’”’xaz(p)] :
p#0 P

X exp|:—oz Z wPM e%plipyaz(p)] : (116)
p#0 p

and likewise forj = 2. The third and fourth term can be combined using an OPE (A19)

and one easily notices that the only surviving term is a constant 1 since all other terms are

of ordery2 = O(d B?). Hence

Hgiag(B + dB) —> ¢~V Hyiag(B + d B)eV = Hgiag(B + d B). (117)

Summing up, we have looked at another infinitesimal unitary transformation (106) that acts
on the Hamiltonian during the flow equation procedure in addition to the generator (43).
An alternative viewpoint is to say that the full generator of the flow now takes the structure

B.
Mnew(B) = —Zi/dx dy %yy) (Va(a; x)Va(—a; x — y) + h.c)
1
+3 ; wp(B) (01(p)o2(—p) — 01(—p)oa(p)). (118)

3.6.3. Flow equation fop?
From (115) we can read of that the additional infinitesimal unitary transformation
generates a flow in the scaling dimension of the vertex operators

«(B) —> a(B) <1 - “)”ZTO(B) dB)
do?

2
32/32B\1 B 44(B) 5
— ) ( i%(B). (119)

= —wp=o(B)Ol2(B):_ﬁ(? m

We can already see thaf = 1 is a fixed point of the flow equation approach due to the
divergingI'-function in the denominator of (119Jhis will be one of the key results of our
new approach.
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According to (115) this flow of the scaling dimension ningucesa flow of the coupling
constani(B; y)

2
2s /B —a“(B)wy=o(B)dB
u(B; y)—)u(B;y)( 2 )

= u(B:y) <1 — a?(B)wp=0(B) dB |n<2”sL“/§))

B; 2 B
% — u(B: )di| < ”SL‘/—) (120)
The solution is straightforward
[ 2ns\/F
u(B: y)=u(B=0;y) exp(/dB’ e In( ”SL ))
0
B
=u(B=0;y)ex / In Zna 323/
=Uu =UYy p dB/ \/—2
0
2ra \ B =) ;o\ d¥(B)—a?(0)
=u(B=0; — —
oo () 32)
1 [ da? (328
,ac
xexp(E/dB 15 In( e >> (121)
0
Using the parametrization (48)
2
i(B) [(2ma\*®
u(B; p)= 242 <T> v(B; p) (122)

we see that this can be most conveniently expressed as a flow equation fantiireg
coupling constanéi(B) in (122)

o?(B)—a?(0) B 2 /
s 1 da 32B
i(B) = — ~ [ dB Inf— | |. 123
i® =0 755) eXp(Z/ (e )) (42
0
Introducing the dimensionless logarithmic flow paraméter
1 2B
zd—ef—l (3 . ) (124)
a
one can show by partial integration
1 [ da? (328 ;
o _ 2 2
0 0

Using this we can sum up the results of this section in the following two equations:
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s a?(0)—a?(0) £
i) = ug <J—3_2> exp(— 0/ de' o?(0') + a?(t) e), (126)
¢
daz 5 SZ 012(()*052(0) Ol4(£) L o

0
These two equations constitute the key results of this izmrk(127) describes the flow of

the scaling dimension under the flow equation procedure, and from Eq. (126) it follows how
thisinduceghe flow of therunning coupling constarnit(¢). Therefore these equations will
serve as a generalization of the scaling equations derived in perturbative renormalization
theory in Section 2.2. The value of the constain these equations will turn out to affect

our results only in next to leading order.

4. Solution of the flow equations

4.1. Summary of the flow equations

In this section we will sum up the results for the flow of the sine-Gordon Hamiltonian
under the effect of the infinitesimal unitary transformation (118) as derived above. For
generalB the sequencé (B) of unitarily equivalent Hamiltonians takes the form

H(B) = Ho + Hint(B) + Hdiag(B) + Hres(B). (128)
Here
B 1 5, 1(04)\?
Hint(B) = / dxdyu(B; y)(Vi(a(B); x)Va(—a(B); x — y) + h.c), (130)
Haiag(B) = Y _ @ (B; k)(Py (—k) P (—k) + P{ (k) Py (k)
k>0
+ PJ(—k) P, (—k) + P, (k) P} (k)), (131)
with P; (k) given by (93)
(B (LK @02 p
Pj(k) = [TL" <§> /dxe By (—a(Be); x) (132)

and B, from (91). The operatorBj k), P]T(k) will turn out to be the soliton creation and
annihilation operators. They are normalized according to (88). Néfigg(B)|2) = 0.

Hyes contains the neglected terms and will from now on be omitted in our analysis.
At any given B-scale these neglected terms have a larger scaling dimension than the
interaction ternHin(B): they are more irrelevant by at least two spatial derivatives. Notice
that Hyes vanishes fops2 = 4 since then no approximations are made.
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Summing up the differential flow equations for the parametef$ (B) we have
ov(B; k)

5B = —4k2v(B; k) — 4k w(B; k)v(B; k), (133)
awBik) __4(B) 2 20%-1 2 7.
a(Bja®)  T2(a? <C°S(”“ ) (@)™ v (B k)

+ % Sin(naz) (ak)“zfl(BB/az)iaz/zh (052; \/S_Bk))
(134)

for k > 0, andv(B; —k) = v(B; k) symmetric ink. For notational convenience we have
written «( B) without its argumenB in these equationg.(«?; x) has been defined in (84)
and

~ a?(B)
u(B;y)= fofa)z <271’Ta) ;U(B;p)eﬂpy. (135)

The initial conditions areHies(B = 0) =0, w(B = 0;k) =0 andv(B = 0;k) = 1,

whereupon (128) takes the form (18) of our original sine-Gordon Hamiltonianxg:arl

one should in fact be more cautious and start the integration ony=atz?: the above

equations hold only foB > a? since we have usedk| > 1 in our calculation. One can

easily verify that there is no flow of the parameters foe< a2, and the simplest way to

take this into account is to pose the initial condition®at a?.

As we will see later the flow of the parameters is such th@ = oo; k) = 0 for
ﬂg > 27. In this parameter region the Hamiltoni&h(B) from (128) therefore becomes
diagonal withHjnt(B = 00) = 0 in the limit B — oo as expected under the flow equation
procedure

H (B = 00) = Ho + Hdiag(B = 00), (136)
notice[ Ho, Hdiag(B)] = 0.

Egs. (133) and (134) have to supplemented with the differential equation governing the
flow of the scaling dimension (127) and the thereby induced flow of the running coupling
constant (126). It is possible to rewrite (127) in a more conventional form for comparison
with the perturbative scaling approach. Introducing a new function

¢

def PENCEOREC) )
u(®) =u ex ZZ—/dE’a 4 137
0o ) oz [acstr (137)
we can rewrite (127) as a set of two coupled differential equations
dao? a*(0) 5
= = 2w 138
i = Tem-p“" (138)
du 5 T y 1 do?
= =2-« (e))u(z)+(4 -5 2In8) = u(l) (139)

with the initial conditionsu(¢ = 0) = ug and (¢ = 0) = Bo/~/4m. For convenience
we have used the dimensionless flow parameter% In(32B/a?) from (124) in these



542 S. Kehrein / Nuclear Physics B 592 [FS] (2001) 512-562

equations. Notice that the second term in (139) is of oudeand does therefore not
contribute to the leading behavior for smad. Since our present flow equation expansion
has not taken all the terms in orde? into account anyway, we can omit this term and
arrive at

do? a*(0)

— =’ du 2
70~ T _pl O =), (140)

The running coupling constafit¢) from (126) can also be expressed as
i(0) = u(l) exp((@?(£) — 2) ¢). (141)

In terms of the sine-Gordon paramegethese equations take the equivalent form

-2 2
B0 _ L W2(0), "”—(z_”))u(z) (142)

dt  4xT(—1+ B2(0)/4n) de 4
and
2
u(l)=ul) exp<<’347(f) - 2) E). (143)

Finally it is of some interest to expregsni(B) directly in terms of the bosonic fieldl(x)
and its dualo (x) (see Eq. (11)). After a short calculation one finds

(B
Hint(B) = % / dxdyv(B; y)
x cos(ﬁ(B)fdec(e) %(cb(x +O+dl—y+e)

+Ox+e)—Ox—y +6))>. (144)

Since v(B; y) becomes more and more nonlocal during the flow, one sees that the
interaction term of the sine-Gordon model evolves from the original&nér))-structure
to a nonlocal interaction term with the structure

cog(B/2)(¢(x) +¢(x —y) + O(x) = O(x — y))). (145)

It is also possible to expreskiiag(B) in terms ofp (x) and® (x), however, this expression
does not lead to new insights.

4.2. Strong-coupling phase

4.2.1. Fixed points and phase structure

We will now work on the explicit solution of the flow equations (133), (134) and (142).
First we focus on the solution of (142), since knowledge of the flov8 @) andi(B)
is necessary for solving the system of Egs. (133) and (134) latér Brom (142) one

4 Implicitly an assumption about the behaviorafB; k) has been made when deriving (142) in Section 3.4.
One can check that this assumption is self-consistently justified by analyzing the whole system of equations.
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\R /__Z—:"’
0 IR //AE |
0 1 2 3

B’/ 4n

Fig. 3. Scaling flow and the phase diagram of the sine-Gordon model within the flow equation
approach. The strong-coupling phase is to the left and/or above the KT-transitio$li(gashed

line for 2 > 8r), the weak-coupling phase belosy . Notice the main difference as compared to
the perturbative RG flow (Fig. 1): In the strong-coupling phﬂ%e: 47 is a fixed point of the flow
equation approach. The divergence:0f) in the strong-coupling phase is unproblematic within our
approach sincé(¢) in Eqg. (148) remainfinite (see text and Section 4.4 where the actual expansion
parameter of our approach is analyzed).

concludes that there are two possible kinds of asymptotic behavior: gifties) = 4
or B%(c0) > 8r. B2(00) = 4x will turn out to be theattractive strong-coupling fixed
point and valuesg?(oc) > 8n correspond to the gaplesgeak-coupling phaseThese
flows and the phase diagram of the sine-Gordon model within the flow equation approach
are depicted in Fig. 3. The flow in the strong-coupling phase is consistent with the flow
diagram obtained using the Bethe-ansatz [34]. Notice that the fundamental difference from
the perturbative scaling equations (21) is théunction in the denominator of our flow
equation forg—2(¢). Thereforeg? = 4x is a fixed point in our approach which will be
the main difference as compared to perturbative RG. This does not come as a surprise
since the flow of8? followed from higher-order terms in the commutafe(B), Hint(B)]
in Section 3.4. However, fof2 = 47 our interaction term is quadratic if considered as
an interaction term for Thirring fermions (see Section 2.3), and naturally no higher-order
terms can be generated [n(B), Hint(B)]. Another way of saying this is that the flow
in B2 is due to approximations in the flow equation scheme when higher-order terms are
generated. No flow o2 can occur if the flow equations close exactly.

In both phases (¢) remains finite for¢ — oco. On the other hand, one easily checks
thatu(¢) diverges in the strong-coupling phase and vanishes asymptotically in the weak-
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coupling phase. Sinca(¢) has so far only been introduced for rewriting (127), its
divergence in the strong-coupling phase need not worry us here. The question of the true
expansion parameter of our approach will be discussed below in Section 4.4, and we will
see that this expansion parametandsu (¢).

In order to analyze the phase boundaries we can exparic-thiection in (142) around
B2 = 8. In leading order this reproduces the perturbative scaling equations (21)

d=2 u? du B2
e A (149

This approximation eventually breaks down in the strong-coupling phagé(as flows

to 4r: then (146) is not a good approximation for the true flow equation (142) anymore.

Notice the sign difference from (21) becausieom (124) corresponds te In A, therefore

¢ is integrated from O toco. Our flow equation approach therefore reproduces the

conventional two-loop scaling equations if we expand aroffig= 8x. In this way we

also reproduce the hidden SU(2)-symmetry of the sine-Gordon mod%ﬁer&r(l:l: o)

mentioned in Section 2.3, although our approximation scheme does not manifestly

respect this symmetry. Besides showing the consistency of our new approach with the

conventional perturbative RG schemeBat~ 8, we also see immediately that our flow

equations reproduce the Kosterlitz—Thouless phase diagram Fig. 1 of the sine-Gordon

model established with RG: in the limit of small initiad andp3 > 87 (1+uo+O(u3)) we

flow to a weak-coupling fixed point, fg82 < 87 (1 + uo + O(u3)) to the strong-coupling

fixed pointg2(co) = 4. These two phases are again separated by a Kosterlitz—Thouless

type transition alongsg =8r(1+ uo+ O(u%)). For the rest of this section we will focus

on the strong-coupling phase. We will return to the weak-coupling phase in Section 4.3.

4.2.2. Low-energy effective Hamiltonian

One advantage of the flow equation scheme is that we can easily analyze the behavior
of our model with the final diagonal Hamiltoniaii(B = co). However, a simpler kind of
analysis is possible by identifying a low-energy effective Hamiltonian and analyzing this
effective Hamiltonian. This will be done in this subsection. Our results will be confirmed
by the analysis ot (B = co) in Section 4.3 later on, but the identification of a low-energy
effective Hamiltonian allows us to make contact with the conventional scaling picture,
which is very useful for providing a simple coherent description of the flow equation
approach in the strong-coupling phase.

Let us look atH (B) for largeB such that2(B) —4r| <« 1. Then we can approximately
seta(B) = 1 in Hint(B) from (130) and rewrite (128)

H(B) = Heft(B) + Hdiag(B), (147)
where
B 1, 1/9¢\?
Heff(B)_/dx (517 (x)+§<a> )
u(

+

a

B
) > " w(B:i k) (P{ (k) P, (k) + P} (k) Py (K)). (148)
k
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Now for « = 1 the creation and annihilation operataps (k), P;r(k) from (93) obey
fermionic anticommutation relations (A20)

(P1), Py ()} = S0 .

J : 2
One could also rewrite the kinetic terdy in terms of these fermions and would then
arrive at a noninteracting Thirring model (26) with a nonlocal mass term as the low-energy
effective Hamiltonian in the strong-coupling phase. However, we can also analyze the
spectrum of our low-energy effective Hamiltonidf(B) directly by working out the
following commutators

[Pl Pl = {Pik). Pik)} =0, (149)

(B
[Her(B), P )] =k PY )+ 2 (: ) P b,
(B
[Heit(B). P3 (k)] = —k P} (k) + %vw; k) P} (k) (150)

leading to the dispersion relation

~ 2
Ep = \/kZ T <@ v(B; k)) . (151)
a

This dispersion relation describes the single-particle/hole excitation spectrum of the full
Hamiltonian H (B) for momentalk| <« 1/+/B: according to (134) the terms iHdiag(B)
corresponding to such momenta are only generated for even |&igherefore we can
neglect the effect oHgiag(B) for excitations with|k| <« 1/+/B. In this limit we also find

the initial valuev(B; k) = 1 unchanged according to (133). Summing up, in the limit O

the dispersion relation for single-particle/hole excitations in the strong-coupling phase has
the form=+E; with

Ex=vVkZ2+ M2 (152)

and the mass

(€ = 00)

M= (153)

a

Eq. (152) is also the form expected from exact methods using integrability [30]. Eq. (153)
is a key result in this work since it describes the relation between the running coupling and
the generated mass term in the strong-coupling regime.

We observe that the finiteness of the running couplig) in (148) in the limit¢é — oo
is of fundamental importance in the flow equation scheme dirice) sets the generated
mass gap in the spectrum. Via (143) we can also establish the following expression for the
“usual” running coupling:(¢) in the language of the scaling equations (142). In the limit
of £ — oo one finds

u(€) =aMet. (154)

SinceAz « B2 plays the role of an effective UV-cutoff generated by the flow equations,
this means that the dimensionless parametdrs ) diverges simply as the mass divided
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by the effective cutoffi g
M 1
u(B) x o (155)
which allows a simple physical picture of the divergin@) in the strong-coupling phase.
Again, this does not imply the breakdown of our approach sir{@ is not the expansion
parameter in our approach (see Section 4.4 below).

4.2.3. Scaling behavior of the mass gap
We will now analyze the behavior of the single-particle/hole nidss various regimes
and compare this with results obtained with other methods. First we concentrate on the
scaling behavior in the limitg — 0 as this can be derived analytically: according to (154)
it amounts to finding the scaling invariant

1) =e™" f(u(0), B(0)) (156)
with some suitable functiorf («, 82) such that

dI(e)

TR 0 (157)

along the flow generated by (142). Like in the conventional scaling analysis theMhigss
then given by

M o f(uo, BE)/a. (158)
One finds the same behavior as in two-loop order in Section 2.2. For example, for fixed
Bé < 87 andug — 0 one can easily check that(u, #2) = uY/=B/47) gives a scaling
invariant up to terms in second order

i) w©

and therefore
_p2
M x ué/(z Po/4m) /a (160)

in agreement with (22). Likewise one also finds the scaling behavior (23) and (24) since
we could reproduce the perturbative RG-equations (146) in the vicinjff ef 87 within
our flow equation approach.

Since we find agreement in two-loop order, it is of some interest to also compare with
higher loop calculations [20]. For simplicity we focus on the mass gap afarig Fig. 1,
that is forg2 = 87 (1—uo) in the limitug — 0. We write?(¢) = 8z (1—v(¢)) and expand
(138) and (139) up to third order inandv

d
d—z = 2u — 41+ y)u, (161)
du r y 1 3

— =2uv—4(=—-%—-ZIn8 162
ae = (4 2 2" )” : (162)

wherey ~ 0.577 is Euler’s constant. It is straightforward to derive the scaling invariant
from these equations and one finds
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. 1
M o ug exp<—go> /a (163)
with
— %"_”/2 ~ 0.16. (164)

This should be compared with the three loop result (25) [20] with the correct exponent
TRe = 1/2.% We see that the present order of our flow equation expansion is correct up to
two loop order and deviates if compared with three loop RG. This is not surprising since
we have not systematically taken all the terms in orefé¥) into account in the present
order of our flow equation scheme and there are contributions in afdeiissing on the
rhs of (162).

In general no closed analytical solution for the set of differential equations (142) could
be found. Some numerical solutions of (142) are depicted in Fig. 4. Of course the scaling

_In(aM)

2 4 6 8 10
-In u,

Fig. 4. Soliton mas3#/ as a function of the coupling constant for various valuesgnfthe full lines

. , . 1/(2—p2/4 .
are constrained fits of the power law behavidf uo/( Pa/4m from the exact solution Refs. [17]

to the flow equation results (open circles) with the proportionality constant being fitted. The dashed
line is the casejg = 47 where the flow equation approach agrees trivially (see text).

5 The deviation from the result for in Ref. [16] occurs because the term in oraérin (139) was neglected
there.
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behavior (160) is reproduced by these numerical solutions as can be seen in Fig. 4. Finally
for /35 = 47 one can easily prova? = ug/a exactly using the above flow equations as
should be expected since our scheme becomes exact in this case.

4.3. Properties o (B = 00)

Since the flow equation procedure diagonalizes the sine-Gordon Hamiltonian, we can
not only learn something about the mass gap in the spectrum, but analyze the entire
dispersion relation throughout the crossover region. The final Hamiltonian takes the
structure

H (B = 00) = Ho + Hdiag(B = 00) (165)
with

B 1, 1/3¢\?

Hiag(B = 00) = Y _ (B = 00 k) (P, (k) P{ (—k) + P{ (k) P, (k)
k>0

+ PJ(—k)P, (—k) + P, (k) P} (k)) (167)
and P; (k) defined in (93). Notice thdtHy, Hdiag(B = 00)] = 0 andH (B = c0)|2) = 0.
Using (A26) and (87) (see also the reasoning below (89)) and the normalization (88) one

finds the following single-particle/hole excitation spectrunfafB = co):
e Soliton (particle) excitations with excitation energy:

Pl (k)|) fork >0,
PJ(k)|Q) fork <O.
e Antisoliton (hole) excitations with excitation energyEy:
P, (k)|Q) fork <0,
P, (k)|Q) fork > 0.
The dispersion relatiof is given by
Ei = k| + 0 (B = o0; |k|). (168)

In order to findw (B = oo; k) we next have to solve the system of Egs. (133) and (134).
A closed analytical solution has not been possible except for the trivial ,ﬁgase4n
where one reproduces (31) exactly. However, we will see below that the flawy®fk)
from its initial value O taw (B = oo; k) occurs on theB-scaleBy. (91) and is negligible for

B « By or B> B;. We can therefore to a good approximation repla¢B) andu(B)

in (134) by its values foiB = B, and consider them as constants. Also one can verify
numerically that the term in the differential equation proportional t@rmr?) changes the
dispersion relation (168) only in relative order 1% fﬁﬁ* > 4x (for |k/M| <5 it, e.q.,
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affectsw (B = oo; k) less then 2%). In order to gain some first analytical insight we can
neglect it. Notice that this approximation becomes exact in the low-energy limit in the

strong-coupling phase smeé(B) 1. We arrive atk > 0)
dv(B; k)

e = —4k%v(B: k) — 4k w(B: k)v(B; k), (169)
dw(B; k
% — 4kv?(B; k)ek (170)

with

_ cogma®(By)) uz(Bk)I (B2,
2(a?(By)  a?

Now this approximated system of flow equations can be solved easily. One finds for
0>cr > —k?

k= (171)

k
o (B; k) = —k + k2 +cx coth<4k\/k2 +c B+ arccotl‘(\/kzi)), (172)
+ ¢k
and forc;, >0
k
w(B; k) = —k +Vk%+ ¢, tanl'<4k\/ k2+cr B + arctanr(\/kzi)). (173)
+ ¢k

In both cases one obtains

w(B=00;k)=—k+Vk?+c. (174)

In the casecy < —k? the solution forw(B; k) diverges asB — oco. For small initial
couplingsug this scenario can according to (171) only occurddtB = 0) < 1/2. This
just defines our permissible range of parameﬁérs 27 as mentioned above. From (172)
and (173) we can also read of the justification for our above approximation in the system of
differential equations: nearly all the flow from(B = 0; k) = 0 tow (B = oo; k) occurs on
the scaleB ~ [4k+/k2 + cx]~1 ~ By with By from (91). One can verify numerically that
for ﬂg > 4 and |k| < 3i(co0)/a the solution (174) of the approximated flow equations
agrees to within 20% with the full numerical solution of Egs. (133) and (134) and becomes
exact forlk| < i (o0)/a.

Putting everything together the dispersion relation is

2 2 1 (B) 2(By)-1 ’
Er=.lk —COiTL’O{ (Bk)) m P |ak|0‘( 13 . (175)

In the low-energy limit the dispersion relation (175) takes different forms in the weak- and
strong-coupling phases:
e Weak-coupling phase: heeg(B = o) > 2 and we find follk| < ii(c0) /a

2
= Ikl \/1 — COS(ﬂotz(oo)) (m l;(OO) |ak|°‘2(°°)2) s (176)

that is a gapless spectrum with = |k| for k — 0.
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e Strong-coupling phase: hes€ (B = oo) = 1 and we find fork| < ii(co)/a

~ 2
Ex= K2+ (”(oo)> . (177)

a

This agrees with the result (152) obtained from the effective Hamiltonian analysis
in Section 4.2.2, that is we find a gapped spectrum with the Wassii(c0) /a.
One can verify numerically that in the strong-coupling phase ﬁ§r> 47 the full
dispersion relation obtained by solving (133) and (134) is very accurately described by
Vk? + M? even in the crossover region: in the small coupling lifni§| < 1 there are
Bo-dependent universal corrections in the crossover regienO(M) that vanish for
B2 — 4 and reach at most 3% (fg82 = 87).° The respective scaling forms of the
dispersion relation are depicted in Fig.

o

5 T T T T 5
o 4 4
5 3 3
s 2 2
o 1

0 0

E, /M, o’(B)
O =<2 N W-ho
O =<2 N W MO

E, /M, o’(B,)
O =2 N WAoo
E, /M, &’(B,)
O -2 N WA~

2 3 3
k/M k/M
Fig. 5. Universal scaling limit for the dispersion relatifp and the scaling dimension of the soliton
excitations obtained by numerical solution of (133) and (134): the full lines dépicthe dotted

lines v'k2 + M2 for comparison, and the dashed lines the scaling dimemsﬁ()Bk) corresponding
to the resp. wavevector.

6 Such small corrections might be expected from the exact results for the one-dimensional spin-1/2 XYZ-chain
in Ref. [30], where the form (177) holdsxactly also in the crossover region. However, a strict comparison
with [30] is difficult since there are nontrivial renormalization subtleties in mapping the continuum sine-Gordon
model to the discrete spin chain (in this context see, e.qg., Ref. [31]).
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1.8

1.6

1.4 -

o’(B,)

0.8 r R

10" 10° 10
k/M

0.6 ' '
107 10™ 10

0 3 4

10

Fig. 6. Universal curves for the effective scaling dimensw’ﬂBk) corresponding to a soliton
excitation with wavevectok in the strong-coupling phase. The curves are from top to bottom for
,38 =8, 77, 67, 51, 47, 3.

Notice that according to (93) the scaling dimension of our single-particle/hole excita-
tionsvariescontinuously along these dispersion curves, see Figs. 5 and 6. This describes
the “dressing” of the single-particle/hole excitations with interactions, leading to a change
in statistics. In the strong-coupling phase one finds the initial scaling dimeag®)rfor
excitations with large momenté| > M, and the low-energy effective Thirring fermions
with a(c0) = 1 for small momentdk| <« M. This is consistent with the exagtmatrix re-
sults by Zamolodchikov [18] discussed in Section 2.3. Also notice that our elementary ex-
citations in this section are described with respect to a transformed basig&iBce co)
andH (B = 0) are related by a complicated unitary transformation.

Finally let us look at the solution of Egs. (133) and (134) for initial paramﬁél% 7.

We have seen above that the differential equation«foB; k) leads to divergences for
k— 0 if oz(z) < 1/2.7 In other words the c@go¢ (x))-term becomes too relevant for
our flow equation approach in its present form ﬂ§r< 27. This is the reason why the
parameter space of the sine-Gordon model that we can deal with in this pagsricted

71n fact the sifira?)-term in (134) already leads to IR-problems &ﬁ < 1. The source of this problem is
related to the breakdown ag =1/2 and can be resolved in a likewise manner as will be shown in a subsequent

publication: the sitira?)-terms turn out to be generally unimportant and we can safely neglect them in our
present discussion also fag <1.
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to /6(2, > 2r. In the interval Z < /35 < 4 our approximations become exact in the limit
ﬁg — 47 and, according to the observations above, eventually break dovﬁgfaan.

We will investigate the accuracy of our approximations in more detail in the following
section.

4.4. Approximations and expansion parameter

Both during the flow and for the analysis of the final diagonal Hamiltonian we have
neglected the terms iles(B) in (128). For any givenB-scale these terms are more
irrelevant by at least two spatial derivatives than the interaction t&ga(B). Our
approximations are therefore similar to the expansions in renormalization approaches.
To judge the accuracy of our approximations in more detail it is important to study the
prefactors of these terms, that is to find the expansion parameter of our approach. Since
Hint(B) is treated as the perturbing term, we can do this easily by comparing itHgith
e.g., from the dispersion relation (175) one sees that on the momentuni dbaleffect
of Hint(B) as compared télp is

|ak|?*(BY) i(By) /a
k]

2—a?(By)
m) ' =u(By), (178)

o it (By) (—

a
where we have used (141). Not surprisingly the expansion parameter seems to be the
running coupling constani(B) like in perturbative RG. According to the systems of
differential equations (142) this is good news in the weak-coupling phase siie
decays to zero on small energy scalBs+{ oo). However, in the strong-coupling phase
u(B) diverges according to (154).

Still our method is a systematic approximation even in the strong-coupling phase
since our solution becomesxactfor 2 = 47. As we have seen in Section 3, our
system of flow equations closes f6f = 47 («? = 1) andno higher-order interactions
are generated during the flow. Therefdigs(B) vanishes identically on this line. This
remarkable observation is our main difference from perturbative RG. It is in fact even a
trivial observation since according to Section 2.3 the sine-Gordon Hamiltonian becomes
equivalent to a noninteracting Thirring model 6% = 4. And a quadratic Hamiltonian
can easily be solved exactly with our scheme of unitary transformations.

Therefore the true expansion parameter of our methogégssarilysome product of
u(B) and («?(B) — 1). Additionally, since the vertex operators become trivialumber
terms fora? = 0, the expansion parameter also contains a t@fB): one can check
explicitly that the leading terms ifes(B) contribute like

2(B) E'u2(B)a®(B)(«2(B) — 1). (179)
In this context also compare our analysis in Section 3.4.3 where we have seen in (75)
that theR-term (that we had to treat approximately) vanishes linearlydikex2 — 1) as

2 2

ac— 1lorac— 0.
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This dimensionless combinatiog( B) is therefore the expansion parameter of our
schemé and has to remain small throughout the entire flow in order to have a systematic
and controllable approximation.

In order to verify this let us first investigate how?(B) — 1) vanishes forB — oo in
the strong-coupling phase. We defing@) dzefoez(Z) — 1 and approximate (138) for large
yielding

€O _ _oya?m? e, (180)
de
which can be solved easily leading to
M2
ew)ze@mem{—wz) @”—e”%} (181)

This very fast decay fof — oo avoids a divergence in our expansion paramgtéyr

@ o=
2

For the full flow of g(¢) one finds universal curves in the small coupling limjt— 0 that
depend orﬂg. Numerical solutions for these universal curves are shown in Fig. 7. The fact
that one finds universal nonvanishing curvesﬁé’r;é 47 means that there are nonzero
corrections to our present approximations even in the liit> 0. This is not surprising

gmamew{%— (182)

0.25 T | T | T | T
0
L Bz s i
B =7n
S 025 B=6n -
> B2 - 51
2
B =4n
L A i
B =T7m/2
2
[32 =3n
-05- B =512 -
-0.75 - | | | —
-6 -4 -2 0 2

I+In(aM)

Fig. 7. Universal curves for the expansion paramgtéy of the flow equation approach (179). The
curves are from top to bottom fqﬁg =8, 77, 6m, 5, 4r, 77 /2, 37, 5 /2. Notice thatg (¢) = O for

ﬁg =47 since then our approach is exact.

8 Also the combinatiorg (B) u(B) appears, but this does not make any difference for our analysis.
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due to the strong-coupling nature of our model. A precise statement about the actual size
of the errors is difficult since this depends on unknown prefactors with whi€henters.
However, it is encouraging to observe that¢)| remains relatively small throughout the
entire flow for allﬁg > 47 . Higher-order corrections can therefore be expected to be small
and are systematically obtainable in an expansion that takes more and more irrelevant terms
into account in our flow equation procedure.

Finally, for ﬁg < 4 the maximum in|g(€)| grows rapidly a58§ becomes smaller as
can be seen in Fig. 7. The error of our approximation therefore becomes Ia;@je*—a@,
which agrees with the observation in Section 4.3 that our present scheme actually breaks
down forﬁg < 27. This is not unexpected since the perturbing(Bggx))-term becomes
more and more relevant for smgh.

5. Conclusions

In this paper we have developed a new approach [16] for solving the quantum sine-
Gordon model (20)

(1 ) 1<a¢)2 u S[
H(B:O):/dx ) +Z(—=) +—co ,deec(e)¢(x+e):|
2 2\ ox wa?
(183)

by means of infinitesimal unitary transformations as introduced by Wegner [2] and Gtazek
and Wilson [3,4]. Within an approximation that neglected operators with larger scaling
dimensions (more irrelevant terms) we obtained a flow that unitarily linked the initial
Hamiltonian (183) to a diagonal Hamiltonian

o 1, 1/0¢\°
H(B_oo)—/dx<§17 (x)—i-é(a) )

+ Y w(B = 00 k)(Py (—k) P{ (—k) + P{ (k) P, (k)
k>0

+ P (=k) Py (—k) + P, (k) P} (k). (184)

Here theP; (k) are soliton and antisoliton creation and annihilation operators as defined
in (93). Their dispersion relatiott E;, was calculated in (175). In the small coupling limit

lu| < 1 we foundEy = v'k2+ M2 (with very small deviations from this form) in the
strong-coupling phase, and a gapless specttyms |k| in the weak-coupling phase. In the
strong-coupling phase, our low-energy solitons and antisolitons are fermionic (compare
Fig. 6) as known from the exastmatrix solution [18]. Within our approach their maks

can be obtained by the solution of the flow equations (142)

dp=2(0) 1
dt  4xT(—1+ B2(0)/4n)

du _(, B*O
= (2— = ) u(l) (186)

u?(0), (185)
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via the relationM = e~‘u(€)/a in the limit £ — oo. The above equations have to be
integrated from their initial values fdr= 0 to ¢ = co. Our results for the scaling behavior

of the mass agree with exact methods and the two-loop scaling analysis (compare Fig. 4).
We also reproduce the phase diagram of the sine-Gordon model in our approach (see Figs. 1
and 3).

Our equations (185) and (186) are similar to the two-loop RG equationsef@Ept
for the I'-function in the denominator of (185) that makg%= 4z an attractive strong-
coupling fixed poinbf the flow equation method (see Fig. 3). This is the main difference
between our approach and perturbative RG. Since the sine-Gordon mog# fods
can be interpreted as a noninteracting Thirring model, our flow equation procedure
becomes exact at this point and diagonalizes the ensuing quadratic Hamiltonian easily.
The expansion parameter of our approach is therefota (¢) (notice thatu(¢) diverges
in the strong-coupling phase as in perturbative scaling), but according to (179) the product
g(0) = u?() (=1 + B2(0) /4m)(B?(£) /4m). g(¢) remains small throughout the entire flow
for g2 > 4n (compare Fig. 7). This allows aystematidmprovement of our present
approximations by successively taking terms with larger scaling dimensions into account
in our flow equation procedure. Furthermore, it allows us to conclude that our present
approximation already provides a good description of the crossover region, which is
notoriously difficult to study with other techniques. For example, we worked out the
dispersion relation of the single-particle/hole excitations for all momenta in Fig. 5. Notice
that higher-order terms in our expansioannotendanger the stability of the strong-
coupling fixed point.

As can be deduced from Fig. 7, our approximations become less accurgte$ofs
and eventually our present approach breaks dowfos 2 (Section 4.3). In addition,
the bound states present in the spectrump®k 47 according to the exact solution are
absent in our solution. These bound states will be generated by interactidhssithat
are not included in our present approximation. Work on these issug8?fer4s is in
progress.

To summarize, we have obtained an explicit approximate relation between the strong-
coupling problem (183) and its diagonalized form (184) without using the integrable
structure of the model. The method presented here provides a theoretical tool that is
capable of achieving this in a systematic expansion throughout the crossover region.
We have been able to carry out this program completely#®e= 47, and obtained
first results forg2 < 4z (where more work remains to be done, e.g., regarding the
bound states). Our approach is conceptually simple since a small parameter is iden-
tified and used as an expansion parameter. It is therefore possible to study noninte-
grable perturbations with our approach, and the calculation of correlation functions also
seems feasible. Finally, there are various other one-dimensional strong-coupling prob-
lems, as for example the Kondo model, where the present approach should be use-
ful [32].
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Appendix A. Properties of vertex operators
A.1. Operator product expansion

This appendix compiles some important properties of vertex operators. For a review of
these properties see also Ref. [33].

We first want to establish a relation between the normal-ordered and the non-normal-
ordered vertex operators. By definition

Vi(es 1) & eXp( Z\/F i (p)):

p#0

ool £ )

p>0
x exp( PR "’ em8IP=irg (p)) (A1)
p<0
and next we can use the formula

eA eB =€C/2€A+B (A2)

with C =[A, B] sinceC is a number and commutes with bothand B:

|: ZW —5lpl—ipx ; )“ZW —5lql- th(,( ):|

p>0 q<0
—alp|
—a?y (A3)
p>0 p
The sum ovey yields
C =—d? In(l - e_zm/l‘) (A4)

and in the thermodynamic limit — oo

c— _a2|n<?). (A5)
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Therefore
Vi(a; x) def, exp(:l:a Z Me%"”'pxdj(p)) :
p#0 P
a?/2 /_
- <2L) exp( D lp eI, (p)> (A6)
ra p#0

An important property of the Fourier-transformed vertex operators (78) is their action on
the vacuum

Vi(a; —k)|Q2) = Vi(—a; k)|R2) = Va(a; k)|2) = Va(—a; —k)|2) =
Vk > 0. (A7)

This is shown easily, e.g.,

Vi(—a: k _i —ikx .
1(—a; )|Q>—2n dx e " Vi(—a; x)|2)

——/dx —ikx eXp( Z\/]l? ~alrl=- ””‘(H(p)) 12). (A8)

p>0

One expands the second exponential and arrives at terms with the structure

/dx e~ ixk+p1t+pn) _ (A9)
sincek, p1, ..., p, > 0. Therefore

Vi(—a; k)|2) =0 (A10)

for k > 0 and the analysis for the rest of (A7) proceeds likewise.
Next we want to want to evaluate expectation values for products of vertex operators.
We look at the product

Vila; x)Vi(—a; y)

= eXlO(a > eXp(_i\/'%_ v x)al(p)> eXp<—cx > exq_f}%_ P X)Gl(P))

p>0 p<0
exp(—5lql —iqy) exp(—5lgl —iqy)
X eXp(—a > o1(9) | expla ) o1(q)
) Vgl s Vgl
(A11)
and commute the second and third exponentials using the formula
efel = eCelet (A12)

with C =[A, B] since agairC is a number and commutes with bothand B:
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exp(—5|pl —ipx) exp(—5lgl —iqy)
C=|-a) —ay
[ ’ Vipl oup. —e V4l Ul@]

<0 q>0
=a22 exp(—alg|+iq(x —y))
0 q
q>
=—a?In(1—¢ 7 (x i), (A13)
In the thermodynamic limiL. — oo this gives
0{2
o <£) . (AL4)
i(y—x)+a
Therefore
2
. o Lj2m \* exp(—5|pl —ipx)
Vi(e; x)Vi(—a; y) = (i(y ) +a> eXp(“Z% NiTl Ul(P))
exp(—5lql —iqy)
x exp| —a 01(q)
( q;) vl )
exp(—5|pl —ipx)
x exp| —« o1(p)
( ,; vipl )
exp(—5lql —iqy)
x exp| « o1(q) | (A15)
( ;) V4l )

From this we obtain the expectation value

2
_ o L/2n ¢
(Vila: x)Vi(—a: y)) = <7i(y o +a) . (A16)

A similar calculation can be done féf(«; x) and the only difference is the exchange of
x andy in the denominator

2
. N L/2w ¢
(Vz(ot, x)Va(—a; y)) = <7i P a) . (A17)

The operator product expansion (OPE) for vertex operators can be deduced from (A15)
Vi(a; x)Vi(—a; y)

B L/2w o exp(— zlpl) o=iPX _ gmipy
_(7i(y—x)+a) exp( N e "")o1(p)

p>0

y exp(—cx Z expi/mzlpl) —ipx _ eipy)Ul(P)>

p<0

2
L/2 o p .
= (7/ i ) exp(—ia(x—y>§ e‘f"’"""¢|p|a1<p>+0(<x—y)2)>

i(y—x)+a o,
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X exp(—ia(x —) Y e 2P fiplo(p) +O((x — y)z))

p<0

o?
= (i) <1+ ia(y —x) Ze_%‘pl_ipx\/mal(P) +O((x — y)2)>.

i(y—x)+a 0
(A18)
Higher order terms in the OPE can easily be deduced using the above scheme. These terms
are less singular as— y, or, in the language of renormalization theory, they have a larger
scaling dimension (are more irrelevant) and can be expressed as spatial derivatives of the

bosonic field.
A similar calculation forVa(a; x) gives

Va(a; x) Va(—a; y)

0{2
= (ﬁ) <1+ ia(x —y) ) e 3PP /Iploa(p) + O((x — y)2)>,

ix—y)+a 0
(A19)
again the only difference is the exchangecaindy.
It is well-known that fora = +1 the vertex operators describe fermion creation

and annihilation operators. This can be checked easily by using the OPE (A18) in the
anticommutator for the special cage= 1

{(Vi@: x), V(=1 y)}

_( L/2x N L/2x )
" \iy—x)+a ix—y)+a

X (1+ ia(y —x) Zef%‘plfipx\/mal(l?) + O((x - )’)2)>

p#0

Z0L5(x—y) (1+ ia(y —x) > e 8PP /1pl o1 (p) + O((x — y)z))
p#0

=L&(x—y) (A20)

in the limit « — 0. All higher-order terms in the OPE vanish in this limit. Likewise one
finds

VAL ), Va(L )} = {Va(=1: x), va(=1; »} “Z°0 (A21)

and the same relations fob(+1; x).
A.2. Exchange relations

Let us look at the commutation relation of vertex operators in momentum space. These
are worked out in the following for general For simplicity we only consideVi(+«; x),
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the calculation foW2(+«; x) proceeds along similar lines. From the definition of the vertex
operators one easily verifies the following relation

[—i(y —x) +a]*’
[i (y = x) +a]**
For large distancels — y| > a the coefficient can be well approximated by

Vi(—a; x)Vi(a; y) = Vi(a; y)Vi(—a; x). (A22)

cogrwa?) +isgnix — y) sin(wa?), (A23)
whereas for small distances it becomes equal to 1. Now for small distances the operator
product expansion for the two vertex operators can be used and it is then possible to write
generally for allx — y
Vi(—a; x)Vai(e; y) — OPHx — y)
= (COS(TL’(XZ) +isgnx —y) Sin(naz))(Vl(a; y)Vi(—a; x) — OPHx — y)).
(A24)
For our purposes here it will be sufficient to look only at the leadimgyimber term in the
OPE (higher-orders can easily be taken into account if necessary). This is equivalent to
subtracting the ground state expectation value on both sides (50). Notice that our relation
“closes”
#Vi(—a;x) Vila; y)x*
= (Cos(naz) +isgnx —y) Sin(naz)) * Vi(a; y) Vi(—a; x)x%
= (Cos(rr(xz) +isgnx —y) Sin(mxz))
x (cos(naz) +isgny —x) Sin(naz)) s Vi(—a; x)Vi(a; y)*
=xVi(—a; x)Vi(a; y) *. (A25)
In terms of Fourier components (78) this reads-(0)
*Vi(—a; k1) Vi(a; k2)*

1
=5 D Vi@ ka+ p)Va(—s ka+ p)
p

x /dx ¢'P* (cogma?) + i sgnx) sin(ra?))
= coqma?) * Vi(a; k) Vi(—a; ky)*

2 1
. 2\ <
+Sln(7'r(x )nn§:02n+1

2 2
X [*V1<a; ko — %(Zn + 1)) V1<—a; k1 — Tn(Zn + 1))*

2 2
— >|<V1<a; ko + %(2}1 + 1)) V1<—a; k1 + %(Zn + 1))*:|
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= cogra?) x Vi(a; ko) Va(—a; kp)*

1, 1
—;SIH(na )Re/dqq+ie

* Vi(a; ko + q)Vi(—a; k1 + q)*

1 . 1
=—= Im[e”“"2 / dq — % Vi(a; ko + q) Vi(—a; k1 + q)*:| (A26)
g q+ie
in the thermodynamic limit with limy o being understood. Likewise
*Vi(a; k1) Vi(—a; k2)*

1 . 1
=—= Iml:e”“)‘2 / dq — % Vi(—a; ko + q)Vi(a; ky + q)*:|. (A27)
g q+ie

Notice that these relations close Arspace in the same sense as (A25). They are only
“simple” for integera? when the vertex operators behave as bosons or fermions: then the
term proportional to sifir ) with its summation over wavevectors vanishes.
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