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Correlated electron materials

High sensitivity to small changes of microscopic parameters

elarge resistivity changes
ehuge volume changes

ehigh T,

estrong

ecolossal magnetoresistance

egigantic non-linear optical effects

with

Technological applications:
e sensors, switches
e magnets/magnetic storage
e spintronics, e.g., spin valves

Exact solutions of correlation models particularly important (and difficult)




Construction of exact many-electron ground states I

Strategy

Step 1: Cast many-electron Hamiltonian into positive semidefinite form

N

A A A
H=H,+H,=)> P +E,

N

H'+ Eg, P : positive semidefinite operators

(w[Rw)=0
e.g., P =00, QO

Simplified by flat bands

Step 2: Construct many-electron ground state

N

P|¥,)=0=>H|W )=E |¥ )
1
ground state ground-state energy

Step 3: Prove uniqueness of many-electron ground state: “Pg> spans ker(H ")
« Works in any dimension _ ~,
« No “integrability” required = {‘¢> ‘ H ‘¢> - O}
« Applicable to any Hamiltonian with sufficiently

many microscopic parameters



Application to Hubbard and Periodic Anderson model

Brandt, Giesekus (1992)

Strack (1993)

Strack, Vollhardt (1993, 1994)
Orlik, Gulacsi (1998, 2001)

Gurin, Gulacsi (2001, 2002)
Gulacsi (2002)

Sarasua, Continentino (2002, 2004)

Periodic Anderson model in d=3

8r

6

Exact insulating and itinerant (non-Fermi liquid) °

ground states at 3 filling

2+

9 divergence!

0.1 0.2 0.3 0.4 0.5

ty Tt]

Gulacsi, Vollhardt (2003, 2005)

High sensitivity to small changes of microscopic parameters found




1. Exact many-electron ground states
on diamond Hubbard chains

L. Gulacsi, A. Kampf, DV
Phys. Rev. Lett. 99, 026404 (2007)



3 sites per cell 2 3 bands

s=1,2,3 sublattice index

NC
N

= # cells
= # electrons

N :
n=—— electron density
3N

c

t, el taolio+He]+ ED Mitrg.o)

Peierls phase factor
§ =21 ® /Dy A a
tiy (B) = t35(0) exp[(i2m/®o) [ A - dl]

One flux quantum per unit cell (triangle): o

s=1,2
N. 3
Ho= U ) figr, 1 Risr..|
i=1 s=1
' No
H=H +H Zeeman
4 L U Term




3 sites per cell 2 3 bands

s=1,2,3 sublattice index

N, = # cells
N = # electrons
N :
i+r, n= I electron density
& 3
T Ho=> > Moo(k) &y ,Coko
k.o s,s'=1
Examples:
\ t,>0 ) .
B t, =t =0 e=—t, +1t, /2 t) =0 Energy unit: 2t
0=m/2 0= ctl cosd = t2 — cos?§

e

>

Single-electron
bands




Solution I: Flat-band ferromagnetism



Solution I: Flat-band ferromagnetism

Single-electron bands

tJ_:t”:O
o =m/2

“Aharonov-Bohm cage”

Vidal, Doucot, Mosseri, Butaud (2000)

e=0, 2 electrons: excited singlet eigenstates

e localized if U=0
e delocalized if U>0

Delocalization also for finite densities ?



Solution I: Flat-band ferromagnetism

Single-electron bands

tJ_:t”:O
o=m/2

<
Il
[HEN

l+l’2

. s &
HO = kZ Z )u{‘,.,-f[:k) (qi‘k‘r,(qs',k,ﬂ'
o s.8'=1

Diagonalization' - New canonical fermionic operators C, ;, in position space

ZZE vio 1/10' EQIG?EQ:H:(G:F\/GQ‘FZL)/Q

Voo

A

i,o v=I1

A4

ﬁv i o and HU positive semidefinite operators



Solution I: Flat-band ferromagnetism

i§r1 @B Example 1:
A
tL =1 = 0
E o =m/2

<
Il
[HEN

i+r, €

. 3 <
HO = kZ Z )u{‘,.,-f[:k) (qi‘k‘r,(qs',k,ﬂ'
o s.8'=1

Diagonalization' —> New canonical fermionic operators C, ;, in position space
(localized Wannier eigenstate)

ZZE l/lO'AVIO' EQ:G?EQZEI:(G:F V€2+ /2

Voo™

i,o v=I1
Ground state of ﬁ ;
Hpiwl n<1/3 : ferromagnetic clusters
N<N,, U>0
E;T — E.N n=1/3 : fully saturated ferromagnet
e Prove uniqueness of “P;(N)> Mielke, Tasaki (1993)

— Flat-band ferromagnetism: Realizes ideas of Gutzwiller and
Kanamori from 1963 about the origin of itinerant ferromagnetism



Solution I: Flat-band ferromagnetism

E .
o, @B Example 1:
A
tL =1 =0
E 0 =1m/2
v=1
?

i+r, € E
A e o 3
I D SRR >

A

Diagonalization° - New canonical fermionic operators C) ;, in position space
(localized Wannier eigenstate)

ZZE UIO'AI/IO' EQI(:.:. EQZE[:(G:F\/€2+4)/2

i,o v=I1

Ground state of H o 1—[03 .

n<1/3 : ferromagnetic clusters
N<N., U>0

E;’ = E3N n=1/3 : fully saturated ferromagnet
e Prove uniqueness of “P;(N)> Mielke, Tasaki (1993)

U>0: lowest band flat only for 0 =77 /2 (localized) N magnetic field induced
dispersive for © =0 (conducting) metal-insulator transition




Solution Il: Correlated half-metal



Solution Il: Correlated half-metal

Itinerant states easier torealizeat o zx4/2 ?

o= t,t>0
e=—t| +1'/2

A

K

Single-electron bands

- Investigate ,

E

>




Solution Il: Correlated half-metal

Transformation of the Hamiltonian into positive semi-definite form

H,| Define non-canonical fermionic operators:

o o o o

A,G = a'].CiO' T a2ci+r20' T a‘3Ci+a0' + a‘4C

I+no
(Ai0)? =
{Aio, A} # 61
E "-'- ~ * A
— AiaAa = (a2a10|+r aC + a a C|+aaC|+r o) + a a C|+r1<;C|+aa +
* /\T A
a1a4C|aC|+rla + a a C|+r2<7C|+rla + a3a10|+aa + HC) +
2 2 2 2
‘al‘ niO' + ‘aZ‘ ni+r20' + ‘aS‘ ni+a0' + ‘a4‘ ni+r10

_ZA Aia HO _ Z Z{ 1+r2 oCio T CLL& oCitroo T

T
Ci+r1,acl+a ot Cl o‘cl+r1 0) —H: 1—|—r gcl—l—rl,o +

L ¢ Cl+a SCio+ H.ec|+ 52 Nitrs o}

s=1,2



Solution Il: Correlated half-metal

Transformation of the Hamiltonian into positive semi-definite form

H,| Define non-canonical fermionic operators:
A,G = a'].CiO' T a2ci+r20' T a3ci+a0' + a4Ci+I‘10
(Aig)? =
{Aio, A} # 0ij
E "-'- ~ * A
— AiaAa = (a2a10|+r aC + a a C|+aaC|+r o) + a a C|+rlaC|+aa +
* /\T A
a1a4C|aC|+rla + a a C|+r2<7C|+rla + a3a10|+aa + HC) +
2 2 2 2
‘al‘ niO' + ‘aZ‘ ni+r20' + ‘aS‘ ni+a0' + ‘a4‘ ni+r10
-2 ALA, = a8, = a3, = 43, = 4,3, =t =
o * " N "
a,a, = -1, Ai o = /1[0 — Citao
d;d, = - QtLeié/z(éiJrrl,a - éi+r2,o)]
2 2 2 2
a,|" +|a;| = +|a,| = +[a,]




Solution Il: Correlated half-metal

E =

—ZA A = +ZAG —2ch;\am\2

—UZn UP +UN -UN,

1, unoccupied site

B Z P' ’ P' N (niT _1)(ni¢ _1) B {0, at least one electron

— =

= Z Ai’UA;U +UP+ E;I positive semi-definite

EII

(e+U+t )N —N[3U+4t, +1/t,]



Solution Il: Correlated half-metal

Construction of the ground state

H = Z Ai’gfl;g +UP + Eél positive semi-definite

i,0

ZP P = (A, -1)(A, -1) =

1, unoccupied site

(0, at least one electron

Ground state for U>0: AT “P >:O and FA"‘P9>: g>=Eg‘\Pg>
l( AITG =0 At least one electron required at each site
fe T T of
p— ‘\IJ:; (4NC)> oC H Ali_gAig‘o> FO’ Hi[(’i—krs. 1 1—|—r o’]

i Creates two electrons with fixed spin o
Creates one more o electron on arbitrary sites of each unit cell

in each unit cell

\4

Ground state for .
s=mt >0 ||V, (4N.)) HAI_U JET0) N =4N, < n=4/3
e=—t, +t]'/2 n,=1n_,=1/3

» Prove uniqueness of [¥y (4N,))



Proof of the uniqueness of the ground state |¥} (4N,))

Prove:

“Pg (4NC)> spans ker(H ") = {|¢> ‘ H '|¢>:O}, H

< a)|¥y(4N,)) eker(H )

b) all states [t//> € ker(I:I ") can be written in the form

i,—co IO'

WITAN,) :([HA Al 1ET10)

H' iﬁ — ker(H") = ﬂker(P)

N, - )
Here: H'=>"Y A; Al +UP

NC

—lker(H") = [ [ker(A,A.) Nker(P)

o=T4 i=1




Proof of the uniqueness of the ground state

Theorem 1: ker(A_A! ) is spanned by vectors of the form |¥)= Al W|0),

where W is an arbitrary operator, as long as (¥|¥) 0.

Proof:

2
) =0

) AALIW) = 0 =|¥)eker(A,Al) V
b) To show that all vectors |¥) eker(A_A! ) can be written
in the form |¥)= A’ W |0) we assume |®)=Y |0)eker(A A!), i.e., A_AlY|0)=0
{AU,AL}:awzconst

A 1 - Ay A A 1 ~ - I
=[@)=Y|0) = (A T AAY|0)=A, (—— AY)|0)=AWI[0)
° N 'C’VVQ . g.e.d.

NC A A
Theorem 2: ker(D>_) A_Al) is spanned by vectors of the form |¥) = [HH Al W |0),

o i=1 o i=1

where W is an arbitrary operator, as long as (¥|¥)=0.

Proof: simple (since AU are linearly independent) g.e.d.



Proof of the uniqueness of the ground state
NC A A ~
ker(H) = (] [ ker(A,A.,) Nker(P)
o=T4 i=1

Spanned by states which have
at least one electron per site

= |¥)= [HHA W |0) spans ker(H),
provided the form of W is compatible with ker(F3).

Theorem 3: For N=4N_, W = £ = TJ, [flrr aﬁLr o)

2 ?

Creates two electrons with fixed spin ¢

on arbitrary sites of each unit cell
Proof:

(1) W = AT is a possible choice (rather simple)

~ ~

(I) W =F is the unique choice (a little more difficult) g.e.d.

For 0=x;t,t,>0 IT 1
E:—fJ_vaI]/Q ‘\IJQ (4N HAI—U F |O>

n=4/3:n_=1n_=1/3

is the unique ground state g




Solution Il: Correlated half-metal

Ground state MJH AN,) HAI—U FT 0) | n=4/3:n,=1n,=1/3

One ¢ electron on every lattice site - localized

-0 electron: spatially extended but localized for N, —

Expectation value of hopping term: 1, _, = (é}?_aéjﬂﬁ_g + H.c.)

N,—c0 1\
(-1) oM/ s

T 1,

,r/a=m




Solution Il: Correlated half-metal

N>4N, <n >4/3| AN -oelectronsadded: n_=1,n__=1/3+AN/N,

Ground state
- ‘@51(4]\[0 + AN H na ka —c @£I(4NC)> n :s=123

a=1

plane wave-type states due to -c electrons

> AN -0 electrons itinerant

Ground state for ¢ 3N. immobile o electrons
4/3<n<5/3 « N. -0 electrons confined to localized Wannier function
+ AN conducting -c electrons
AN —>N,
 Magnetization M « (1-AN/N,) = 0
- Low carrier-density metallic behavior




Solution Il: Correlated half-metal

N>4N_<n >4/3| AN -oelectronsadded: n_=1,n__=1/3+AN/N,

Ground state \\1151(4NC+AN H na \IJII(4N)> N s=123

a=1

S=m4,,>0
€= —t; +1,'/2

— plane wave-type states due to -c electrons
/\

B
>

> AN -0 electrons itinerant

k
Single-electron bands

Ground state for U=0: dispersionless, localized electrons
4/3<n<5/3 U>0: correlation-induced half-metal

- Correlation-induced localization-delocalization transition to a half-metal

B=const: Trigger transition by tuning local potential ¢




Solution III:
Exact ground states for general magnetic flux



Solution Il Exact ground states for general magnetic flux

b=-coss/t,, e=b-b™ \/

>
i+r2 k
€ Single-electron bands
Ground states for N >5/3
B =0: localized

non-magnetic B=0 . Nqn-sel\tlt:l.rat?d fe[rso/n;agnet
ground state for * Insutating Tor n=
n>5/3 « metallic for n>5/3

Conclusion | * Diamond Hubbard chain has remarkably complex properties
» Switch between different ground states by variation of B, ¢, n




2. Exact many-electron ground states
on triangle Hubbard chains



UO t UO 2 sites per cell > 2 bands

N. = # cells
N = # electrons
N

n=—— electron density
2N,
( ')2 A
€1 — €y > —2t
4 Solution I: U, U,>0
E
n<1/2 : ferromagnetic clusters
PAR . 24 n=1/2 : fully saturated ferromagnet
>
Kk Mielke, Tasaki (1993)

Derzho, Honecker, Richter (2007)



UO t UO 2 sites per cell > 2 bands

N. = # cells
N = # electrons
N

n=—— electron density
2N

C

——=€ —¢€+2t, t>0 HA=HAO+HA

U

A Solution II: UO > 0, U1 =0

n=1/2 : non-magnetic

!

> U,=0: electrons uncorrelated on sites
k where Wannier functions connect




q\t & &
VAAVAV
U1 81

2 sites per cell - 2 bands

= # cells
# electrons

NC
N

N :
n=—— electron density
2N

C

A= B+ A,

Solution IlI;

U,=0 U, >0

n=1/2 : fully saturated ferromagnet



WY

i+r
2 U1
VTzEf +2t, t>0

E. >-2t

A

2 sites per cell - 2 bands

N :
—— electron density

=0, U, >0

LINER YY

Ci,o"

eg = 0

N. = # cells
N = # electrons
n=
2N,
A = F,+ H,
Solution 1l1: U,
n=1/2 : fully saturated ferromagnet
Change of notation: di,a =
= (Aii_H-:m Vi= t, by

Fas
fi,cr

= €1,

1D periodic Anderson model




WY

i+r
2 U1
VTzEf +2t, t>0

E. >-2t

A

LINER YY

2 sites per cell - 2 bands

N. = # cells
N = # electrons

N :
n=—— electron density
2N

C

A= B+ A,

Solution 1l1: U,=0 U, >0

n=1/2 : fully saturated ferromagnet

K

> [T (N =N

V -
H[ jl a+tr,o 1+r o ?djrr] |0>

» Prove uniqueness of ¥ (N = N,))

1D periodic Anderson model




WY

i+r

V2

—=E,+2t, t>0

t

U,

E. >-2t

A

2 sites per cell - 2 bands

N. = # cells
N = # electrons

N :
n=—— electron density
2N

C

AL ... A4/

Localization length of d-electrons

1

el

10|

~ <




Application of the 1D periodic Anderson model to CeRh;B,

CeRh;B, is interesting because:

e RKKY interaction cannot explain ferromagnetism

 Small f- moment 0.45 p; (free Ce3* ion: 2.14 )

 Highest T. (=120 K) among known Ce compounds with non-magnetic elements




Application of the 1D periodic Anderson model to CeRh;B,

AC

RRh>2B
o Rh - _

[0001] c-axis

Rh(x’
Ce \\.Ce
Rh{|<_ I 3.09A
a RN
)R Rh OB Ce < >.Ce
Rare Earth 5.44A e
Yamada et al. (JPSJ, 2004) (a,c) plane cbl::;];tructure
Rhsite 44
a9 —a> C

N/ N/ NSNS NS N/ \
§ ¥ ¥ ¥ ¥ ¥ o
4f t : conduction band
V: d-f hyblidization

Ce site

Kono, Kuramoto (JPSJ, 2006)



Mechanism for f-electron ferromagnetism in CeRh;B, ?

N,—L

Non-interacting magnetic state |®) = l

o}

“k

Variational wave function ||WV) = P|®)

Gutzwiller projector P = 1—[(1 — nn

Evaluations by variational Monte Carlo (VMC)

L
T T
A ako’ F S F 9 bko’|0>
k
.
i¢”i¢)



VMC 3.0
2.0+
1.0
0.0 -

-1.0 1

-2.0

1.0 0.5 0.0 0.5 1.0

kK/TC
t=0.34eV, V=024eV, E, =-0.714¢eV, U=7¢eV,n=0.55

—— T spin band

— — | spin band Kono, Kuramoto (JPSJ, 2006)

T ospin

Energy

~Z almost flat band created by U

2
Exact ground state VT _E, +2t, t>0

(Solution II1) 4

E E>-2t Gulacsi, Kampf, Vollhardt (unpublished)

p . saturated ferromagnetism,
TT = TPT «—— bare flat band unchanged by U

>

K
e.g., t=034¢eV, V=023eV, E, =-0.52 eV, U >0 arbitrary,n=0.5
Both: Ferromagnetism related to a lowest flat-band



Magnetic moments

Experiment: m, =0.45 Galatanu et al. (2003)
VMC t=034¢eV, V=024¢eV, E, =-0.714eV, U=7¢eV,n=0.55
m, = 0.94 Kono, Kuramoto (JPSJ, 2006)

2

Exact ground state VT _E, +2t, t>0, E, > 2t

t=0.34¢eV, V=023eV, E, =-052¢eV, U >0 arbitrary, n=0.5

m, =0.68 Gulacsi, Kampf, Vollhardt (unpublished)



lll. Exact many-electron ground states
on pentagon Hubbard chains



Search for ferromagnetism in systems with non-magnetic elements

Candidate: Flat-band ferromagnetism in organic polymers

Polymethylaminotriazole

H

Suwa, Arita, Kuroki, Aoki (2003)
Arita, Suwa, Kuroki, Aoki (2002, 2003)



U0
t 4 sites per cell - 4 bands
N, = # cells
N = # electrons
N :
n= IN electron density
u, U, L

€ € C

£ 22 2 Gulacsi, Kampf, Vollhardt (unpublished)
& — 1
&>t >0, g :(—j

th
t|2

&, =2

A

& — 1
/\
E ~__
/\

K

Single-electron bands



t 4 sites per cell - 4 bands

N, = # cells
N = # electrons

N :
n=—— electron density
4N

u, U, b & & °

&, =2

A

(tT 2 _t2 Gulacsi, Kampf, Vollhardt (unpublished)
1 h

{12 HZHO-l-HU

Ground state I: U,,U,,U, >0

n<1/4 : ferromagnetic clusters

>

—t
N
e Y
«@7 n=1/4 : saturated ferromagnet
K

Construction of lowest flat band by tuning of “gate potentials €” only




t 4 sites per cell - 4 bands

N, = # cells
N = # electrons

N :
n= IN electron density
u, U, b & &
Gulacsi, Kampf, Vollhardt (unpublished)

t <0; arbitrary t,t', ¢, ¢,
U,U, >0 H=H,+H,
U, =U,(t, "1, &6, 6,,U,U,)
— upper bound for g,

Ground state II:
A

. 444 . 444 n<7/4 : ferromagnetic clusters
/& n=7/4 : non-saturated ferromagnet
N
v
> Construction of a flat band

k by tuning the interaction U,




Extension to more complicated structures possible

\%

Polymethylaminotriazole

H




Conclusion 1:
Strategy for the construction of exact many-electron ground states

Step 1: Cast many-electron Hamiltonian into positive semidefinite form

H = H ZP + E E P positive semidefinite operators
<l/f|F’n y)=0

e ; R
Simplified by flat bands e.g., Pn _ QTQ | QQT

Step 2: Construct many-electron ground state

P, Tg>: 9>:E9‘LP9>
ground state ground-state energy

Step 3: Prove uniqueness of many-electron ground state: “Pg> spans ker(H ")
« Works in any dimension _ ~,
« No “integrability” required = {‘¢> ‘ H ‘¢> - 0}
» Applicable to any Hamiltonian with sufficiently

many microscopic parameters



Conclusion 2:
Exact many-electron ground states on Hubbard chains

» Hubbard chains have remarkably complex properties
e.g., square Hubbard chain:

- Lowest flat-band ferromagnetism (general property)
- Correlated half-metal behavior
- Metal-insulator transitions

» Tune between different ground states by varying B, €, n, U, t

—> Design of new switches



