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Introduction

One of the fundamental problems in condensed matter theory is the analysis
of many-particle systems. Though the basic features of most systems can be
modeled in one- and two-body interactions, there also exist collective excitations
which can only be described in a many-particle framework. Another difficulty
appears in the case of strongly correlated systems: While for weak correlations
mean-field or perturbative approaches lead to quite accurate results, these usually
fail for strong-coupled systems. There is great interest in analytic tools that allow
studying both many-particle phenomena and strong correlations. Unfortunately
most analytic methods (e.g. the Bethe ansatz) are restricted to integrable models.
By using the flow equation approach we are able to study the properties of strong-
correlated systems in a controlled systematic expansion, even for nonintegrable
perturbations. Though the ground state properties of these systems can often
be derived by assuming a constant density of states, the properties at higher
energies can usually only be accessed by taking the full density of states into
account.

In this thesis the Kondo model with nontrivial density of states will be in-
vestigated. The latter describes the coupling of a conduction band to a single
magnetic impurity. Another interesting application is the dynamical mean-field
theory (DMFT): Within DMFT correlated lattice problems are reduced to an
Anderson impurity or a Kondo model with nontrivial density of states.

Though there has been large theoretical activity on this topic during the last
decades, a complete analytic description is still missing. In 1964 Kondo could
show using perturbation theory that for a constant density of states the resistivity
of such systems diverges proportional to In(kgT) at low temperatures. Though
this result implicates the existence of resistance minima at low temperatures as
observed in earlier experiments, including higher order terms did not lead to a
convergence. It turned out that the calculation is only valid for temperatures
larger than the Kondo temperature, which is given by the typical low energy
scale of the system. (In earlier publications the Kondo temperature was also
defined as the temperature at which Kondo’s solution diverges.)

In a series of subsequent publications Anderson et al. (1969-1970) could show
using perturbative scaling that for antiferromagnetic coupling of the impurity
spin to the conduction band the coupling constant (constant density of states)
grows continuously and eventually diverges. Though this calculation is also valid
for temperatures lower than the Kondo temperature, the solution cannot be
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considered as a consistent description due to its divergence.

Also nonperturbative methods have been developed or extended to study the
Kondo model like Wilson’s numerical renormalization group (NRG) in 1975 or
Bethe ansatz techniques (1983). Though these methods were able to describe
the properties of the Kondo model with constant density of states in a satisfying
way, the extension to nonintegrable perturbations was either impossible due to
the construction of the method (Bethe ansatz) or could only be done in a purely
numerical way (NRG).

To fill this gap we will use Wegner’s flow equation method to study the Kondo
model. The Kondo model with constant density of states has already been solved
by Hofstetter and Kehrein (2001): In the strong-coupling regime the Hamiltonian
of the anisotropic Kondo model (constant density of states) can be mapped to
an effective low energy Hamiltonian of the noninteracting resonant level model
(RLM), which can be solved exactly. In this thesis we will extend the latter
solution to nontrivial densities of states by separating the coupling function in a
momentum independent part (corresponding to a constant density of states) and
a second part containing the momentum dependency as a small (nonintegrable)
perturbation. We will show that by using the flow equation method we are
able to map the Hamiltonian of the Kondo model with nontrivial density of
states to an effective low energy Hamiltonian with constant density of states. In
the strong-coupling regime the latter Hamiltonian can again be mapped to an
effective RLM-Hamiltonian and thereby solved exactly.

Remarkably this calculation provides the first systematic analytic description
of the Kondo model with nontrivial density of states. In contrast to earlier
approaches the correct low temperature properties can be derived.

Outline

In Chapter 1 we introduce the Kondo Hamiltonian, which will be the subject of
this thesis. We will also give a brief introduction into the bosonization of 1-D
fermion systems (essentially based on a recent review) and present the main con-
cepts of the flow equation approach. We will also briefly review the connection
between the density of states and the hybridization function in the Kondo model.

The flow equation solution of the anisotropic Kondo model with momentum
independent couplings will be reviewed in Chapter 2. We will show in detail
the bosonization of the model Hamiltonian and its diagonalization using the flow
equation method. The interaction will be rewritten in terms of vertex operators
with a scaling dimension that depends on the longitudinal coupling. We will
show that (for not too large initial couplings) the scaling dimension always flows
towards the Toulouse point and that in the strong-coupling regime the latter is a
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fixed point of this approach. Furthermore the used operator product expansions
become exact at the Toulouse point, thereby avoiding the usual strong-coupling
divergence.

In Chapter 3 we will extend the earlier flow equation solution of the anisotropic
Kondo model for constant densities of states to nontrivial ones. This chapter pro-
vides the original part of this thesis. We will separate the Hamiltonian into a part
with constant couplings and another one containing the momentum dependency
as a small perturbation. Thereby only the additional flow induced by the latter
corrections has to be derived.

The derived flow equations will be analyzed in Chapter 4. We will discuss
the effect of a small change in the density of states for systems with nonzero
densities of states at the Fermi level. Furthermore we will shortly discuss large
corrections and also solve the Kondo model with constant density of states using
its fermionic representation.






1 Model and method

1.1 The Kondo model

In the 1930s resistivity minima were found in certain “pure” nonmagnetic metals
at low temperatures. Though it turned out soon that this effect was caused by
a small amount of magnetic impurities, the theoretical description took its time.
Using the Kondo model (originally introduced by Zener in 1951 [1])

H = ZGP pacpa+ Z S Cpaaaﬁcqﬁv (11)

P,q,2,3

Kondo showed in 1964 [2] that for small antiferromagnetic couplings and a con-
stant density of states (implying J(p, q) = J) the resistivity calculated in pertur-
bation theory diverges proportional to J*In (kgT/D) at low temperatures. Here

(T) are the creation and annihilation operators for the Bloch states of wave-vector
k and spin «. S denotes the impurity sp1n—§ operator, 0,4 is the Pauli operator
for conduction band electrons, kg is Boltzmann’s constant, L is the system size
and D is the system band width [3]. Please note that the Kondo model can
be derived from the Anderson impurity model by the Schrieffer-Wolff transfor-

mation [4] (see also Section 1.3). The exchange is assumed to be SU(2)-invariant.

The Kondo model (1.1) describes the coupling of a magnetic impurity to a
conduction band (see Fig. 1.1). While the latter is represented by the kinetic
energy term the impurity only enters the Hamiltonian via the interaction part.
In the Kondo regime the impurity level is singly occupied and its ground state
is degenerate due to the spin degree of freedom. The Hamiltonian is constructed
in such a way that it does not lead out of this subspace. There exist two possible
interactions: the spin of the scattered conduction band electron can flip (spin-flip
scattering) or it stays unchanged (longitudinal scattering). It turns out that the
so-called Kondo effect (the existence of a resistance minimum) is induced by the
spin-flip scattering of the conduction band electrons at the impurity site, leading
to the creation of a spin compensation cloud surrounding the impurity site and
screening its induced magnetic moment.

In a subsequent series of publications ([5],[6] and [7]) Anderson et al. were
able to obtain the correct low temperature physics of the Kondo model using a
perturbative scaling approach. But in the antiferromagnetic case the coupling
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int

magn. impurity conduction band

Figure 1.1: Coupling of a magnetic impurity to a conduction band.

constant grows continuously and eventually diverges. Thereby the transition be-
tween weak- and strong-coupling cannot be studied in a consistent way by using
this method. Nonperturbative methods like Wilson’s numerical renormalization
group (NRG) [8] and Bethe ansatz [9] led to a quantitative understanding of
the strong-coupling regime. For a complete introduction into the physics of the
Kondo model see e.g. [10].

Most analytic methods require the integrability of the Kondo model. Using the
flow equation approach we are also able to study nonintegrable perturbations,
which provides the main motivation for this work.

In the following we will use the anisotropic Kondo Hamiltonian

J)(p,
H = Zepc;acpa—i- Z wq)aozﬁcqﬁsz%—

joe’ P,q,,0
J1(p,q) _
+ Z o (c;aazﬁcqﬁs + he.), (1.2)
D,q,0,8

which is a generalized form of Eq. (1.1). As pointed out by Toulouse in 1969
(11}, for J =27 (2 — \/5), Jy > |J1|, (the so called Toulouse point, Jj; 1 (p,q) =
Jjs1) the Kondo model is equivalent to the noninteracting resonant level model
(Anderson impurity model without spin), which can be solved exactly. Its low
energy scale is given by the Anderson width of the resonant level. The latter
provides a suitable definition of the Kondo temperature as the typical low energy
scale of the system.

Sometimes the Kondo temperature is also defined as the temperature of the
resistivity minimum. But this definition takes the influence of phonons (and
possible other excitations) on the resistivity into account, which are not included
in the Kondo Hamiltonian.

To avoid the typical strong coupling divergence (see e.g. [5]), we will use a
partial bosonized form of Eq. (1.2) to analyze the properties of the Kondo Model.
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We will also show below that the Toulouse point is a fixed point of our approach.

To solve the Hamiltonian (1.2) we will use the flow equation solution of the
anisotropic Kondo Hamiltonian with momentum independent couplings
Jy/L(p,q) = JyjyL by Hofstetter and Kehrein ([12],[13]) and calculate the correc-
tions for a nontrivial density of states in terms of a small “perturbation” propor-
tional to Jj;1 (p,q) — Jj;.(0,0), which vanishes at the Fermi level.

1.2 Flow equations

It is an attractive goal to solve physical problems by the explicit diagonalization
of the system Hamiltonian H. We will transform the Hamiltonian by a series of
unitary transformations:

H(B) = U(B)HU'(B), (1.3)

where H(B = o0) is the diagonalized Hamiltonian, H(B = 0) = H the initial
Hamiltonian and U(B) an unitary operator (UT(B) = U~1(B)). The flow param-
eter B determines the sequence of the transformations. Here we will use the flow
equation approach introduced by Wegner (1994) [14] (independently introduced
in 1993 by Glazek and Wilson, similarity renormalization scheme [15]).

The unitary transformation is constructed by using the differential formulation
of Eq. (1.3):

= [U(B)vH(B)L (14)

where n(B) = —n'(B) is an anti-Hermitian generator. Using the ansatz [16]

dU(B)
n(B) = WUT(B) (1.5)
one finds
BE — wmHB) +HBYB)

(1.3),(15) dU(B)

dB
+U(B)HUT(B)U(B)%
d
= = (U(B)HU'(B)). (1.6)

The integration of Eq. (1.5) leads to
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U(B)

H(B=0) H(B)

Figure 1.2: Schematic flow of the Hamiltonian

B

U(B) =Tgexp /n(B)dB , (1.7)

where we introduced a B-ordering operator T that commutes all generators
n({B;}) to the left of all other generators n(B;) with B; < B; and vice versa for
T ;. Please note that since

UY(B) = T}, exp /nT(B)dé = T} exp —/n(B)dB =UYB), (1.8)

U(B) really is an unitary transformation.

The main idea is now to construct n(B) in such a way that U(B) eliminates all
couplings between states with energy differences larger than |Ae| oc B~Y/2. Fig.
1.2 shows schematically the flow generated by U(B). The off-diagonal matrix
elements connecting states with large energy differences are eliminated before
dealing with small energies, thereby making the Hamiltonian increasingly band-
diagonal.

Starting with the Hamiltonian
H(B) = Ho(B) + Hin(B), (1.9)

where Hy(B) is the diagonal part of H(B) and H;,;(B) the “interaction”, Wegner
chooses the anti-Hermitian generator

n(B) = [Ho(B), Hint(B)]. | (1.10)

E.g. for potential scattering one can rewrite the operators in a simple matrix
representation:

1= (N)pq and H = (h)pq. (1.11)
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The reader easily shows by calculating the matrix-products that

Nlpg = (ep — €g)hpq (1.12)

is fulfilled. Here €, = h,, was defined. The flow equations for the matrix elements
of the Hamiltonian are given by:

thpq = —(Ep — Gq)2hpq + Z (Gp + €q — 2€k>hpkhkq' (113)

k#p,q

In the case €, # ¢, the first term (induced by the commutator [n(B), Hy(B)])
corresponds to an exponential decay of the matrix element.

One can also show [14] that with the above choice Eq. (1.4) is a generalization
of the Jacobi method for diagonalizing matrices and that

d

d—BTT H?,
is fulfilled. This implies that H;,;(B) usually becomes smaller during the flow
and hence H(B) becomes more and more diagonal. Though the latter statement
cannot be proved rigorously in general, it turns out that it is true for many prob-
lems.
Please note that by choosing n(B) in the above way the flow parameter B has
the dimension of (energy)=2.

(B) <0 (1.14)

The infinitesimal nature of this unitary transformation leads to an energy
scale separation: large energy differences are eliminated before smaller ones.
This also suggests to use the flow equation method to derive effective low energy
Hamiltonians.

1.3 Density of states

One of the remaining essential questions is how the density of states can be in-
cluded in the Kondo problem in an efficient way. Fortunately this can be easily
done using earlier preliminary NRG calculations and the Schrieffer-Wolff trans-
formation. The following review is essentially based on Refs. [17] and [4].

The Hamiltonian of the Anderson model for a single magnetic impurity is given
by

Hy=) epchacpa+ > cadide + Udldidld; + ) (Vochodo + hic. ). (1.15)

p?a p?a

Here cg@ denote the standard annihilation and creation operators of the conduc-
tion band electrons and d\ ) the operators corresponding to the impurity orbital.
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The impurity and the conduction band are mixed by the hybridization func-
tion V,, and U is the interatomic Coulomb interaction at the impurity site. The
system is assumed to be SU(2)-invariant.

It is convenient to label the states by their energy rather than by their mo-
mentum. First the discrete p’s have to be transformed into continuum p’s:

1 3 1
E €pCpalpa  — d°p €pap,apas

p7a

q 72
ZVPCLa — {(2@3} /d?’p Volpa, (1.16)
jo et

where aS& denote the continuum operators, €2 is the volume of the system and

we defined p = |p|.
In the next step a spherical harmonic expansion is introduced for apq:

1 .
Upa = 5 Z aplmnm(p)v
lm

Aplma = p/de))/ljn(p)apa (117)

Here we defined p = p/|p|.
In the following we will use the notation €, = €, and V,, = V},. The continuum
representation is then given by

/ d’p epagaapa = Z / dSdg dp GpEE(ﬁ)ﬁs(ﬁ)a,ﬁlm@amsa

l,m,r,s

= Z/dp epa;lmaaplma (1.18)
Im

and
1/2 -~ 11/2
e B R | N R A
MOREE ) o
A
- QO 12
= |52 /p dp Vyap0a- (1.19)

Therefore one only has to keep the [ = m = 0 operators. For convenience the
subscript “00” will be dropped in the following.
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The next step is to introduce the energy representation:

de\ 12
Oeo = (d_;) Upa, (1.20)

when € = ¢,. Also an energy cutoff from —D/2 to D/2 about the Fermi level
will be needed. One finds:

de,
/dp epa;aapa = /dp epd T oOea

D/2

= / de € al aeq (1.21)

—D/2

Q 112 Q 112 de \ /2
lﬁ} /pdpapom = lﬁ} /pdp%(d—;) dea

—D/2

and

In a 3-D system the density of states fulfills:

p*Q p*Qdp

e 1.2
5P — p(e) 52 de (1.23)

p(p)dp =

Please note that (unlike most textbooks) we did not perform the spinsum.
Using the latter relation one can rewrite Eq. (1.22) to

D/2

[&} v / p dp ayo0n = / de [p(e)]2V(€)aea. (1.24)

272
—D/2

Summing up, in the continuum limit the Hamiltonian of the Anderson model
for a single magnetic impurity (see Eq. (1.15)) can be transformed to:

D/2

Hy = Y / de € af ac, +Zeddfd +Udldydd) +

* _D/2
D/2

+Z / de \/p(€) [V (€)aeada + h.c. |. (1.25)

* _D/2
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Remarkably both the hybridization function V'(¢) and the density of states p(¢)
only enter the Hamiltonian via the product /p(e)V (€). Thereby one can model
all combinations of densities of states and hybridization functions by a constant
density of states py and an energy (or a momentum) dependent hybridization
function or vice versa.

In this thesis we assume a system with a constant hybridization function and
a nonconstant (nontrivial) density of states. As shown in the calculation above,
this system is equivalent to a system with a constant density of states and an
energy (or a momentum) dependent hybridization function. To simplify the cal-
culation we will therefore model the original system by a system with a constant
density of states and a momentum dependent hybridization function.

The connection between the Kondo and the Anderson Hamiltonian (Egs. (1.1)
and (1.15)) is given by the Schrieffer-Wolff transformation [4]:

Hy = eSHpe ™5, (1.26)

where

U
S = V. d' d b d.+
2 pH<ed—ep><ed—ep+U> e
1
+ ———cl d,| — h.c. 1.27
(ep - ed) P } } ( )

For simplicity we already used the effective one dimensional notation. Here terms
of O(V?) have been neglected, since V is assumed to be a small parameter.
The coupling function of the Kondo Hamiltonian is then given by

1 n 1
(e —€p)(ea—ep+U)  (ea—ey)(ea—e,+U) |

1
Ip.0) = Vil | (1.28)
The impurity spin operators are defined by ST = d$dl, ST = dIdT and 5% =
(did; +dld))/2.
Usually the additional momentum dependency introduced by €/, is neglected.
The coupling function in the Kondo model is then formally given by

J(p,9) = 28\/ple)y/pley). (1.29)

where J, is a constant.
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1.4 Bosonization

In this section we want to give a brief introduction into the bosonization of 1-
dimensional (1-D) fermionic system, which is essentially a compressed version of
a review by von Delft and Schoeller [18] made suitable for our needs.

Though it is clear that the action of e.g. a fermionic annihilation operator on
an arbitrary state can be represented by removing the fermion on the highest
occupied level of the state and creating a particle-hole excitation afterwards (or
vice versa), only for 1-D systems it is possible to find a representation of the
fermion field operator as a function of bosonic particle-hole excitation creation
and annihilation operators and an additional operator that removes one fermion
from the system (or adds on to it). The latter operator is needed since particle-
hole excitations cannot change the number of particles of a state but fermion
field operators do.

1.4.1 Basic definitions

We start with a set of 1-D fermion creation and annihilation operators that obey
the generic anticommutation relations

{C;r)w CQﬂ} = 0p,g00,6; (1.30)

where p, g are the usual wave-vector indices of the form

2
p= %np, n, € Z. (1.31)

Here L is the system size and «, 3 specify the type of the fermions (e.g. electron
spin state)?.
The fermion field is defined by

2 )
U, (z) =4/ % Ze‘wmcpa, (1.32)
)

with the inverse )
L/2
1 .
Coo, = dx eV, (z). 1.33
o= | (x) (1.33)

~L)2

7

In the following we will use the operation of fermion-normal-ordering “: :”,
which is defined by

:AB:= AB — (0] AB|0), forA,B € {cl,,cpa}- (1.34)

IDifferent boundary conditions lead to an additional phase factor in the bosonization identity
which is usually neglected.
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Here |0) is the vacuum state:

al0) = 0, forp >0, (1.35)
0y = 0, forp <0. (1.36)
Please note that for an operator product with a vacuum state expectation value

fermion-normal-ordering is equivalent to moving the operators c;f) with p < 0 and
cp With p > 0 to the right.

The operator
N, = Z : c};acpa ; (1.37)
P

counts the number of a-fermions relative to |0). The N-particle Hilbert space
is defined as the set of all states with the same {N,}-eigenvalues, where N =
(N, Ng, ...). Its ground state will be denoted by | V).

We define the bosonic particle-hole creation and annihilation operators by

7
b = f N 1.38
po \/n—p g C(H‘pacq ) ( )

—1

bpo = ¢ Caas (1.39)
with
27
P= T My € N\ {0}. (1.40)
The reader easily verifies the following commutation relations:
[boas bas) = [Bhas Bhs] = [N, i3] = 0. (1.41)

Only the commutator [byq, b:;ﬂ] needs some special treatment as has been first
pointed out by Mattis and Lieb in 1965 [19]:

1
b ,bT = e ,CT c
b bl = i 2t o]
0,
= ai”g <Cj—n_pacnﬁ5m,n+q - CL_’_qI@Cma&n,mfp)
VTl £~
0,
= 2 S (e paCmgn — ChprgaCna ) (1.42)

VT <

In the case of p = ¢ the terms in the previous line are the occupation number
operators for the a-fermions. Due to the definition of m in Eq. (1.31) the sums
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are divergent. To get (absolute) convergent sums one has to apply fermion normal
ordering:

)
[bpers b;g] — _aB (( c,Tﬂ_pacm,qa s — ci,l_erqacma :) +

VTpTlq <
+ ({016f—patm-aal0) = (0lch, i gucmal0) ) )

O,
— a Z < <: cfn,erqacma D cfn,erqacma :) +

\/m m
0, [O(p —m) — O(=m)] )
_ 5a,ﬁ5p,q< i _ i )

= Basye (1.43)

Please note that .
bpa|N>0 =0, (1.44)

since the ground state cannot contain any particle-holes excitations per definition.

Analog to the definition of fermion-normal-ordering we define boson-normal-
ordering “: ;" by

: AB 1= AB — (N|AB|N)o, forA,B € {b},.b,a}, (1.45)

which is equivalent to moving all operators b, to the right of all operators b;. Since
boson-normal-ordered terms are per definition also fermion-normal-ordered, we
will use the same notation for both types of ordering.

Unfortunately one cannot change the total number of fermions with the bosonic
operators defined above. So one needs additional operators, the so called Klein
factors FCST), which are defined to commute with all bosonic operators. As will
be shown below, one can rewrite any state |®) as a function f({b},}) acting on
|N')o. Since one can always commute the Klein factors to the right of f ({6 1).
only their action on the ground state has to be defined:

F! adds an a-fermion to the lowest empty a-level of |N)o, F, removes the -
fermion on the highest occupied a-level of |]\7 )o-

For a better understanding of the operators defined above we illustrated sev-

eral exemplary actions of the latter in Fig. 1.3.

We define the boson field by

1 ) .
O,(x) = — Z (€7 by + 7701 ) e~/ (1.46)
p>0 \/n_p :
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3), F[3), 12),
>
@ .- é F
3
® b, - 0 +
’ )
(©) b,

-

_% D+

Figure 1.3: Exemplary actions of the bosonic particle-hole operators and the
Klein Factors. For convenience we assume only one species of
fermions. Furthermore here n, is used as index. The wiggled line
represents the Fermi “surface”. Fig. (a) shows an exemplary ground
state and the action of the Klein factor F' on it. In Figs. (b) and (c)
we illustrated the action of a particle-hole excitation creation and an
annihilation operator.

= @a(z) + 0l (2), (1.47)

where a is an infinitesimal positive parameter needed to regularize ultraviolet
divergent momentum sums. Obviously a~! is proportional to the maximum mo-
mentum transfer induced by @,(z).

In the following we will need the commutators

[0a(), 05(y)] = [h(2), oh(y)] =0 (1.48)



1.4. Bosonization 17

and

R S (2—”[¢(x 9+ a]) | (1.49)

1.4.2 Coherent-state representation

To retrieve the bosonization identity we will use the coherent-state representation
of eigenstates of bosonic annihilation operators (see e.g. [20]).

We assume that we found an eigenstate |®) of the annihilation operator b, with
eigenvalue ay):

bp|®) = cp|®). (1.50)
The eigenstate can be expanded in occupation number representation:
[2) = Z ¢”P1 v"p2~~~"p¢’np17np2-'-npi>- (1.51)

TpyTipg -+ Tp;

Here |n,,,ny,...0p,) is a normalized symmetric state with n,, particles in state
Ip;) and {|p;)} is an orthonormal basis.
For an annihilation operator b,, acting on |®) follows with Eq. (1.50):

&pj¢”p17”p2---(”pj_1)-- = \/npj¢"mv"p2---”pj--- (152)

Applying this relation for all states leads to:

!t o .
= A, with a phase operator \. (1.53)

Using Eq. (1.51) with

(bf, )" (0F,)"= (b))

’npl’npz“'an = ‘(b>07 (154)
Vil Vil gl
where |®), denotes the ground state, one finally obtains
o =y Cwb)m b (b )y,

Ny, ! Ny, ! Ny, !
Tpy Mipg -+ Np; P P2 p

= exp <Z apb;> A ®)o. (1.55)

p
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1.4.3 Bosonization identities

Using a mathematical trick one can show that W,(x)|0) is an eigenstate of b,

(1.44)

bpa\lla(l‘)|N>0 = pom
27T el ac
= k q pachU Ck?Oé] |N>
27T etk
= * (—0k,q-pCqa) ‘N>
= P ( )|N> (1.56)

\/n_p

Hence there exists a coherent-state representation of W, ()| N)o:

V)N = exp (ZTH—”) Fada(@)] Mo

p>0

02D miel@p 3 (2)|No. (1.57)

Here the Klein factor F, is needed since ¥, (z) removes one a-fermion. The
phase operator A, (z) can be evaluated using

oNIENL@IN)s = oNFLe OB
- <N\e A ELR A

T

)
ipala )(]\7

(
(1) AN

= Oé‘/I/‘

)o
)o

ZL ZL

~—

(1.58)

On the other hand also

- - - 2w iz -
o NIFIW, ()| N)y = 0<N|F;\/fZe P epal N)o
p
_ (Fa\mo) ,/f 3 e e, N
p
- N\t /27 iz >
= (C(Na2n/L),a|N>o> sze pCpa|N>0
p
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= oNlelyormya\| T 22 cpal No
p

_ 27T€—i27”Nax

" (1.59)

has to be fulfilled. Thus one finds

A 2 om o
Aa(z) =1/ fﬂe—’%Nax. (1.60)

Unfortunately we did not derive the bosonization identity until now, because
we could still be missing additional factors that have no action on the ground
state; e.g. a factor of exp(—ip,(x)) (as the reader maybe already noticed), since

ei#2@) |y, 2V | W), (1.61)
Therefore one has to analyze the action of ¥, (x) on an arbitrary state |®) in the
N-particle Hilbert space.

Please note that since it is possible to express N2y ) in terms of the bosonic oper-
ators b(") (and thus cf cso by using Eq. (1.33)), one can rewrite every state |®)

as a function f(b!,b) acting on the ground state |N)o. Because one can always
commute the b-operators to the right, one finds with Eq. (1.44)

(@) = ({0} D) N)o (1.62)
for all states |®).
By commuting ¥,(x) to the right of f({b},}) one finds
L8 = V@D
" F({Bh - bap—me PN Wa(@)| N

(1.57) 1

2 T
- f({bpﬂ + 6&,,6

Vi

e~V )emiwh @ | X ()| N)o

Vi

(L4 2 N it et U iy | N

= Fada(@)e @ f({blg + das——=e""})|N)o
2 My

A5 2 R o —ipg ipa(x \7

(45) Fodo(x)e"#a(® <€ el )f({b;g})e #al )> [N)o

(1.44)

Aa(@)e #h@emiea@ ({5 1) V)
Ao (2)e" b @) emiva@)| @), (1.63)

S
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Since |®) is an arbitrary state, the following bosonization identities are true for
all states:
U, (z) = F.\/ 2n —i % Now p—iph (x) p—ipa (@)

L
1.64
(A.4),:(1.49) F afl/Qe_i%rNaﬂfefi‘I’a(w)‘ ( )

In the following we will neglect the phase operator eXp(—ZQﬂ'NaZE/ L), which is
correct in the limit L — oc.

1.4.4 Hamiltonian with linear dispersion

Though by Eq. (1.33) we can express any combination of fermion creation and
annihilation operators in terms of the boson field operators, the reader easily
verifies that this usually is a bad idea. As an example we want to show the
bosonization of a normal-ordered Hamiltonian with linear dispersion €, = vpp,
setting vp = 1:

H = ZHa, with H, = Zp : c;;acpa s (1.65)
[e] p

The N -particle ground state is an eigenstate of H, with eigenvalue

2r 1

N|H,|N) =
o(N|Ha|N)o 75

— Ny (N, +1). (1.66)
Also

ip
(Hontysl = 3 lepacion Chigsti]
pk e

iPda,s
= —= <C;ack/35 kg C£+qﬁcpa5p,k)

pk VY "
_ T
= 0a,p Z < p+a) p+qﬂcl’ﬁ pCerqﬁcpf@)

= 5a7ﬂquﬁ (]‘67)
is fulfilled.

Since the bosonization identities are analytic, any combination of fermion cre-
ation and annihilation operators can be expressed in terms of the boson field
operators (i.e. Taylor expansion) using Eq. (1.33) and hence in terms of b().
The only form that reproduces Egs. (1.66) and (1.67) is

2l ~
Ho = pbl,byo + faNa(Na +1). (1.68)

p>0
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In the limit L — oo the second term can be neglected.

1.4.5 Vertex operators
Exponentials of boson fields are called vertex operators:

VoA, z) = e, (1.69)
The normal-ordering of these exponentials is defined by:

I A\2/2
. ei)\@a(x) — eiAwL(ac)eiAQOa(iU) (A'4)’:(1'49) (—) qu)Q(x). (170)

2ma

For the product of two normal-ordered exponentials one finds:

CNPa(@) L in®a(y) . ideh(2) gidea(@) Lineh (¥) pinea ()
(A6 Lirel(2) ineh () girea(@) o
w e~ Mlpa(@)0b ()] yirnea(y)
(1.49)

iRk (@) 1ok (1)) gi(Apa (@) +upa () o

« (2%[1'(33 _y)+ a]))\u

2 An
= O Pa@Huda) (f[z(x —y)+ a]) . (1

In the following we will have to expand products of the type V., (A, )V, (1, y):

| [\ Ot
VM%xWMmy)Gg)(——) il — y)/a+ 1™ x

2ma
« - i OPa(@)HuPaly) . (1.72)

Using @, (z) = ®,(y) + (z — y)0,Po(y) + ... one finds the following operator
product expansion (OPE) for the short-distance behavior (z — y):

L\~ .
Vol a)Va(y) ~ (5@) (e — y)/a+ 1 x

X exp [i(A + @) Po(y) + iNz — y)0,P0a(y) + .. ] :

_ (£)4HWﬂWx—mm+qu

2ma
x exp [iA(z — y)dypl (y) + .. ] x
X exp [i(A + )P (y)] : exp [IA(x — y)Oypaly) + .. ]
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_ (L)QWWWu—wm+qu

2ra

x [1+iXz — ) Oyl (y) +...] x

X[L+iA+p): Pu(y) :+.. J 1 +iXz —y)Oypaly) + .. ]
I —(Aw)?/2 \

() [+ i — y)/a™ x

2ma

X [1+iXz —y)0,Puly) +...]. (1.73)

Q

For the anticommutation relation of two vertex operators follows:

Vol o) Valiy)} = ([L+ile = y)fa™ + 1= i(e = y)/a*) x

O /2
X (i) 1+ Xz —y)0,Pu(y) +...].(1.74)

2ra

Please note that in the case A = 1, u = —1 the right hand side is proportional
to a delta function.
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2 The anisotropic Kondo model

In this section we want to review the flow equation analysis of the anisotropic
Kondo model by Hofstetter and Kehrein ([12],[13]).

2.1 Bosonization of the Hamiltonian

For momentum independent couplings the Hamiltonian of the anisotropic Kondo
model (1.2) can be rewritten to

H = Zep ;raacpa ” Z\DT aﬁlpﬁ 0)S* +

p,x
Jy -
+EZ (PL(0)0s0s(0)S™ + huc. ), (2.1)
where Uy T) = /27/L Z c . Assuming a linear dispersion for the noninter-

acting conductlon band and usmg the bosonization identities from Eqs. (1.64)
and (1.68) one finds

J , ‘
Z Zpb;raabpa + ﬁ Z FaTequ(O)U;ﬁFgeizéﬁ(o)Sz +
a7ﬁ

a p>0
N i®a (0 —i®3(0) g—
+m Z (Ele ( )U;LﬁFge sO5~ + he ). (2.2)

Here the constant )~ p(0[cl,c,a]0) has been dropped and vp has been set to 1.
Due to the special structure of the Kondo model it is convenient to introduce

bosonic charge and spin density modes (see e.g. [21] or [22]):

We define the charge density modes by

1
— E T T
plp) = 2(p| <Cq+pTC‘JT Cq+plc‘1l>
q

2 —z'(b:7T + b;l), p>0 (2.3)
4 Z'(b,pT + b*pl)’ p < 0 ’ '
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and the spin density modes by

1
o(p) = 2] Z <C¢T1+pTCC1T - C;+plCQL>
q
— 1/£ _i(b;T_b;l)’ p>0 (2 4)
4 Z'(b,pT — b*pl)’ p<0 ' '

Please note that pf(p) = p(—p) and o'(p) = o(—p) are fulfilled. Using Egs.
(1.41) and (1.43) one easily verifies

[o(p), p(@)] = [o(p), o(q)] = 0, for p,q >0, (2.5)
(=), pla)) = [o(-1),0(0)] = By Forpa >0, (26)
[o(p), o(q)] = 0. (2.7)

By inserting the definitions of p(p) and o(p) (Egs. (2.3) and (2.4)) one easily

shows:
S P lw)o—p) + o) (—p)] = 3 3 pblubye. (2.8)

p>0 a p>0

Introducing the bosonic field corresponding to the spin density modes

2 VI i) = L o) ey@) (29)
; 7 e !
one can rewrite Eq. (2.2) to
H = 2 plopl—p) + olp)o(-p)] - —-0,5(0)S* +
= Lp>0pppp p p p 2\/_7T
_1_4‘;—2 <ei‘/§¢(0)FTTFLS_ + h.c. ) . (2.10)

For convenience the Klein factors will be absorbed by redefining the spin opera-
tors:

FIF S~ — 87, F/F;S* — S* and §° — S~ (2.11)
Since the charge density modes in Eq. (2.10) decouple completely they can be
omitted:

2w J|
H = = po(p)o(—p) — ®(0)5* +
L p>0 2\/_7T
Ji iV2®(0) o—
+R <€ S + h.c. >

HO—FHH—}-Hl (2.12)
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The longitudinal coupling H can be eliminated by an (unitary) Emery-Kivelson
transformation [23]: '
U = ¢r®O57 (2.13)

Here p is a free parameter.
Using

[0(p), ©(0)] = ———=e I/ (2.14)

one finds with Eq. (A.5):

2 1 1
UHU' = 23" p (o) - uS [ e W2 ) (o(=p) = pS? [ eobls?
L~ 7| Pl

= H,— —MSZZ Vipllo —p)] e P2 1 const.
p>0
= Hy+ p0,®(0)S* + const. . (2.15)
Since both ®(0) and 9,P(0) are linear in o(p),
[0, ®(0),®(0)] = const. (2.16)
is fulfilled. With Eq. (A.3) follows
UHU" = H; + const. . (2.17)

Unfortunately one cannot directly use the operator identities in Appendix A to
evaluate UH | UT, since [S*, S?] does not commute with S

Denoting the impurity spin state up by ((1)) and the spin down state ((1)) one can
represent the impurity spin operators by

01 00 10
_ ot - _ it z __
s=rtn (00 s =rtr (1) was (3 0).
By explicit calculation of the matrix products one finds:
iv/29(0 b ip®(0)/2 0 iV20(0) it 00
Ue 05-U exp( 0 _ip®(0) /2 e il o) %
—iu®(0)/2 0
Xexp( 0 iud(0)/2
B (exp[i,u@(O)/Q] 0 ) ( 0 0) "
0 exp[—ip®(0)/2] ) \ expliv/22(0)] 0
—iud 2
. ((xpl=in®(0)/2] 0 FIF,
0 explip®(0) /2]

~ eolitva- peoirn (| ()

= V2m20) g (2.19)
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After the analog transformation of the second spin-flip term one arrives at:

UH, Ut = 4‘]—l (e“ﬂ—m@(o)s— + he ) . (2.20)

™a

Choosing

_ (2.21)

M_Q\/Qﬂ'

obviously eliminates the longitudinal scattering term. Dropping the constants
and defining

Ji

Ama’

90 Ao = V2 —pand V() ) = exp[iA®(z)], (2.22)

one finds for the transformed Hamiltonian:
UHU" = Hy+ go [V(X,0)S™ + h.c. |. (2.23)

The parameter A defined above is also called scaling dimension. Please note that
the value of A\ = 1 is equivalent to the Toulouse point, where the model can be
mapped onto a noninteracting Anderson model. The latter can be solved exactly.

Also V(X z) =V} (A/V2,2) V| (—A/V2,2) is fulfilled.

In the following we will need the normalized Fourier-transformed vertex oper-
ators

1 . 1 A
C, = 7/dx e~ PV (=), z) and CI = /dm e”V(A\z), (2.24
= (-ha) and €= (o) (220

with a2 = 27a|pa|* 1 /T(A?). Please not that by this definition CSP changes the
systems energy by |p|.

During the flow the interaction will become increasingly nonlocal, which is taken
into account by rewriting the Hamiltonian in the form

H(B) = Hy+ /dm g(B,z) [V(\,z)S™ + hc. |, (2.25)

with g(B,x) = Zp gp(B)eiW/\/E, gp(B =0) = go/VL and 9,(B) = g—»(B). It

is convenient to use the equivalent form

H=Hy+ Y g, (C}S™ + C,ST) (2.26)

p

as starting point for the flow equation approach. In the following we will use the
convention H = Hy+ H .
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2.2 Flow equations

To calculate the generator n(B) and its induced flow, some preliminary relations
have to be evaluated'

p>0
o /d (o (pr(—p), VO @)
= p re  |o\p)o\—pP), , L
L\/_aq e
(A.3) , 2T —inz—alpl /2
= dx e'7* = p [o(p)ePEmalPl 2y (N 2)+

T PPV () 2o ()]

1 )
= dx e' 0,V (\ x
v AL

q .
= dx eV (\, x
ﬁaq/ *.2)

= qC}. (2.27)

And analog:
[Ho, Oq] =—qCq. (2.28)

Keeping only the leading non-vanishing term of the OPE (1.74) one finds the
anticommutation relations:

{C’;,C’q} = Opg

{Ogrn C'?} =

{Op7 Oq} =
Please note that the anticommutation relations (2.29) become exact at the Toulouse
point A = 1.

(2.29)

o o

The main part of the generator n(B) is chosen as Wegner proposed (Eq.
(1.10)):

(2.27),(2.28) _
N = [Ho, Hi] "= pgpay, (CJS™ — C,57) . (2.30)

p

A second generator part n® will be introduced later to simplify the structure of
the Hamiltonian.

The conduction band is transformed using Eqgs. (2.27) and (2.28):
NV, Hy] = Zp 9 ( C’TS + C,SY), (2.31)

p



28 Chapter 2. The anisotropic Kondo model

leading to an exponential decay in the couplings g,. Using the anticommutation
relations (2.29), one finds for the interaction term:

Y H) = ) pgpgacnogCHS™ — C,ST,CIS™ + Cy87t)
p,q
= "0+ 0)9p900504 (CC,S™S+ — C,CLSTS7)
p,q

1
= Z(p + ) 9p9q Qg (5[0117 Cql — {C;a Cq}SZ)

p,q
= OpH,,+ OpH|”. (2.32)
While the first term corresponds to potential scattering, the second leads to a
coupling of the impurity to the conduction band similar to the previous elimi-
nated longitudinal scattering. Please note that due to the special prefactor the
anticommutation relations (2.29) will not be used to evaluate the second term.

Here the second non-vanishing term in the OPE (1.74) plays an important role
and has to be taken into account:

1 4 4
ot = [ [dody L0+ e VD).V A)S
p.q

— z’//dx dy (0 — 9y)g(x)g(y){V (N, x), V(=X y)}S?
_,\//dx &y (0, - 9,)9()o(w) (1L + iz - y)/a) ™ +

+ (1= —y)/d] ™) (@ =19, ()", (2.33)

Q

where the leading term in the OPE (1.74) dropped out due to the antisymmetric
integration measure. For convenience we define

H|(|2) = /dm ()0, P ()57, (2.34)
where

Ipf(r) = —A/dy (0 — 0y)g(x)g(y)(z —y) x

x (1 +ix—y)fa] ™ +[1—ite —y)/a] ). (235)

Since H |(|2) has the same structure as the already eliminated longitudinal scat-
tering term Hj (except the position dependence), it can also be eliminated by
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an Emery-Kivelson transformation. Due to the integral structure of HII ? the
applied transformation has to be infinitesimal:

U = exp ( /da: r( )@(@52) | (2.36)

Transforming the conduction band using Eq. (A.5) leads to
UHoU' = Hy + /dm r(2)0,P(x)S* + const. . (2.37)

H ﬁ ) is again invariant under the transformation U (up to a constant) and with
the choice

Opr(z) = —0pf(x) (2.38)

it is compensated by the new term in Eq. (2.37). The constants will be dropped
as usual.

The transformation of H, again leads to a change in the scaling dimension. Since
the coupling g(x) is assumed to be localized (and consequently f(x)), one can
use the short-distance expansion ®(z) = ®(y) + (z — y)9,P(y) + ... to evaluate
the change:

UVny)S~UT v g)s + / dz [V y)S™,if (2)®(2)S*] + O(?)
~ YOS +i [ do f@) (VOe@s-
5[V p),8()
= V(\y)S~ +z/dm f(@)®(y)V(Ny)S™ + O(x —y)
~ V(A +d\y)S, (2.39)
where
d\ = /dx f(x) = dB/dx Opf(z) (2.40)

has been defined. The assumption of localization is only valid on the length scale
ds; ~ VB, (2.41)

because some modes have already been integrated out. Therefore one sepa-
rates the bosonic field into a “fast” and a “slow” part (modes with large energy-
differences are integrated out faster than ones with smaller):

‘/(A7 l‘) — 6'5A>\q>slow($)ei>‘q>fast(Qc)7 (242)
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where

2mi V p —ipr—a
CI)slow(x) - _T Z %6 P |p|/20.(p)

lp|<1/VB,
p#0

Q

2mi VPl e B2
—T % 76 P P O'(p) (243)

contains the modes with small energy differences and @y, () the rest. Since
the assumption of localization is only valid for the slow modes, the shift of the
scaling dimension in Eq. (2.39) can only be applied to ®gy:

UV (), y)SfUT — AT AN Ps100 () (AP pasi () (2.44)

To avoid a momentum-dependence of the scaling dimension the expression above
is approximated by a single renormalized vertex operator with one scaling di-
mension for all modes. The renormalization factor £ is chosen to ensure equal
vacuum state expectation values:

<O’ei()‘+d)‘)q)slow(I)ei)‘q)fast(x)‘O> — <0‘§ei(>\+d>\)¢(x)‘()>' (2.45)

Using Eq. (1.70) and (0] : €®@) : |0) = 1 one finds

—(AHdN)2/2 —\%/2
<O|ei(>\+d>\)¢'slow(x)eikéfast(x)|O> — ( L ) <@> (246)

2mvB a
and
‘ I —(A+dX)?/2
<O|£€z(>\+d>\)<1>($)|0> — £ (_) , (247)
2ma
implying
AdX
VB
€= (7 ) (2.48)

Here terms to the power of (d)\)? have been neglected. The renormalization will
be taken into account by a running coupling

g9(x) — g(z) (— (2.49)

which will lead to the additional term

1 B
—gpln (?) AOpA (2.50)



2.2. Flow equations 31

in the g, flow equations.

Having assured the correctness of the localization approximation, one can pro-
ceed to evaluate the flow of A. Using the definitions (2.40) and (2.35) one obtains

87Ta)\2 1 —2?)
OpA? = ngg p\pa\)‘ (2.51)

Obviously the Toulouse point A = 1 is a fixed point of this differential equation.

The potential scattering induced in Eq. (2.32) leads to an additional interac-
tion in the Hamiltonian:
Hys = wyy (C1C, — C,CY) . (2.52)
P

To simplify the numerical evaluation, the generation of non-diagonal terms can
be suppressed by introducing a second generator part

= Z n? (e, — C,Cl), (2.53)

p,q

where the coeflicients have to fulfill

i) = —n2, (2.54)

so that 7(?) is anti-Hermitian. One obtains using Eqs. (2.27) and (2.28):
0, Ho] = Z[npq (C3Cq = C,C}) , Hol

= —Z g2 (Cic, — C,Cl)
= —Z p—an? (CiC, + Cic,) . (2.55)

Using the anticommutation relations (2.29) the reader easily verifies:

) Hy] = > nargelCIC, — CyCfL CLS™ + CrST]
k.p,q

= 2 Z 12 oggq (C1S™ + C,S™Y (2.56)

[77(1)7 Hy] = Z kgk:akzwpq[olis_ + CiST, C;Cq - Cpo;r]
k,p,q
= -2 Z 49q%qWpq (C;S_ + CPS+) (2.57)

p,q
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and
[77(2)7 HpS] = Z U;g?])wkl [C;Cq - CqC;, C,ZC; - Ck‘CIT]
k,l,p,q
= 23 02 ((CfCk + ClC)wm — (CICk + CLC )
k,p,q
= 2 Z NS (CICy + CIC,) (weq — why). (2.58)
p,q

By Egs. (2.32), (2.55) and (2.58) no off-diagonal potential scattering terms are
induced, if for p # ¢

1 @ | 9@ _

§(p + @) 9pgq0ptg — (0 — Q)0 + 217 (Wg — wp) =0 (2.59)

or equivalently
@2 _ 1 (P + 9)9pgppy

P 2p— g+ 2wy —wy) (260
is fulfilled. Here for convenience
Wp = Wpp (2.61)
has been defined. From the antisymmetric definition (2.54) follows
n) = 0. (2.62)

After eliminating the off-diagonal potential scattering terms one arrived at the
Hamiltonian

H(B) = Hy + Z gy (C1S™ 4+ C,ST) + Z w, (CIC, — C,C1) (2.63)
p p

with the closed set of flow equations

: _ SmaX(1-)\%) 21
IpA F()\Q) Zp: 9pg—plpal )
a
gy = —P°gp+2 ; 06_277’(’3)9‘1 + %gp In (%) A0\ — 2pg,wp, (2.64)
a#p
dpw, = paigr,
as already found in [12],[13]. The latter were derived using the generator
n=Y pgoy (CIS™ = C,ST) +> 0l (CIC, — C,Cf) . (2.65)

p p,q

Due to the complicated structure of the differential equations a complete analytic
solution is almost impossible. Apart from the strong-coupling fixed point \? =
1 the potential scattering can be neglected and an approximate evaluation is
possible.
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2.3 Phase diagram

Neglecting terms of O(g3) (terms induced by the potential scattering and n®)
the flow equation of the coupling g, can be approximated by

1
(9ng = _pQQp + ng 11’1(3)8}3}\2 (266)

For convenience the regularization parameter a is set to 1 throughout this section.

Using the ansatz
9p(B) = §(B)e™ """, (2.67)

one finds

2_ ~ 2__ _ 2
D galplN T = 257 p e
p

p>0
o

oL 2 o2
_ 92;/(1]9 (p2)(>‘ 1)/2,~2Bp

0

L 2 A2
= P27Vl () (2.68)
2w 2

leading to the two coupled flow equations

Opj = igln(B)éB)? (2.69)

and
OpA\? = LH(\*)B~ /%2 (2.70)
Here )
227A2)\2(1 — A)D(N2/2)
['(\?)
has been introduced. Please note that the Toulouse point A2 =1 — 92 =0

is a fixed point of both differential equations. Using a logarithmic measure of
the flow parameter

H(\) = (2.71)

x = In(B) (2.72)
Eq. (2.69) can be integrated:

@) =gesp | [ @ - [anw) || (2.73)

Defining new couplings

(1 - AQ(QJ)) w0y = O(J?) (2.74)
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1, [au]

FM | AFM

1
-0.3 0 0.3 J, [au]

Figure 2.1: Phase diagram of the Kondo model

and 1 1 J
_ P S )2 _JL
o) = Vi) exp (o - 000)) . 0(0) = 2,
one finds
1 5 M\ .,
Oyu(r) = —ZLH()\)eXp x 1—5 g
= —~H\)v*(z)
and
. 11 L\ /1 1
dyv(z) = VLjexp (295 4x)\)(2 4:1:)\>+
+vLex lx—lxv —1~x8 )+
P 9 1 49 x
T A
+vLexp ax—zx)\ 0:q
= u(x)v(z).

In the limit of small couplings J; and using

lim H(\?*) = —4,

A2—2

one obtains the scaling equations derived by Anderson [7]:

and also the Kosterlitz-Thouless phase diagram (Fig. 2.1).

(2.75)

(2.76)

(2.77)

(2.78)

(2.79)
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I=In(Ba?d

Figure 2.2: Flow of the scaling dimension towards the Toulouse point [13],
Jy=J =J

2.4 Flow of the scaling dimension

Though a complete analytic solution of the flow equations (2.64) is only hard to
achieve, the numerical solution is straightforward. Fig. (2.2) shows the flow of
the scaling dimension found by Hofstetter and Kehrein [13] for various symmetric
antiferromagnetic initial values Jy = J, = J.

The Kondo temperature is the characteristic low energy scale of the system. In
the limit B — oo the scaling dimension always flows to the Toulouse point and
the Hamiltonian is equivalent to the noninteracting resonant level model, whose
low energy scale is given by the Anderson width of the resonant level. Therefore

one can conclude

1
Tk ~ ag2(B = 00). (2.80)

This relation will be of key importance for the following chapters.

From the flow equations (2.64) follows that the “speed” of the flow of the scaling
dimension from one point A\; to another point Ay < A; only depends on the size of
the g,’s. Or using the results from Section 2.3 it depends mainly on the prefactor
g(B). Obviously a large g(B) corresponds to a fast flow and a small §(B) to a
slow flow. Choosing e.g. A2 = 1 one can determine the size of §(B = oo) by
analyzing the speed of the flow and therefore by using Eq. (2.80) one can give an
estimation on the dependency of the Kondo temperature on the initial couplings.

Interpreting Fig. (2.2) leads to the expected conclusion that larger couplings
lead to higher Kondo temperatures than smaller ones do. For a derivation of the

functional dependence of the Kondo temperature from the initial couplings see
[12] and [13].
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2.5 Summary

In this chapter we reviewed the flow equation solution of the anisotropic Kondo
model with constant density of states. By using Wegner’s flow equation approach
(and within the OPE) the bosonized Hamiltonian of the anisotropic Kondo model
can be mapped (in the strong-coupling regime) to an effective low energy Hamil-
tonian of the noninteracting resonant level model (RLM), which can be solved
exactly. Unlike earlier scaling approaches in fermionic language no divergence of
the renormalized coupling constants occurs.
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3 The Kondo model with nontrivial
density of states

In this chapter we will extend the previously derived solution of the anisotropic
Kondo model with a constant density of states ([12],[13]) to systems with a
nontrivial one. This extension provides the original part of this thesis.

3.1 Motivation

The flow equation solution of the anisotropic Kondo model (2.1) with momentum
independent couplings Jj,1 (p, ¢) = Jjj;L(0,0) was reviewed in the previous chap-
ter. But for strong-correlating systems the latter assumption is definitive wrong,
e.g. cuprate superconductors and certain semi-conductors show a pseudogap
density of states
p(e) ~ [e|", r #0, (3.1)
leading to a strong momentum-dependency of the couplings. As has been shown
in earlier NRG calculations (see e.g. [24] and [25]) for these systems it is of key
importance to take the momentum-dependency into account. Another interesting
application are systems that can be studied in a DMFT-framework.
In the following we will use Wegner’s flow equation approach to map the Hamil-
tonian of the anisotropic Kondo model with momentum-dependent couplings to
an effective RLM-Hamiltonian, similar to the calculations in the previous chapter.

Though it is possible to completely bosonize the Hamiltonian

Jilp,a) + . .
ch;acpa—i- Z ”L c;aoaﬁcqgs +

pqaﬂ

+ Y Jul p’ Cha0ts0sS™ + hic. ), (3.2)

P,q,0,8

it turns out that a partial bosonization is the more appropriate tool. We will
rewrite the Hamiltonian above to

Jy(
chpacpa_'_ Z ” poz aﬁCQﬁSZ

P,q,2,3
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+ Z J1(0,0) (cf o 0} 5cesST + he ) +

2L p
D,q,a,3
Ji(p, J 0,0
- 1w, q) = Ji( )Cpa 0% supS* +
D,q,0,3

N Z Ji(p,q Ji(o 0) (oot sensS™ + hc. )

0,9,

= Ho+H™ + H(f’o) +Hy+H, (3.3)

and use this form as the starting point of our approach. While the terms H |(| 0

and H (l can again be easily bosonized, we will keep the fermionic representation
of H | and H,. H, will be treated in both fermionic and bosonic representation.
Please note that the charge density modes only affect the fermionic part of the
Hamiltonian.

In the semi-bosonized form we can reuse the results of the previous chapter and
we only have to calculate the flow induced by the corrections H | and H .. Since
the terms induced by the additional potential scattering only become important
at energies of the order of the Kondo scale, corrections proportional to them can
be neglected.

3.2 Additional longitudinal scattering

In this section we want to calculate the main parts of the flow induced by the
corrections to the longitudinal scattering H. For convenience we define

P

: Ji(p,q) — Jy(0,0) ;
H” = Z ” L ” Ca aﬁC(IﬁS

0,9,

Zfll D.q ( Cp1Cqt — chl) S* (3.4)
= O'||SZ. (35)

To calculate the flow induced by the generator nV) (Eq. (2.30)) we will need the
commutators [o), o(k)] and [0, ®(x)]. Neglecting normal-ordered terms we find

. fi(p, q
[0, 0(k)] = Z \/W pTCqT ;chlaClTerclT_CleCll]

D,q,!

EE: fﬂ(p: q) (c i S )
T pa-q—rRO p+kaqx
p,q,a 2’k’
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filp, @)
Z V2[k]| < ;aq ka:_:CzT;+kvaa:+

p,g,x

(0l cfuC-kal0) = (01ch 1a60al0))

fi(p,p + k)
2 ; BV [O(=p) —O(—p — k)]

Q

and
5 27i K| , 1\ .
o), ()] = =) S —exp (—m - a]k]i) (&), 0 (k)]
k40
2w K| , 1
=~ Z L xXp (—zkx — a]k]i) Ag. (3.7)

Within this approximation Hj is (up to a constant) invariant under Emery-
Kivelson transformations of the form

U = exp (2 / dz f(:z:)CID(x)SZ) , (3.8)
because
vt = —i/dﬂf f(@)[e), ®(2))(S7)*
= Hj+ const. . (3.9)

The generator part according to H | can be easily calculated using the fermionic
representation of Hy:

[HOvHII] = Zkfll D, q CkTCkT + Cklcklv ;TCqT ;lcqi]
k,p,q
= Z(p —q) fi(p, Q)(CLchT - CLLqu)Szv (3.10)
p,q
leading to:
N =" fip @) (chyeqr — chyeq)S”. (3.11)
p,q

For the main part of the flow of fj(p,q) we find

m®, Ho] = Y k(p—q)fy(p, q)lchcqr — ¢ cqr, cfyent + cfyor] 57
k.p,q

= _Z P—q) fII b,q )( Cp1Cqt — Llcql)szv (3.12)
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which corresponds to an exponential decay as expected. Unfortunately the cal-
culation of the remaining commutators is slightly more complicated but straight-
forward:

W%m]ZEIUﬂS—@yﬁw]
:Ej (Cl&y[S™, 57+ [Ch,5)5%5~—

—Cpan[S*, 5] =[Gy, 315757)
- % > ons ({6), CiYS™ + {3y, C,}S7) . (3.13)

To calculate the OPE of {5y, C’y)} we will rewrite &) in terms of particle-hole-
excitation creation and annihilation operators a™(p) and a~ (p). Using Eq. (A.3)
we will commute the o~ (p) terms to the right of C{" and the o™ (p) terms to the
left of these. By doing this we can achieve the normal-ordering of these terms
(see boson-normal-ordering, Eq. (1.45)). Keeping only the not normal-ordered
terms we already found a suitable OPE as will turn out in the following.

The new particle-hole-excitation creation and annihilation operators are defined

by
o = E:ﬁw% (chyear = chyear)
- Z(fnm D€ yor — )+

p
+ A+ @)l gicor = hagico)) +
q>0
+> fie = . p) () _yyem — C;—qlcpl)>
q>0

> (@°p) +at(p) + o (p) (3.14)

p

In the following we will need the commutation relations

- _\/57” 1 —ikr—a
Sl 0] = XY 2FE Y flp— e
p p q>0 k;éo
XZ e qlCPbClTJrchlT ClTJrlell]

Z Z Z 9(p,q, k, x) [C;r?—qacpa’ CL—kacla]

p,lia ¢>0 k#£0
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- ZZZQ P, a4k x (p qaCladp itk — C;r+k:acpa5pfq,l)

p,l,a ¢>0 k#0

- Zzzgp’q’kx ( Cp—qalp— ka:_:c;_q+kacpa:+

p,ae ¢>0 k#0
+(01ch-goCp-rkal0) = (016}, raralO})

= S S o+ kb w) — 9,4,k w)] € +

p,a @>0 k#0

+2) 3N " g(p.q, b 2)6,4 [O(—p + q) — O(—p)]

p  g>0 k#0

2> 9(,4.0.2) [O(=p+q) — O(~p)]

p ¢>0

— 2\/_7” Z Z f” e—iar—alal/2 o

p ¢>0

x[O(=p+q) — @(—p)] (3.15)

Q

and

St 0@ = 27T S S AOEED i,
P p q>0

x[O(=p—q) —O(=p)], (3.16)

which can be derived analog. We calculate the OPE of V (A, z)d) by

VIhz)ey = V(az))  (a(p) +at(p) +a (p)

= V() x)Z( +Za
+Z (p)]

—\2/2
= =V(\z): (%) Zao(p)
+:V(\ z) Zof(p) it Zoﬁ(p)V()\,x) D —
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2\/_7T)\szll p+q p) elar—algl/2

p >0

X [@(—p —q) — @( )] V(A z)

)\Z ‘ q quv

For the OPE of &V (A, z) we find

leading to

0||V)\x /\Z q quV)\x

{o),V

lq|

q<0

(A z)} = )\Z q“ﬂvm:
q#O

Using the definition of C’,(,T) from Eq. (2.24) one finds

and

Using the OPEs above we can easily continue the previous calculation:

]

", Hy)

{6y, Cf}

1 )
dxe™{o;, V(A x
oz [ e e o)
1
—A
%ﬁ

q &
A p+q CT
Z ‘q| pt+q

B .
Zﬁ/dme“pﬂ)“"/()\,x)
q

{o),Cp} = )‘ZB 2P~ -q

Qp

{6y, CI}S™ + {5}, C,}S™)

B -
-9 an(} A Z |q|; (O‘P+90p+q5 O‘p—qcp—qs+)
P q#0

- Y

)
s A, "“q) (C1S™ +C,S™)

120 2 |q| pO‘zH-q

_ _ZZZ\/_W)\f”kJrq’ k) e ll/2[O(—k — ¢)—

P q#0 k

—O(=k)] (p + @) gp+q (Cps_ + OpS+) :

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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Since the main longitudinal scattering part of the Hamiltonian H (|0’0) has already

been eliminated by the Emery-Kivelson transformation, we are left with the
commutator:

[77(3)’ Hi0,0)] _ Z Oépgp[TZSZ, C;[Sf + CpS+]
p
= Y ayg, (FCIS7, S+ 7, [57, 5]
p

+[r*, CI1S™ 8% + [7%,C,)S15%)
1 - z
— iz%gp (—{7,CI}S™ + {77, C,}S™), (3.23)
p

where for convenience

=) (0= fi(p.a)(chicq — chieq) (3.24)

p.q

has been defined. Analog to the OPE of {7, C} } (Egs. (3.20) and (3.21)) we
find the relations

{7, G} =AY san(q) B,“2C), (3.25)
q7#0 W
and
p q
{r%,C,} = —A#Z()sgn o i Vo N (3.26)

Within these OPEs we find:

1 z - z
[77(3)7[{90)] = iz@pgp (—{r 70;}5 +{r%,C,}S7)
= ——Zapgp ()\ngn p+q0;+q5 +
q7#0
—|—/\ngn qCp qSJr)
q#0
A _
= -3 Z Z Gp+q5e0(q) By, (C’;S + C'p5+)
q#0 p
\/_7T/\ fi(k —l— q,k o
P q#0 k

x [O(—k — q) — O(—k)] ((J;S— + C,ST). (3.27)
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The addition of the previous commutators leads to:

)+ HEY) = =Y D Y VoA (pt 2q>]’yk TLE) a2
p g0 k
X GpiqQp [O(—k — q) — O(=Fk)] x
x (CIS™+ C,S7). (3.28)

3.3 Additional spin-flip scattering

The calculation of the flow induced by H, is slightly more difficult because we
cannot use the OPE derived in the previous section as we will see below. We
will therefore rewrite the vertex operators in their series representation keeping
only terms of O(.J (O’O)) and use an expansion similar to Wick’s theorem to reduce
complicated fermionic multi-particle objects to single-particle excitations.
Again we rewrite the interaction to

~ J1(p, J1(0,0
fo= RO ZLO0 s )

Zfl(p, pchlS +c lchSJr) (3.29)
= 55 +aSt (3.30)

Calculating the commutator relations with the spin density modes we find e.g.

R fi(p
otok)] = > F [eh ot fppcin = lonycal]

l,p,q

f L(p
Z p+kTCQL tc Cq—ki)

fl p— k )+ filp g+ k) 5
= Z Vo clicq. (3.31)
Dropping the normal-ordered terms as in the previous section leads to
6T, @(2)] = o1, ®(x)] = 0. (3.32)

Within this approximation the unitary transformations of the form

U = exp (z / do f(x)@(:z:)Sz) (3.33)
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lead to

UH, U GTUS U + 6 USTUT
= 01ST[1+O(f)]+5.ST[1+0(f)]

H,. (3.34)

Therefore we will assume that both Emery-Kivelson transformation leave H |
unchanged, which is correct for small couplings f(z).

To derive the generator corresponding to H | one has to calculate the commu-
tator:

[Ho, Eﬂ] = Z kfi(p, q)[cLTckT + cLlckl, c;chlS_ + c;lchSJr]
k.p.q
= Y (p—a)filp.q) <C;T;chl5_ + Cllch5+>
P,
= 775+ 78T (3.35)
By
nW = Z(p —q)fL(p,q) <c;chlS_ + cLlchSJr) (3.36)
p.g

we have derived the final part of the generator n. Again the commutator

[ Hol = > k(o= )1 (p, @)lefycarS™ + cyeqn ST chyent + el on]
k,p,q
= =Y -0 0) (chea S+ e ST) (3.37)
p,q

leads to an exponential decay of the coupling. As in the previous section the
remaining commutators lead to more complicated structures, e.g.:

MY H) = ) kagg|CLST — CuST, 615 + 6,57
k
= Y kg (c,i&; 1S, 8] +[Cl,67)STS™—
k
—Cy5T[ST, S7] = [Cry 571575
-3 2kaua (0,1&1 + ij) S, (3.38)
k

Q

Unfortunately we could not find a way to expand the operator products (],g)éf
in the bosonic representation. We will therefore expand these expressions in
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fermionic language by using the relation

ei)\<1>(;r) _ ez‘ﬂ@(m)e—iu@(x)
2ma i(p—q)x —1 x
= T eip—a) C;chle e ()
p.q
2ma i(p—a)z .
= Do (1 - ip®(z) + O(p?), (3.39)
p.q

where for convenience we defined
_ J||(0,0)
2271

as in the previous chapter. The occurring many-particle objects will be expanded
to single-particle excitations by using

(3.40)

chacipch, cos — <0102a0m I cwsl0) = clcpcl e +

+(0lef,c15]0) : ¢l g+ +(0]ch,cq8]0) - CzﬂC,TwiJr
+(0lergel [0) © cfocas = +(0]ch cos]0) : chocis : - (3.41)

In the following we will neglect normal-ordered many-particle objects and con-
stants. Please note that this expansion can be successively extended to higher
orders by taking contractions of many-particle objects into account. In Appendix
B we collected all expansions of this type used in this thesis.

Within these approximations we find

€Z>\<I> (z) 5_1 _

2ma k!
Sl 2 M ) DETRER

6i\/§<1>(x)e—iu<1>(x)5_f

L
k!
2ma
~ - ik’ )CECLTCk, (1 —ipd(z Z fi(p.q plCQT
ke k!
2ma (k! _ 2m
= I gllk—k )ICLTCk/ M Z Z emmememll?
ke k!

T T
X (ClpmpCit = Clym Cil) Zfi D, q )plCQT
p.q
2ma
A el xfi(P: )CkTCk’lCTquT
kK \p,q

4riap (k! 1
. i(k—k ):tf —imz—alm|/2
E E e 1(pg)—e x
VL o "




3.3. Additional spin-flip scattering

47

f i f
X Cp1Ch | €l €U Cp Cqt T+

47T ap i(k—kz 1 —imx—alm
Vo7 D 2 T i (p ) el
k,k',p,q,l m#0

] i f
X Cp k' L Crpm ) UL Cp | Cat

2
el (Z £ (k@) 77O (k)] g —

p.q

Q

-3 RO plcql> T

Zi;r_z/; Z Z —zmx—a\m\/2 >

" [< _ ezuo—m—k: 1 (k,q)O(—p +m)O(k) —
BRI L (p ke +m)O(—k)O(—(k +m)) +
pele=ttm)a ¢ (1 )O(k + m)@(k‘)) chicar +

(L k4 m)O(=R)O(—(k +m) -
/B £y (p, )O(—K)O(g +m) -
e 602 (g — m, p)O(=p)OLq — m) ) e et +

47Ta ks
wf;z* " f1(k DO(-DO(E)

ci(p—a)z—alp—q|/2 T
sz p C Cl
P#q

and analog

() 27Ta z
e Mgt = (Zepk‘fj_kq ()plC‘Il

_ Z ei(/’c—q)ach(p7 k)@(_k)C;TCQT> _

k

Zi;r_z/: Z Z fzm:tfa|m|/2 >

x| (- ef@*mfk *fL(k,q)O(—p +m)O(k) -
=L (ke m)O(—k)O (= (k +m)) +

(3.42)
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+e! 0= rmle g (k)0 (k + m)@(k)>C’T’lcql *

i <ei(k7p)xfl(p’ k+ m)@(—k)@(—(k + m)) _
—e'b=latm)z £ (5 £)O(—k)O(q +m) —
07, (g — m,p)O(-p)Oq — m) )y | +

+47r2a,u Z =Rz f (B, 1O(=1)0(k) x

1 r—a
><Zp_qe(p q)z—alp—q|/2 CT (Cqt- (3.43)

The integration of these terms leads to d-functions of the momentum. Summing
up we find

= — ZQkakgk <CT6'I + Ck&ir) S#

_ ZZ—Sm[kz p)f1 (k. )0k} iy —

~(k = 0)f1.(p FYO(—R) gy | (chycar = }yeat) S +

| 16m%ap 1 —amiy2

T VAVILE ng m -
x [ p—k — 2m)gp_am_nfo(k, 9)O(—p +m)O(k) +
(k—p—m)gk—p-mfL(p, k+m)O(=k)O(—(k +m)) +
+(k +2m — p)gp—k—omfL(p, k +m)O(k +m)O(k) +
+(p+m—k)gk—p-mfL(p, k+m)O(—k)O(—(k +m)) +

(K (

(

+

+(k — q—2m)gr—g—om[1L(p, k)O(—k)O(q +m) +
+(k — ¢ —m)gr—q-omf1(q —m,p)O(—p)O(q — m)] X

1
X <cpchT plcql> S* 4+

16m3apu
(k,1)© k
\/_\/_LQ ij‘ ( )
k+qg—p—1 —alp—
> Z %gf(p,qﬂ,k)e lp—al/2
p#q P—4q

X <C;chT - c;lcql> S*. (3.44)
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By an analog derivation we find for the remaining commutator:

[, =

Q

D arglrt ST + 778, CLST + G5t
k
Z (070} <T+C]€[Si, S+] + [7'+, Ck]SJrSi +
k
+7ClISY,87) + [, CflS™SY)
Z 200,05, <—T+Ck + T70]1> S*
k
—872a
XY T | =P DO R)gkg
(k= ) fo(h, q>@(_k>gk,p] (chyear — b jea) 5™ +
Z Z Z 1673 au

x [p 1D ) ghmgame T POR)O(g + m) —

—m—k
%fL(p —m, k)gkz—q—meialmVQ@(_p + m)@(k) +
ke
—i—%fﬁp, k+ m)gk_q_me_“‘mw@(k +m)O(—k) +

— qu, 0)Gp—t—ome 2O~ k)O(k + m) —
k _

9Lk, @) gpom—re ™2 O(—k)O(—k +m) +
k— _

AL (g m) gy PO (RO (g + )

X(C;chT — Tlcql)SZ —

16m3apu k — m
- 1 (k, M) gm—k—
2, mek-pta X
ﬂ\/EL p#q k,m

xe~Wd29(—k)O(m) <CzT7TCqT - C;L(/‘qi) 5°. (3.45)
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3.4 Large corrections

If Jy/1(p,q) is large compared to the couplings Jj,, (0,0) as e.g. in pseudogap-
systems, one also has to take terms quadratic in the corrections into account.
The occurring fermionic multi-particle excitations will be expanded as in the

previous section and are also collected in Appendix B.
Due to their similar structure we will combine the commutators

¥ H) = D (p—a)fi(p.a)fulk, 1) x

pg:k;l
X [C;TCQTSZ - c;lcqlSz, C};TCUS_ + C};TCUSJ“]

and
Y H] = > (p—a)fip.a)fy(k1) x
p,q,k,l
[ quS +c chlS CkTClTS —ClellS]
= = > (k=DfLk, D) fy(p,q) x
P,q,k,1
X [eprcqrS = cpreq 157, ey S+ e S
to
- . 1
[0, Hi) + ™, Hy) = 3 Y (—q+1—k) fypa) folk,1)x
p,q,k,l

X [(20&0(”0%0“ — QCT chcLTcu + 617chchl + 6k7chTCll> ST+
+ <QC;chTc,ElclT — 2! cqich et + ek car + Oge 1ClT> S*]

= (p—q+1—F)filp,q) fLlk,1) x

p,q;k,l

(821 = 20(=p))clcqt + brg(1 = 20(@))chyn ) S+
(a1 = 20(=p))el et + b1 = 26(@))ch ) S

:;Z

k

Q

\)

X

| —

N | —

X <c;chlS_ + cLlchSJr) .

(3.46)

(3.47)

(2k —p — q)sgn(k) (fi(k, @) fL(p. k) + fi(p. k) fL(k,q)) x

(3.48)

This term will play an important role for pseudogap-systems as we will see in

the following. The potential scattering induced by

W H] = > (=) fip. ) fitk Dichcq — ¢ cq clyan = cfey] (57)°

D,qk,l
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Z Z (p+q—2k) fy(p, k) f (K, q) ( 1Cat T qu) (3.49)

will be neglected, because these effects are only important at energies of the
Kondo scale. We will also only keep the first term of the commutator

Y Hy = > (- o) fi(p @) fulk1)

D,q,k,l

X [CLchlS_ + c;lchSJr, CLTCZLS_ + c};lclTSJr]

~ S (- fipa) fulk,]) X

p,q,k,l

X {[5,“(1 <@(k)cTTc” + @(—k)C;lCu> -
0y (OWelycqr + O(-D)cl g )| 575+
+ |:5k:,q <@(’€) chiay +O(=k)ch o
—y (6(5)%1% +0(— l)cmch>_ S+S_}
DY 202k —p—q)filk,q)fi(p k) x

p,q k>0
X <C;TCQT plcgl) S

p,q,k

X (c;chTSJrS’ + c;lcqlS’SJr) . (3.50)

\_/

3.5 Flow equations

Summarizing the previous sections, we obtained within our approximations the
Hamiltonian

H = Hy+ ng&p (C ST+ CpS+) + pr (C;Cp — CpC;) +
+Zf||(p, q) < CpCat — plcql) S+ (3.51)
+ Z fi(p,q) < pTquS_ + CplC(ITS+)
p,q
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with the following closed set of flow equations:

OpA\? =

ang =

Isfip.q) =

Opfi(p,q) =

anp =

The flow equations

8mal?(1 — \? _
W 5 009 olpal*

PPy +2 3 G108 gy + gy (L) AomA-
a#p a

T S a4 0, ) e

X [@(—k - Q) O(—Fk)] — 2pgpwy,
~(—=a)?filp,q) + ;A(/ﬂ,p, q)+

+§ § B(k7m>p7 q) + (1 - 517,(1) kz C(k7m>p7 q)+
m=#0 ,m

+ 222k —p—a) fLlk, @) fL(p, k),

k>0

—(p =) fL(p, @)+
+ ; %(Qk —p —q)sgn(k)x

< [fi(k, @) 1o, k) + fy(k,p)fula B
papgp.

were derived using the generator

n = Y payg, (C1S™ — C,8*7) + ke (CIC, — C,Cf) +
p p,q
+ X0~ 0 i) (e — yea) S+
p,q
+>(p—a) fL(p,q) <C;T;chl5_ + C;lchSJr) :
p,q

For convenience we defined:

—81%a

Alk,p,q) = (k (k@) gr—p — fL(D, K)gr—q] +

B(k,m,p,q) =

LVL

(3.52)

(3.53)

+ DO(K) + aO(=k)] [9k-of 1, F) = o2 (R, )] ), (3.54)

1673 au 1 oalml/2
VavILEm
X (p —k— Qm)gprmfka_(ka Q>®(_p + m)@(k) +

+

(k= p = m)gr—p-mfL(p, k +m)O(=k)O(=(k + m)) +
+(k +2m — p)gp—r—amfL(p, k +m)O(k +m)O(k) +
(

+(p+m — k) gr—p-mfL(p, k+m)O(=k)O(—(k + m)) +
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+(k —q—2m)gk—g—amf1L(p, k)O(—k)O(q +m) +

(
+(k —q —m)gr—g—2mfL(q —m,p)O(—p)O(q — m) —
—(p—k)fL(p, k) gr—g-2mO(k)O(q + m) +
+(p m — k)fL(p —m, k)gk—q—m@(_p + m)@(k) -
—(p—k—m)fL(p.k+m)gh—gq-mO(k +m)O(—k) —
—(k = @) fL(k, @) gp-k—2mO(—k)O(k +m) +
+(k — @) fL(k, Q) gp—2m—1rO(—k)O(—k +m) —
—(k—q—m)fL(k,q+m)gp_k—mO(—k)O(q +m)|, (3.55)
C(k,m,p,q) = %]ﬂ(k‘,m)e—“’_mm %
o (BELZEZ B m)e) -
k—m
e ) (3.56)

Remarkably, due to the construction of our Hamiltonian the corrections enter the
flow of the unperturbed system via g,. While the longitudinal correction enters
directly, the spin-flip correction generates an additional flow of the longitudinal
correction.
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4 Results

In this chapter we will first study the effect of a small change in the density of
states for systems with nonzero densities of states at the Fermi level. Staying in
the picture of perturbation theory we will only investigate the influence of the
first order corrections - which are linear in fj,1 (p, q) - on the flow.

We will also shortly discuss the additional flow created by terms quadratic in
the corrections, which become important for large perturbations.

4.1 Flow of the scaling dimension

From their definitions in Eqs. (3.4) and (3.29) the corrections have to obey the
relations

fiyL(0,0) =0 (4.1)
and
fiyL(p, @) = fiyo(a; p). (4.2)

As an example we will choose the circle

Sy, @) = [ vVp?+¢*(20)™ (4.3)

as the initial values of the additional couplings, which is equivalent to total
couplings of the form

JiyL(p,q) = Jj;.(0,0) + f|(\)/J_\/ p*+ ¢ (4.4)

Please note that with the above choice a positive (negative) f|(|]/ | an approximate
linear increasing (decreasing) density of states measured from the Fermi level is
modeled (see Fig. 4.1(a)).

In Figs. 4.1(b) and 4.1(c) we plotted the flow of the scaling dimension for
several positive and negative corrections. We again considered only symmetric
antiferromagnetic couplings J;(0,0) = J,(0,0) = J > 0. As expected positive
(negative) corrections lead to a faster (slower) flow of the scaling dimension,
corresponding to a higher (lower) Kondo temperature. For a comparison of the
flow of the scaling dimension between different couplings J see Fig. 4.1(d).
Similar results can be obtained for other initial values than (4.3).
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(c) fl(l) =f)=f0<0,J=20 (d) Comparison between different cou-
plings J

Figure 4.1: Corrections to the flow of the scaling dimension

However the additional flow induced by the corrections cannot be fully studied
by analyzing the flow of the scaling dimension. We will therefore focus on the

analysis of the phase diagram.

4.2 Phase diagram

In the previous section we have analyzed the renormalization effect induced by
a nontrivial density of states to the flow of the scaling dimension. We made
predictions on the dependency of the Kondo scale on the additional coupling
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functions fj,1 (p,q). But to analyze the full additional flow of the unperturbed
system (constant density of states), we have to study the phase diagram.
We will derive the flow equations of the coupling functions analog to Section 2.3.

Again we use the ansatz
gp(B) = g(B)e """, (4.5)

Neglecting terms of O(gy) we find in the low energy limit [p| < 1:

Opi(B) = ig(B) In(B)dpA2 — g(B)Ng7TA x

X DD Al gk [O(—k =) = Ok, (46)

a#0 k

where we again defined a = 1. Introducing the logarithmic scale z = In(B) leads
to

0.3(e) = So(e)e0,N(a) - exm@ .

<D filk+a,k,e >| [B(=k =) ~6(=k] e

a#0 k

o) (20:0) - 1(2)) (4.7)

which can be formally integrated:
) ) 1 ) 1 T ) T
9(x) = goexp | JaA™(z) — o [ X(y)dy — [ fly)dy | . (4.8)
xo o

Please note that the flow equation for A\? stays unchanged. Again defining

u(z) = % (1 - AQ;‘”) ) u(0) = Zﬂ +O(P) (4.9)
and
v(z) = VL§(x)exp (%x - ix)?(x)) , v(0) = i—;, (4.10)

we find in the limit of small couplings \? — 2

Opu(z) = v*(7) (4.11)
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and

Doo(x) = VILi(x)exp (%x _ lw(x)) (1 _ lv(x)) 4

= u(x)v(z) — U(l‘)er\/iﬂ— /2 = dul@) X

L
X D2 filk gk ) [B(-k — ) = O(-R e (112)

q#0 k

Summing up, we found the following set of flow equations for the couplings
including the linear corrections due to a nontrivial density of states:

Opu(z) = v*(x),
dpv(z) = u(x)v(z)—v(z)e ;0%: 2V2n 2 dulz),
x fy(k + g, k, )L Tl [O(—k —q) — @(—k‘)] e,
ufi(pq,x) = € {—(p —a)*fi(p.q,2) + Zk?A(k,p, Q)+ (4.13)
+§T§03(k,m,p, q)+
+(1 = pg) kZ C(k,m,p,q)|
OufL(p,q,2) = —ex(p—q)2fi(p,q,w)-

To check our approximations, we will calculate the effect of a constant correction

filp,a) = £ (2L) ™, (4.14)

which is equivalent to dividing the coupling Jj of the anisotropic Kondo model
with a constant density of states into two parts, e.g.:

J 1J
-1 Zqﬁ 025050057 = —-1 Z\DT 0% W5(0)S* +

n27r
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( ) = Z‘I’T 0o3Y5(0)57
J” Zqﬁ 07 50 5(0)S% +

+Zf” (L) (el = chyea) 57, (4.15)

For simplicity we set f|(p,q) = 0. It is convenient to shift the initial value of x
to zg = 0. The integration of the flow equation for f| leads to

filp,a.2) = f{ L) exp [—(e" — 1)(p — )*] - (4.16)

Calculating the sums in the v(z) flow equation we find in the limit of small
couplings |u(z)| < 1:

dv(z) = wu(@)v(z)+v(z 6—221— ) f] exp [—(e” — 1)¢?]

q>0 —gq

= ulw)ele) + S Y gesp [~ — 1)’

q>0

1/a=1
= u(z)v(z)+ 4U(l‘)€xf|?%/0 dq gexp [_(ex - 1)612}

| exp(z )(1 — exp[—2exp(z) — 1)])

= u(z)v(r) +v(z )f|| . exp(z) — 1 (4.17)
Defining
1
i(r) = D 4.1
u(x) = u(x) + f T (4.18)
we find for z > x( the expected flow equations:
Oyu(z) = v3(z),
Ov(z) = a(x)v(zx), (4.19)
where
u(0) = ﬂ (4.20)
47

is fulfilled. Please note that because of the structure of the flow induced by f|
an equivalent calculation for the additional spin-flip scattering cannot be done
as easily using analytic methods. However, by numerical investigation we found
that also the spin-flip corrections lead to quite accurate results.
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Figure 4.2: Phase diagrams including corrections

Having checked the approximations, we now continue deriving the phase dia-
grams of the closed set of flow equations (4.13). For simplicity we again choose

fip, g, 2 = mo) = f{V/p? + ¢*(2L) . (4.21)

The correction f(p, ¢, ) only enters the flow via fj(p,¢, ) and in the limit
fi(p,q,x) ~ fy(p,q,x) its main actions are the slowdown of the exponential
decay of the longitudinal correction and an enormous increase in computation
time (scale: N? — N%). Since we are mainly interested in qualitative results,
we will therefore set f (p,q,z) = 0. Of course to derive quantitative results (or
for anisotropic corrections), the spin-flip correction has to be taken into account.
For convenience we define Jj,,(0,0) = J)/..

An example phase portrait with corrections to symmetric coupling constants
Jy/1 is plotted in Fig. 4.2(a). A positive (negative) f|(|) generates an immediate
flow to larger (smaller) couplings J,. After a very short “time” the correction
vanishes (corresponding to the exponential decay) and the coupling functions
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continue their flow on universal trajectories of the anisotropic Kondo model with
constant density of states. Starting with anisotropic coupling constants we find
similar behaviour as can be seen in Figs. 4.2(b) and 4.2(c). Please note that for
ferromagnetic couplings J also transitions between weak- and strong-coupling
are possible (see Fig. 4.2(d)).

Summing up, we find that within our approximations the corrections generate
the flow to a different point in the phase diagram of the original unperturbed
system. Since they immediately vanish, they become effectively irrelevant for
the low energy properties of the system. We are therefore able to map the
Hamiltonian of the Kondo model with nontrivial density of states to an effective
anisotropic Kondo Hamiltonian with constant density of states. The corrections
only have to be taken into account by their renormalization effect on the coupling
constants.

4.3 Large corrections

In the previous sections we studied the additional flow generated by terms linear
in the corrections. But for large corrections also terms of higher orders have to
be taken into account.

To get a better understanding of the additional terms we will first study only
the fermionic part of the Hamiltonian by setting Jj,1 (0,0) = 0. We are then left
with the flow equations:

Isfip.q) = —(p—q)*fip.a)+
+ kZO 2k —p—q) fL(k,q)fL(p, k),
Ipfi(p,q) = —(p—a)’fLp, @)+ (4.22)

+5 52k —p — @)sgn(k) (£ (k. q) fo(p, k)+
+fi(k,p) fL(q. k) — sL(p—q).

Starting with the initial values

fiyr(p.q) = JyL(20)7H (4.23)

which is equivalent to the Hamiltonian of the anisotropic Kondo model with a
constant density of states, and using the ansatz

fiyi(pyg, B) = Jye P00 20) 7, (4.24)
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we find in the low energy limit [p|, |¢| < 1:

2
aBJ” = EJE Z ke*QB]gQ

k>0
[

1 2
= =J! / dk ke=?P*
s

721
= —— 4.25
At B ( )
and analog
Jy 1
OpJ, = —. 4.26
iy = Tt (1.26)
Introducing the couplings
I J1
U= and v = = (4.27)
and a logarithmic measure for the flow parameter
x = In(B), (4.28)
we again find the scaling equations derived by Anderson [7]:
Lu(z) = v?(x), (4.29)
ov(x) = u(z)v(x) '

As already mentioned above the solution of these differential equations diverges
for a wide range of initial coupling constants (the trivial integration is left to
the reader). Also for other densities of states we find the typical strong-coupling
divergence.

By numerical investigation we found that these divergence also occur if the
bosonized part of the Hamiltonian is included, leading to the breakdown of our
approach for certain large corrections fj,1 (p,q). This is mainly an effect of the
perturbative treatment of the corrections and the expansion of the fermionic
many particle objects in Section 3.4 by using normal-ordering. A different ap-
proach in which also the momentum dependent part can be fully bosonized is
currently in progress. Since also the solution of the Kondo model with a constant
density of state has to be revised, the calculation would exceed this thesis.

In Appendix C we show a trial approach for bypassing the strong-coupling
divergence for pseudogap-systems. Unfortunately it did not lead to satisfying
results.
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4.4 Summary

In this chapter we have analyzed the Kondo model with nonzero densities of states
at the Fermi level and small changes in the density of states apart from it using the
flow equations derived in Chapter 3. Within our approximations we were able
to map the Hamiltonian of the Kondo model with nontrivial density of states
(small corrections) to an effective anisotropic Kondo Hamiltonian with constant
density of states and certainly larger (smaller) initial spin-flip coupling constants
J1(0,0) for positive (negative) corrections. In the strong-coupling regime the
latter Hamiltonian can be mapped to an effective RLM-Hamiltonian which can
be solved exactly [13].

Though in principal also large corrections can be studied within our approach,
this may not lead to accurate results due to its perturbative nature.
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5 Conclusion

In this thesis the flow equation method has been applied to the Kondo model
with nontrivial density of states. We first reviewed the solution of the anisotropic
Kondo model with constant density of states. The interaction part of the corre-
sponding Hamiltonian has been rewritten in terms of vertex operators by using
bosonization. In contrast to earlier approaches in the fermionic representation
the bosonized form allows an expansion that becomes exact during the flow to the
strong-coupling regime. Thereby the typical strong-coupling divergence can be
avoided. In the strong-coupling regime the bosonized Hamiltonian can mapped
to an effective low energy Hamiltonian of the noninteracting resonant level model
(RLM), which can be solved exactly.

In the second part we investigated the additional flow induced by corrections
due to a nontrivial density of states. We separated the coupling functions into
a momentum independent and a momentum dependent part. The latter can be
considered as a small perturbation. While again bosonizing the first part we
studied the second one in its fermionic representation. By this the flow equation
solution of the anisotropic Kondo model with constant density of states can be
reused and only the corrections due to the momentum dependent perturbation
have to be evaluated. This can be easily done within the flow equation frame-
work. The occurring mixed terms (bosonic and fermionic operators) and addi-
tional fermionic many-particle excitations were expanded using normal-ordering.
In analogy to perturbation theory only the additional flow of the original “un-
perturbed” system (constant density of states) was investigated.

Within these approximations we were able to map the Hamiltonian of the
Kondo model with nontrivial density of states to an effective low energy Hamil-
tonian with constant density of states and renormalized coupling constants. In
the strong-coupling regime the latter can again be mapped to an effective RLM-
Hamiltonian and thereby solved exactly.

We are thus able to give a systematic analytic description of the Kondo model
with nontrivial density of states. Remarkably this thesis provides the first ana-
lytic description of this model including the correct low temperature properties.

The flow equation method provides a new powerful analytic tool for studying
nonintegrable strong-coupling problems. Possible future developments include
the application on other spin boson models with nontrivial coupling functions
and also on a wide range of DMFT systems.
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Appendix A

Useful operator identities

In the following we want to give a collection of operator identities used in this
thesis. For rigorous proofs of these see e.g. [18].

In the following f(A) is a function defined by its Taylor expansion

oo 1
f(A) = 5_0 _n!f (0)A™. (A.1)
The Baker-Hausdorff identity is given by

_ — 1
eBA&%ZE:EﬂAJﬂm (A.2)

n=0 "

where [A, Bl,,+1 = [[A, B], B}, and [A, B], = [A, B].

If C = [A, B] satisfies [A,C] = [B,C] = 0 then the following relations are
valid:

e PAe? = A+C, (A.3)
etel = MBS (A.4)

e Pf(A)e” = f(A+O), (A.5)
et = eBetel. (A.6)

(A.7)

If [A,B] = DB and [A, D] = [B, D] = 0, then

f(A)B = Bf(A+ D). (A.8)
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Appendix B

Operator product expansions using

Wick’s theorem

Expansions used in Section 3.3:

CLaCk/gC;ﬁan oz’ : CLaCk/gC;ﬁan T+
+(0lckaCgal0) : Ck’ﬁ To+
+(0|cprpe! 1510) : Ch o Con : +
(0]} aCr5¢] 5¢4al0)
= c};ack/gc;ﬂcqa T+
+01,40(—9q) <Ck’,60pg <0|Ck/,80pg|0>> +

+000(0) (aan = (0le]ca0l0) ) +
+0k,0 pO(—q)O(p)

= c};ack/gc;ﬂcqa T+
+0k,,O(—q) (O p — pﬂck/g) 0k.q©(—q)0r ,O(p) +
+5k’7p@(p)czacqa — 0w pO(P)0r,eO(—q) +
+0k,40k O (—q)O(p)

= cLack/gcTﬂcqa T+

+05 ,O(p )ckacqa 0k,O(— ) CpaChip +

+01,q0k pO(—q) — Ok,40k ,O(—q)O ()

O pO(P)chCan — Org®(—q)c)girg

Q

el epsel, e O(#ﬂ’—m#o'cTc/cT ClaCl Con t +
koYK BC1+malatpstqa - * Lotk B 4malatpgtqa -

_'_<0‘Clt:ack/ﬂcér+maclac;ﬁcqa’0> +

+<0\c};a01a|0> : ck/gc;erac;ﬁcqa D+
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+<0|CT c |O>'c/cT ClaCl ot +
ka-qo k' B +malabyps
+<0|Ck/ﬁcpﬂ|0> CkaCLmaClvaa D+
+<O\cl+macqa]0) ckack/gclac;ﬁ D+
+<0|ckack/ﬁclacpﬁ|0> Cl+ma o T
+<O‘Ckacl+maclacqa‘0> - C k/ﬁcl];ﬁ -+
+<0|ck/ﬁc}+mac;ﬁcqa|0) : cLacla :
= : L ck/gclTeraclac;ﬁcqa T+
+<O‘Ckacklﬁcl+maclac ,cha’(]) +
+<0|Ckacla|0> Ck?',@Cera Lﬁcqa tt
+<O\ckacqa\0> ck/gclTeraclac;ﬁ D+
+<O‘Ck/ﬁ 5’0> CkaC;reraClOlcqa Dt
<0|cl+macqa|0) : c};ack/gclaclﬁ D+
310D 20(0) (e matan = (Olefmaaal0) ) +
310 (~Drma®(—a) (9 — chycrrs — Olewachl0)) +
012004 O(=0) (chotia = (Olclycial0))
R 00k pO(—1)O(D)C] o Can —
—01101m g (—1)O(—q)c! yes +
+5k’,p5l+m,q@(p)@(_q)clt;acla (B2)
t 1 + a#B,m#0
Ckack/ﬁclerﬁclﬁcpﬁcqa ==
R {0]ef ¢l npCaal0) : ClﬁCTﬁ L+
<O\ckack/50 ﬁcqa]O) Cl+m[3015 +
<0|ckaclgc ﬁcqa|0> : Ck'ﬁclrmﬁ T+
<O‘Ck/ﬁcl+mﬁclﬁ ,@’0> Ckacqa :
~ _5k,q5k’,l+m@( )@(l + m) ﬁcl/g +
+6k,q5k’,p@(_Q)@(p)czr+mgclﬁ -
—5k,q5l,p@(—Q)@(p)ClTer,ng/ﬁ +
+6k’,l+m5l,p®(l + m)@(p)clacqa (BS)
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P S om0
CpaC(Iﬁckﬁckla Cl+ma Cla -

<O‘Cpacqlac1l;ﬁck'a’0> ClerozCl Ct

Q

<0|cpacqﬁckﬁcla|0> : ck/ac;era D+
<O\c ck/ac;r+macla]0) : cqgczﬁ i+
<0|cqﬁckﬁck/acl+ma|0> pacla :
6p7k/6q7k@(—p)@(q)chmacla —
—0p,10, ,k@(—p)@(q)CLm&C}g/a
—0p,10k 1+mO(—p)O (I + m)ciﬁcq/g +
+04. k0% 1+m©O(q)O (1 + m)c;f)acla (B.4)

Q

t t t a#B,m#0
CpaCaBCraCh aClympCin =

<O\cpacqg02ﬁck/a]0) ClerﬁClg +
+(0lchaCascraclmpl0) : chgeis : +
<O\cLac,1/@ck/acm]O) : ngCL_m/@ D+
+(0lcgsel sty mpisl0) = chaciva

Ok Og kO (—p )@(q)ClTer,@Clﬁ +

+0p k1 0g,14mO(—p)O (I + m)cligcm -

— p,k:’5k,l@(_p)@(_l)cg+mﬁcq/3 +

+04.1+m0k O + m)@(—l)c;ack/a (B.5)

Q

Q

Expansion used in Section 3.4:

aFf

cLacqacLacm = c;acqacltacm T+
+{0lchacqal 0) - Ckacm +
+(0lcqachal0) : chacis : +
<0|Cpa0qacz;a0lﬁ|0>
= 51?711@(_@020101,@ + 6k,q@(k)c;r>aclﬁ +
+: c;acqaclacw : + const.

51?711@(_@020101,@ + 6k,q@(k)c;r;aclﬁ (B.6)

Q
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a#p
c;acqacgﬁcla ~ 6p7q@(—q)c};ﬁcla — 5p7l@(—l)clﬁcqa (B.7)
c;acqﬁcgﬁcla = c;acq/gcgﬁcla L+
+(0lcf yc1a0) : cq/gc,t;ﬁ D+
+(0lcqaclgl0) : cacia : +
+<0|C};acqﬁclﬁcla|0>
= c;acqgczﬁcla : —5p,l@(—l)c,tﬁcqg + (5;97(1@(1{)0;&61& + const.
R~ (5;{,(1@(]{)0;&% — (5p,l@(—l)c£ﬁcqg (B.8)
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Appendix C

Pseudogap-systems

Most of the approximations used in Chapter 3 were based on the assumption that
the varying density of states only leads to a small perturbation compared to the
couplings at the Fermi level. But in systems with a power law density of states
(3.1), the couplings at the Fermi level are zero and therefore every correction has
to be considered as large. However applying only small changes we are able to
derive similar results as Gonzales-Buxton and Ingersent [24].

C.1 Flow of the scaling dimension

For pseudogap-systems with a power law density of states (3.1) we assume cou-
plings of the form
|7/2|q|*/2, 2 > 0. (C.1)

Jiy2(ps @) = uyyo|p""lg

Unfortunately the flow equations (3.52) cannot lead to a flow of the scaling di-
mension to the Toulouse point, since J, (0, 0) is zero and consequently g, =0 —
OpA? = 0. Here the terms A, B and C can be neglected since they are propor-
tional to J, (0,0) and we are left with the flow equations:

Isfip.q) = —(p—q)*fip.9)+
+ kZOQ(% —p—q)fL(k,q)fL(p k),
Isfipq) = —(p—q)fL(p,q)+ (C.2)

+ 2}; 52k —p — q)sen(k) (i (k. @) fL(p, k)+
+ i (k,p) fLlq,k)) .

As in Section 4.3 the corrections quadratic in the coupling functions can lead
to a divergence. E.g. for symmetric couplings in the pseudogap-form (C.1) we
find using the ansatz

fip,q,B) = fL(p,q, B) = u(B)|p|"/?|q|*/ e~ Be=0"(2L)~ (C.3)
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that in the limit |p|, |¢| < 1 both differential equations in (C.2) lead to

dpu(B) — %mee—w%%m

k>0
1 x
_ —(4z/2)p (T, 2
—(2B) T (2) w(B)
= h(z)B~UDu%(B). (C.4)
By integration we find
1 2h(z) /. a2\
B) = B~*/? — B;*/ .

where B, /2 i5 the initial bandwidth of the system. Obviously u(B) is divergent
for
1 < 2h(x)
uw(By) — oz
implying a transition between weak- and strong-coupling. This will be discussed
in the following section.
We will try to avoid this divergence by subtracting the arithmetic average (mul-

tiplied by a prefactor)

Bax/Q

) (C.6)

1/a
2 1
= C.7
s1p) =7 227ra+1q_21:/afL 10 0

from the f, flow equation and adding it to the flow of g, by using

+ (3.39) 4m2a
ngakC’ quL\/_ el ol + O (JL(0,0) x J;(0,0)) . (C.8)

Please note that the resulting error of this expansion is of O(J}(0,0) x J,(0,0))
and cannot be neglected for large initial couplings. Therefore one should not use
the above approximation for systems with nonzero couplings at the Fermi level.

In other words we will add the terms
Z s1(p—q) <c;chlS_ + c;lchS+> (C.9)
b,q

and

—ZSL —q( 1Cql S +c chS+> (C.10)
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to the right hand side of
OpH(B) = [n(B), H(B)]. (C.11)

While by using Eq. (C.8) the first term is identified to contribute to the flow of
gp, the second one will be added to the flow of f (p, q).

Please note that with the choice of s, (p) in Eq. (C.7) the contribution to the
flow of g, is chosen as the average of the couplings f| (¢ + p,q) multiplied by
V'L/(27a) to measure s, (p) in the same units as g,,.

This leads to two corrected flow equations for pseudogap-systems:

8ng = —p 9p + 2 ; aqn}(fl gq Qgp In < ) /\83)\_

_@ > 3 Gprafi(k +a, k)E T;‘Qqe‘“'q'”x
q#0 k
< (O(~k —q) — O(—k)) + LYLs ()~ (c.12)
_2pgpwpa
Ipfipg) = —(p—q)*fL(p, @)+

+5 5(2k — p— q)sen(k) (fy (k. q) fL(p, k)+
+ /i (k,p) fLlq, k) —si(p—q).

Since s, (p) couples the f, differential equations nontrivial, an analytic proof of
the convergence of the complete set of flow equations is only hard to achieve.
However by numerical investigation we did not find a divergence of the new flow
equations (even far beyond the Toulouse point).

Figs. (C.1(a)) and (C.1(b)) show example plots for the flow of the scaling
dimension using the revised flow equations (C.12). As expected from the initial
values the flow starts only very slow. But due to the fact that g, is no longer
decreasing all the time, A\? reaches the Toulouse point quite fast after the flow
finally started. As expected large couplings lead to a fast flow of the scaling
dimension and therefore to a higher Kondo temperature as for smaller couplings.

C.2 Ciritical exponent

Examining again couplings of the form (C.1) it is clear that for finite parameters
w1 the couplings for states close to the Fermi level vanish in the limit z — oco.
Since the Kondo effect lives from the excitations of the latter it is very unlikely
to find the strong-coupling regime for large values of the exponent z. On the
other hand for x = 0 the system is equivalent to the anisotropic Kondo model
with momentum independent couplings. So one can expect to find a transition
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Figure C.1: Flow of the scaling dimension in pseudogap-systems

between weak- and strong-coupling in the exponent x. Of course this transition
has to be continuous and cannot take place at a specific value of x. Nevertheless
one can find regions where the strong-coupling regime is definitive unreachable.

NRG calculations (see e.g. [24]) show that in the limit of small couplings
(compared to the bandwidth) the strong-coupling regime cannot be obtained for
power law densities of states (3.1) with values of 2 0.5. By the inequality
(C.6) we already found the first evidence for such a transition. But actually
the divergence of the solution is not required to find the Kondo effect. It is
sufficient that the low energy couplings flow to values much larger than the
hopping parameter (represented by the bandwidth of the system). Therefore the
actual transition between strong- and weak-coupling will take place at certainly
smaller initial couplings than the divergence.

Solving Eq. (C.6) numerically using Maple we find for By = 1 and u(By) = 0.1
that the transition between the diverging and the finite solution takes place at
x ~ 0.17. From Fig. C.1(a) we know that even small changes in the exponent x
lead to drastic changes in the speed of the flow of the scaling dimension. Due to
this strong influence of x on the flow - and therefore on the Kondo temperature
- we do not expect to find the strong-coupling regime for exponents much larger
than 0.17. However to get accurate results one has to solve the complete system
of differential equations, which can only be done numerically.

The value of the flow parameter at which the scaling dimension reaches the

Toulouse point B, is (in first order) inverse proportional to the Kondo tempera-
ture. So one can obtain the “critical exponent” at which the transition takes place
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— linear fit

Figure C.2: B, against u, z = 0.2

by determining B.(x), because B, has to diverge if the Kondo temperature goes
to zero. But due to numerical difficulties the exact point where \? reaches the
Toulouse can only hardly be obtained. Since in the pseudogap-case the scaling
dimension always starts its flow at the same point, we can use any value between
the starting point and the Toulouse point to obtain an equivalent relation. We
therefore choose B, to be the value of the flow parameter at which the square of
the scaling dimension is A\* = 1.5.

To assure that we can find such a divergence, we first plotted B, against u in
Fig. (C.2) for one z-value, setting a = 1 throughout this section. Here B, has
to diverge in the limit v — 0. Going from large to small u’s, B, seems to be
increasing exponentially until it suddenly diverges, corresponding to the drop of
the Kondo temperature to zero.

In Fig. (C.3) we plotted B, against = for u = 0.1. Going from larger to smaller
couplings (smaller to larger z) we again find an exponential increase of B,, but
at x ~ 0.5 it starts to diverge. From that we can conclude that for x 2 0.5 the
crossover to the strong-coupling regime is only hard to achieve!, which is in good
analogy to the NRG results.

C.3 Summary
Summarizing this chapter we found that by rearranging the flow equations for

systems with nonzero couplings at the Fermi level we are also able to solve them
for pseudogap-systems. Analyzing systems with power law densities of states we

LOf course the point of the divergence is u-dependent and can be shifted to the right or to
the left by using larger or smaller values for u. But since a=! = 1 is the effective initial
bandwidth of the system, only couplings u < 0.1 can be considered as small.
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Figure C.3: B, against x, u = 0.1

found that for exponents = = 0.5 the Toulouse point can only be reached hard,
which is in good agreement with previous NRG calculations.

But within our approximations we always map antiferromagnetic coupling
functions of the form C.1 to an anisotropic Kondo Hamiltonian with a constant
density of states with antiferromagnetic coupling constants. The latter will of
course always show strong-coupling behaviour. Furthermore it is not clear that
the rearrangement of the flow equations is a suitable way to remove the strong-
coupling divergence, since the uniqueness of the coupled differential equations
is abrogated and therefore also the solution is no longer unique. Therefore a
different approach should be considered.
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