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Foreword 

These no tes  on t h e  physics  of t h e  m e t a l -  

i n s u l a t o r  t r a n s i t i o n  i n  d isordered  systems a r e  based 

on a series of l e c t u r e s  which t h e  author  gave a t  t h e  

"NORDITA Spring School on Condensed Matter Theory" a t  

Tvsrminne(~in1and)  i n  A p r i l  1984. Nevertheless ,  t h e  

d e t a i l e d  manuscript  presented here  was only worked o u t  

most r e c e n t l y  i n  t h e  course  of my p repara t ion  f o r  t h e  

"Spring School on Disordered Systems" a t  J c l i c h  

i n  March 1985. 

The l e c t u r e s  address  graduate  s tuden t s  and, 

i n  genera l ,  non-specia l i s t s .  Therefore no previous 

experience wi th  t h e  mat ter  i s  assumed (except  f o r  a 

genera l  f a m i l i a r i t y w i t h  t h e  b a s i c s  of quantum mechanics 

and condensed matter phys ics ) .  One of t h e  f o c a l  p o i n t s  

of t h e  l e c t u r e s  i s  a d e t a i l e d  ("anschaul iche")  d i scuss ion  

of t h e  s c a t t e r i n g  e f f e c t s  r e spons ib le  f o r  l o c a l i z a t i o n  

and i n t e r a c t i o n  e f f e c t s  a s  worked o u t  by t h e  Russian 

school.  Q u f t e  genera l ly  no knowledge of advanced theore t -  
. - - ,  

i c a l  methods (e.g. Green's func t ions ,  Feynman diagrams e t c . )  

is  expected. I n  t h e  two ini tances where diagrams a r e  

a c t u a l l y  used they  appear a s  a "sign-language" t o  i l l u s t r a t e  

t h e  use  of pe r tu rba t ion  theory and t h e  concept of  t i m e  

r e v e r s a l  invar iance .  (It seemed t o  be important t o  a t  

l e a s t  mention t h e s e  i d e a s  on which a l a r g e  p a r t  of t h e  



actual research is based.) Within this task it was 

unfortunately not possible to discuss any of the field- 

theoretical methods which have proven to be of fundamental 

importance for the development of the subject. Instead 

a detailed discussion of the scaling theory by Abrahams 

et al. is given. 

These lecture notes do not present a review of 

the subject. They only attempt to be an introduction - 
a fact which is certainly reflected in the number of 

references. Furthermore several topics and techniques 

have not been mentioned at all, while others have been 

discussed at greater length. This does not reflect the 

author's opinion about the importance of those methods 

and results that cannot be found here, but only the 

author's capability of presenting the matter within a 

given frame of depth and length. 

Finally I would like to express my deep 

gratitude to all my friends and colleagues, who helped 

me to learn about localization and the metal-insulator 

transition. In particular, I am grateful to Elihu 

Abrahams and Peter Wijlfle for many inspiring and 

enjoyable discussions. 



I. Introduction 

A metal-insulator transition separates two 

physical regions, which fundamentally differ in their 

electrical dc-conductivity a ( w =  0 ) :  while a metal has 

a finite dc-~~nductivity (a (0 )  > 0 )  , an insulator is 
characterized by a ( 0 )  = 0. 

Such a transition does not only occur in 

disordered systems. In fact, it can also take place in 

very clean, purely crystalline materials, in which the 

particles that are responsible for the current, interact 

via a Coulornb-interaction. In such systems an overlap 

of energy bands can lead to a metal-insulator transition. 

Yet another cause for a transition may be due to a 

structural change of a crystal leading to a new lattice 

periodicity. Indeed there exist completely different 

physical reasons for the occurrence of a metal-insulator 

trannition 1 3 3 .  We will here confine ourselves to the 

metal-insulator transition in disordered systems, i.e. 

where the "disorder" is ultimately responsible for the 

transition. By "disorder" we mean, e.g. the disturbance 

of a strict lattice periodicity due to impurities or 

defects. Our understanding of the physics of disordered 

systems, in particular of their transport properties 

and the metal-insulator transition, has greatly changed 

and substantially deepened in the last 5-6 years /2,31. 



I n  t h e  f i r s t  p a r t  of t h e s e  l e c t u r e s  w e  w i l l  

concen t ra te  on t h e  behavior o f  non- in terac t inq ,  quantum 

mechanical p a r t i c l e s  i n  a d isordered  environment. I n  

t h e  second p a r t  w e  w i l l  a l s o  t a k e  i n t o  account t h e  

e f f e c t s  of  a mutual i n t e r a c t i o n  between t h e  p a r t i c l e s .  

11. Non-Interacting, Quantum Mechanical P a r t i c l e s  i n  

Disordered Systems 

Of three-dimensional systems (i .e.  those  wi th  

space dimension d =  3 )  w e  know, t h a t  a t  temperatures  

T =  0 t h e r e  e x i s t  n e i t h e r  l a t t i c e  v i b r a t i o n s  (phonons) 

nor any i n e l a s t i c  processes .  I n  f a c t ,  i n  an unbounded, 

p e r f e c t  l a t t g c e  (Fig.  l a )  no s c a t t e r i n g  occurs  a t  a l l .  

This  i s  a consequence of quantum mechanics. Consequently 

such a system has  an i n f i n i t e  dc-conductivity.  One may 

equa l ly  w e l l  say,  that  t h e  c h a r a c t e r i s t i c  c o l l i s i o n  

time T of  the p a r t i c l e s  due t o  s c a t t e r i n g  o f f  d e f e c t s  

e t c .  is  i n f i n f t e l y  long (T=..). I n  t h e  case  of  Fermions 

(and those  w e  only  cons ider  here)  it fol lows,  t h a t  t h e  

mean f r e e  pa th  L = v F ~  of t h e  p a r t i c l e s  is a l s o  i n f i n i t e  

( R = +  here  vF i s  t h e  Fermi-velocity. The wavefunction 

of a p a r t i c l e  is then  cha rac te r i zed  by a s t r i c t  s p a t i a l  

phase coherence. 

I n  a l a t t i c e ,  which is  weakly d i s tu rbed  by 

impuri t2es  o r  d e f e c t s  (Fig.  l b l ,  t h e  s i t u a t i o n  is d i f f e r e n t :  ! 



Fig. 1 : (a) p e r f e c t  l a t t i c e ,  (b )  imperfect  l a t t ice  
(presence of d e f e c t s ,  i m p u r i t i e s  e t c . )  

t h e  s c a t t e r i n g  of t h e  p a r t i c l e s  o f f  t h e  d e f e c t s  impl ies  

a  f i n i t e  c o l l i s i o n  time T and thereby a f i n i t e  mean f r e e  

pa th  R . T h e  dc-conductivity i s  t h e r e f o r e  a l s o  f i n i t e  

and is given by 

where e and m a r e  t h e  charge and t h e  mass of t h e  

p a r t i c l e s  (e.g. e l e c t r o n s ) ,  r e s p e c t i v e l y  i s  t h e  

dens i ty .  The q u a n t i t y  a ,  i s  o f t e n  c a l l e d  "Boltzmann - 
conduct iv i ty" ,  because (1) is  a  d i r e c t  r e s u l t  of t h e  



Boltzmann t r a n s p o r t  theory.  

The s c a t t e r i n g  of  t h e  p a r t i c l e s  l e a d s  t o  

d i f f u s i o n  (Fig.  2 ) ,  i . e .  t o  a d i f f u s i v e  motion. The 

phase coherence of t h e  wave func t ions  is  thereby l imi ted ;  

F i g . 2  : Diffus ion  of a  p a r t i c l e  i n  a d isordered  system 

never the less  t h e  wavef unct ion ( 3  of t h e  p a r t i c l e  

i s  s t i l l  extended, i.e. one has  

When t h e  d i so rde r  is  increased  (e.g. by choosing a 

h igher  impuri ty  concent ra t ion)  it may happen t h a t  t h e  

wave func t ion  becomes l o c a l i z e d ,  such t h a t  



where 5 is the so-called "localization length1'. However, 

it is not a priori clear how to quantify this vague 

statement. To gain insight, we therefore want to discuss 

the one-dimensional case (d = 1) first [ 1 I .  

As a model we consider a generalized Kronig- 

Penney model, namely a chain of 6-function potentials 

(Fig. 31 at locations Y; with strength V; and 

Fig.3 : One-dimensional model of a disordered system 

separations Qi . The potential is then given by 



- 
from which k and a can be obtained as functions of k . 
For a chain of potentials we may conclude from (6) that 

a wave function will only be periodic (and the state 

extended). if the separations a; between the potentials 

are - all equal (q; = a) and if, at the same time, & 

potentials V; also have the same strength (v; = V )  . 
Otherwise all physically sensible wave functions fall 

off exponentially, i,e. represent localized states. This 

means that even an arbitrarilv small statistical spread 

of the values of and Sized solutions 

of the Schrbdinger equaLull urrry . 
The first quantitative definition of "localiza- 

tion" dates back to Anderson in 1958 [ 4 ] .  He investigated 

a three-dimensional model, namely a regular point lattice, 

Y .  where on eachlattice site i an atom with an energy 

was located (Fig. 4 2 .  Now one considers a quantum mechanical 

particle (e.g. an electron), which (i) hops from one site 

to the next neighbor site (kinetic energy) and (ii) 

experiences the potential V; on site i (potential 

energy)-, The question is, how the particles are influenced 

by these potentials. In the special case that all V; 
--- 

are equal (v; = V )  one of course obtains a sharply 

bounded energy band, whose width we characterize by an 

energy B. This situation is changed when the Vi are 

statistically diatrfhuted (Fig. 5) , egg. with a rectangular 



Fig.4 : Disorder model due to Anderson 

Fig.5 : Example of the energy distribution of the atoms 



For an unbounded system one may now ask: How large is 

the probability P for a particle to return to a parti- 

cular lattice site in the limit of long times [b4=b) ? 

In the case P = O  the particle has "disappeared" in the 

system; hence it will be characterized by an extended 

state. In the case P > 0, i.e. finite return probability, 

we speak of "localization", i.e. the particle is described 

by a localized state. 

The answer to the above question depends on 

the ratio of the maximal energy difference of the atoms, 

W ,  to the band width B of the undisturbed system, i.e. 

on WLB. This number ( ! )  is a measure of the strength of 

energy fluctuations in the system, i.e, a measure of the 

disorder. The quantitative answer [ 4 ]  is, that for 

W / B  1 5  one finds P = 0 while for w / B 2 
one obtains P >  0. In between there is a sharp transition, 

the "Anderson transition". In other words: if the energy 

E of the particle lies below a certain critical energy 

Ec (which is determined by the strength of the disorder, 

(w/IJ), E 5 ) , it is localized, while for E > Ec the 

energy fluctuations of the system will not be able to 

dominate the particle such that it is described by an 

extended state. In the first case one deals with an 

insulator, in the second one with a metal. Since 

electrons in a metal have a characteristic energy E F 

(Fermi energy), the Anderson transition may be induced 

by changing EF . 



What does t h e  t r a n s i t i o n  a c t u a l l y  look l i k e ?  

According t o  Mott [5]  it o r i g i n a l l y  was supposed t o  be 

discont inuous.  This  expecta t ion  was based on t h e  follow- 

i n g  arguments. The dc-conduct ivi ty  o o  (1) of  a 

d-dimensional system can be w r i t t e n  a s  

where w e  made use  of 1 = VF-C , V 

and where the d e n s i t y  of  a Fermi gas  has  been expressed 
- d 

a s  W z f I  (here  kF is  t h e  F e r m i  wave number 

which is connected wi th  a , t h e  average d i s t a n c e  of  

t h e  p a r t i c l e s ,  by kF / ) . The conduc t iv i ty  

ac is an e s s e n t i a l l y  un ive r sa l  q u a n t i t y  - it is  

independent of t h e  d i so rde r  i n  t h e  system. The d i so rde r -  

dependence only  e n t e r s  v i a  t h e  mean f r e e  p a t h  R , i . e .  

t h e  r a t i o  R[a . m e n  t h e  d i s o r d e r  inc reases ,  R and 

hence a , decrease.  On t h e  o t h e r  hand, (1) and (8 )  
0. 

have been der ived  w i t h i n  t h e  Boltzmann t r a n s p o r t  theory.  

So, f o r  t h e s e  equat ions  t o  be v a l i d  a t  a l l ,  R always has  

t o  be g r e a t e r  than  t h e  average p a r t i c l e  d i s t a n c e  a 

(Ioffe-Regel c r i t e r i o n ) ;  s h o r t e r  R makes no sense.  Mott 

t h e r e f o r e  pos tu la ted  a "minimal m e t a l l i c  conduct iv i ty"  

a min , which i s  e s s e n t i a l l y  given by a (more p r e c i s e l y ,  
C 

Si, r C G, , where C .r o,&- 0 . 3  is a nonuniversal  

cons tan t  wMch is due t o  a reduct ion  of t h e  d e n s i t y  of 



s t a t e s  o f  t h e  e l e c t r o n s  a t  t h e  Fermi s u r f a c e  compared 

t o  t h e  Fermi gas). H e  argued t h a t  - a s  t h e  meta l - insula tor  

t r a n s i t i o n  was approached from t h e  metallic s i d e  - t h e  

conduc t iv i ty  o would decrease  p ropor t iona l  t o  R and 
0 

then ,  a t  1- a , would drop d iscont inuous ly  from 

'min t o  zero (Fig.  6 ) .  However, a l r eady  a t  t h i s  po in t  

Fig.  6 :  Poss ib le  shape of t h e  conduc t iv i ty  curve a s  
a func t ion  of t h e  d i so rde r .  

we should like t o  mention t h a t  t h i s  concept does not  

hold - i n  s p i t e  of many experimental  r e s u l t s  which 

appeared t o  support  it f o r  a  long period of t i m e .  Indeed, 

i n  t h e  l a s t  3-4 y e a r s  low temperature experiments have 



measured m e t a l l i c  c o n d u c t i v i t i e s  much below omin and have 

f a l s i f i e d  t h e  concept of  a  minimal m e t a l l i c  

c o n d u c t ~ v i t y  [6]. We w i l l  later  come back t o  t h a t  

problem. 

Theore t i ca l  Descr ip t ion  of Disorder 

I n  t h e  model o r i g i n a l l y  d iscussed  by Anderson, 

a  p a r t i c l e  moves on a  r e g u l a r  l a t t i c e ,  t h e  energy of t h e  

l a t t i c e  p o i n t s  being s t a t i s t i c a l l y  d i s t r i b u t e d  (Fig.  7 a ) .  

Fig. 7: Disorder and motion of a  p a r t i c l e  i n  t h e  model 
of ( a )  Anderson, (h) Edwards. 

The "d isorder"  i s  then  exc lus ive ly  due t o  t h e  energy 

s t a t c  s i t e s .  An a l t e r n a t i v e  model goes 

back t o  Edwards [ 73 .  I n  his 'model p a r t i c l e s  of i d e n t i c a l  



energy a r e  s c a t t e r e d  o f f  randomly d i s t r i b u t e d  s c a t t e r i n g  

c e n t e r s  of equal  p o t e n t i a l  (Fig.  7b) .  The d i s o r d e r  is  

then  due t o  the s p a t x a l  d i s t r i b u t i o n  of  t h e  s c a t t e r e r s .  

While t h e  f i r s t  model s t a r t s  from t h e  l o c a l i z e d  regime, 

t h e  s t a r t i n g  p o i n t  of t h e  Edwards model is  t h e  regime of 

extended states (weak s c a t t e r i n g ) .  The la t ter  model i s  

p a r t i c u l a r l y  s u i t a b l e  f o r  t h e  formulat ion of a sys temat ic  

p e r t u r b a t i o n  theory  which s t a r t s  from t h e  undisturbed,  

m e t a l l i c  regime and then  inc ludes  a small  impurity 

concent ra t fon ,  i.e. weak d i so rde r .  The fol lowing 

i n v e s t i g a t f o n s  a r e  based on t h e  Edwards model. For t h i s  

w e  cons ider  (il non-Xnteracting p a r t i c l e s ,  which (ii) 

a r e  s c a t t e r e d  by p o i n t l i k e ,  randomly d i s t r i b u t e d  s c a t t e r -  

ing  c e n t e r s  of equal  s t r eng th .  W e  a r e  i n t e r e s t e d  i n  t h e  

conductilvity cr o r  the d i f f u s i o n  c o e f f i c i e n t  D of such 

a d isordered  system. The two q u a n t i t i e s  a r e  a c t u a l l y  

r e l a t e d  by t h e  E i n s t e i n  r e l a t i o n  

where NF i s  t h e  d e n s i t y  of s t a t e s  a t  the Fermi sur face .  

W e  w i l l  measure t h e  d i s o r d e r  by a dimensionless 
'L 

parameter > with. h vl.V L O  , i.e. > i s  e s s e n t i a l l y  

given by t h e  impuri ty  concent ra t ion  hi  and t h e  scatter- 
2 

i n g  s t r e n g t h  V, of the s c a t t e r e r s .  The parameter 

is o f t e n  c a l l e d  "coupling cons tant" .  



I n  t h e  case  d = l  we saw t h a t  even a r b i t r a r i l y  

weak d i so rde r  ( x - ~ o )  l e a d s  t o  l o c a l i z a t i o n .  The 

" c r i t i c a l "  va lue  of t h e  d i s o r d e r ,  A,, above which one 

f i n d s  l o c a l i z a t i o n  i s  t h e r e f o r e  given by A c  = 0 . 
On t h e  o t h e r  hand, i n  t h e  case  d =  3 A ,  i s  d i f f e r e n t  

f r o m z e r o  ( x ~ > o )  . For h c k c  one f i n d s  m e t a l l i c  

behavior,  which i s  descr ibed by a f i n i t e  dc-conductivity 

o ( o r  d i f f u s i o n  cons tan t  D ) . For one d e a l s  
0 0 

with an i n s u l a t o r .  Here bo = O  ; i n s t ead ,  an i n s u l a t o r  

has  a f i n i t e  p o l a r i z a b i l i t y ,  i.e. d i e l e c t r i c  cons tan t  e, . 
A t  1 =AL t h e  Anderson t r a n s i t i o n  i s  loca ted .  

Apparently, t h e  case  d =  2 (very t h i n  f i l m s )  

marks a marginal dimension. The ques t ion  i s  now, whether 

t h e r e  is an Anderson t r a n s i t i o n  o r  n o t  i n  two dimensions, 

i . e .  whether ,!,=o o r  h, 20 . I n  o t h e r  words, one 

may ask an almost t r i v i a l l y  sounding quest ion:  "Is t h e r e  

m e t a l l i c  conduc t iv i ty  i n  very t h i n  f i l m s  a t  T z O  ? "  O r  

i s  t h e r e ,  f o r  example, a minimal m e t a l l i c  conduct iv i ty?  

The answer t o  t h i s  seemingly simple ques t ion  has  only  

been found i n  r e c e n t  years .  It l e d  t o  unexpected i n s i g h t s  

i n t o  t h e  physics  of  d isordered  systems and t h e i r  t r a n s p o r t  

p r o p e r t i e s .  

The "Weakly" Localized Regime 

W e  f i r s t  cons ider  t h e  c a s e  of very weak d i s o r d e r  

( 1 44 i )  . Therefore the s t a r t i n g  po in t  i s  t h e  m e t a l l i c  

regime. We want t o  understand how a small  concent ra t ion  



of impurities affects the metallic behavior. Since we 

are far away from the actual Anderson transition itself, 

these effects can be treated by means of a perturbation theory 

in the disorder parameter 4 . Weak disorder means 

that the mean free path R is much greater than the 

average particle distance 0 - k;' , i.e. kF4 L>I 

or, equivalently, - . We will therefore 
choose 

as our (small) perturbation parameter. Starting from 

the metallic regime we want to consider the precursor 

effects of localization, i.e. the corrections &(i to the 

metallic conductivity 

These perturbational effects are commonly called "weak 

localization". Our aim is to calculate So = f ( L  ,w, 7, kl) 

as a function of several external parameters like the 

system's sgze L , the frequency LJ , the temperature T 
or the. magnetic field H . 



Diffus ion  of C l a s s i c a l  and Quantum Mechanical P a r t i c l e s  

AS mentioned before,  t h e  conduct iv i ty  o, , ( I )  

i s  a r e s u l t  of t h e  Boltzmann t r a n s p o r t  theory .  I n  t h i s  

theory  consecut ive c o l l i s i o n s  of p a r t i c l e s  a r e  assumed 

t o  be independent of  each o t h e r ,  i.e. c o l l i s i o n s  are 

uncorre la ted .  This  impl ies  t h a t  m u l t i p l e  s c a t t e r i n g  

of a p a r t i c l e  a t  a p a r t i c u l a r  s c a t t e r i n g  c e n t e r  i s  no t  

taken i n t o  account. Consequently, i f  t h e r e  i s  a f i n i t e  

p r o b a b i l i t y  f o r  t h e  repeated occurrence of  such mul t ip le  

s c a t t e r i n g s ,  t h e  bas ic  assumption of t h e  independence of 

s c a t t e r i n g  events  breaks down and t h e  v a l i d i t y  of t h e  

r e s u l t  f o r  a i n  (1) becomes, a t  l e a s t ,  ques t ionable .  
0 

To i n v e s t i g a t e  t h i s  fundamental po in t  we 

cons ider  t h e  d i f f u s i v e  behavior of  a  p a r t i c l e  i n  a  d- 

dimensional d isordered  system. L e t  t h e  p a r t i c l e  be 
4 

l oca ted  a t  5 a t  t i m e  t = 0 (Fig.  8a)  . Due t o  i t s  
4 

d i f f u s i v e  motion t h e  p a r t i c l e  moves away from . 
A t  some l a t e r  time -k w e  w i l l  only be a b l e  t o  make a  

p r o b a b i l i t y  s ta tement  about i t s  pos i t ion:  i.t w i l l  be 

loca ted  wi th in  some smooth volume (Fig.  8b) whose s i z e  i s  

determined by t h e  p r o b a b i l i t y  d i s t r i b u t i o n  P($, t ) , 
which is  t h e  so lu t fon  of t h e  d i f f u s i o n  equat ion 










































































































