The Metal-Insulator Transition in Disordered Systems

Dieter Vollhardt*

Max-Planck-Institut fir Physik und Astrophysik
- Werner Heisenberg Institut fiir Physik -
Fohringer Ring 6
8000 Miinchen 40

Federal Republic of Germany

*Heisenberg-Fellow of the Deutsche Forschungsgemeinschaft

Appeared in: SOLID STATE PHYSICS, Lecture Notes of the
NORDITA Spring School, Tvarminne, Finland,
April 1984; Vol. I, p. 73 (Nordita, Kopenhagen)




74

CONTENTS

Foreword
I. Introduction
II. Noninteracting, Quantum Mechanical Particles

ITI.

in Disordered Systems

‘Theoretical Description of Disorder

The "Weakly" Localized Regime

Diffusion of Classical and Quantum Mechanical
Particles

Systematic Calculation of Corrections to
the Conductivity

The Influence of a Magnetic Field on Localization

The Anderson Transition

Scaling Theory

The Method of Selfconsistency

Interacting, Quantum Mechanical Particles in

Disordered Systems

Estimating the Corrections
The Metal-Insulator Transition
Experimental Results and Theoretical Conjectures

References



i

Foreword

These notes on the physics of the metal-
insulator transition in disordered systems are based
on a series of lectures which the author gave at the
"NORDITA Spring School on Condensed Matter Theory" at
Tvarminne (Finland) in April 1984. Nevertheless, the
detailed manuscript presented here was only worked out
most recently in the course of my preparation for the
"Spring School on Disordered Systems" at Jiilich
in March 1985.

The lectures address graduate students and,
in general, non-specialists. Therefore no previous
experience with the matter is assumed (except for a
general familiarity with the basics of quantum mechanics
and condensed matter physics). One of the focal points
of the lectures is a detailed ("anschauliche") discussion
of the scattering effects responsible for localization
and interaction effects as worked out by the Russian
school. Quite generally no knowledge of advanced theoret-
ical methods (e.g. Green's functions, Feynman diagrams etc.)
is expected. In the two instances where diagrams ‘are
actually used they appear as a "sign-language" to illustrate
the use of perturbation theory and the concept of time
reversal invariance. (It seemed to be important to at

least mention these ideas on which a large part of the
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actual research is based.) Within this task it was
unfortunately not possible to discuss any of the field-
theoretical methods which have proven to be of fundamental
importance for the development of the subject. Instead

a detailed discussion of the scaling theory by Abrahams

et al. is given.

These lecture notes do not present a review of
the subject. They only attempt to be an introduction —
a fact which is certainly reflected in the number of
references. Furthermore several topics and techniques
have not been mentioned at all, while others have been
discussed at greater length. This does not reflect the
author's opinion about the importance of those methods
and results that cannot be found here, but only the
author's capability of presenting the matter within a
given frame of depth and length.

Finally I would like to express my deep
gratitude to all my friends and colleagues, who helped
me to learn about localization and the metal-insulator
transition. In particular, I am grateful to Elihu
Abrahams and Peter Wolfle for many inspiring and

enjoyable discussions.




I. Introduction

A metal-insulator transition separates two
physical regions, which fundamentally differ in their
electrical dc-conductivity oc(w=0): while a metal has
a finite dc-conductivity (o (0) > 0), an insulator is
characterized by o(0) = 0.

Such a transition does not only occur in
disordered systems. In fact, it can also take place in
very  clean, purely crystalline materials, in which the
particles that are responsible for the current, intexact
via a Coulomb-interaction. In such systems an overlap
of energy bands can lead to a metal-insulator transition.
Yet another cause for a transition may be due to a
structural change of a crystal leading to a new lattice
periodicity. Indeed there exist completely different
physical reasons for the occurrence of a metal-insulator
transition [1]. We will here confine ourselves to the

metal-insulator transition in disordered systems, i.e.

where the "disorder™ is ultimately responsible for the
transition. By "disorder" we mean, e.g. the distufbance
of a strict lattice periodicity due to impurities or
defects. Our understanding of the physics of disordered
systems, in particular of their transport properties

and the metal-insulator transition, has greatly changed

and substantially deepened in the last 5-6 years [2,3].
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In the first part of these lectures we will

concentrate on the behavior of non-interacting, quantum

mechanical particles in a disordered environment. In
the second part we will also take into account the

effects of a mutual interaction between the particles.

II. Non-Interacting, Quantum Mechanical Particles in

Disordered Systems

Of three-dimensional systems (i.e. those with
space dimension d= 3) we know, that at temperatures
T=0 there exist neither lattice vibrations (phonons)
nor any inelastic processes. In fact, in an unbounded,
perfect lattice (Fig. la) no scattering occurs at all.
This is a consequence of quantum mechanics. Consequently
such a system has an infinite dc-conductivity. One may
equally well say, that the characteristic collision
time T of the particles due to scattering off defects
etc. is infinitely long (t=«). In the case of Fermions
(and those we only consider here) it follows, that the
mean free path & = Vet of the particles is also infinite

(2 =»); here v, is the Fermi-velocity. The wavefunction

F
of a particle is then characterized by a strict spatial
phase coherence.

In a lattice, which is weakly disturbed by

impurities or defects (Fig. 1lb}, the situation is different:
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Fig. 1l :(a) perfect lattice, (b) imperfect lattice
(presence of defects, impurities etc.)

the scattering of the particles off the defects implies
a finite collision time 1 and thereby a finite mean free
path £ . The dc-conductivity is therefore also finite

and is given by

0"(5) = o5\s

T
Ehwr @
- m
where e and m are the charge and the mass of the
particles (e.g. electrons), respectively and n is the
density. The quantity o, is often called "Boltzmann -

conductivity", because (1) is a direct result of the
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Boltzmann transport theory.
The scattering of the particles leads to
diffusion (Fig.2), i.e. to a diffusive motion. The

phase coherence of the wave functions is thereby limited;

Fig. 2 : Diffusion of a particle in a disordered system

nevertheless the wavefunction \P(FU of the particle

is still extended, i.e. one has

lim  [@]" <o (2)

=0

When the disorder is increased (e.g. by choosing a
higher impurity concentration) it may happen that the

wave function becomes localized, such that
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o™~ e_r/f

where £ is the so-called "localization length". However,
it is not a priori clear how to quantify this vague
statement. To gain insight, we therefore want to discuss
the one-dimensional case (d=1) first [1].

As a model we consider a generalized Kronig-
Penney model, namely a chain of §-function potentials

(Fig. 3) at locations ¥; with strength V, and

Fig. 3 : One-dimensional model of a disordered system

separations a; - The potential is then given by
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~~
from which k and o can be obtained as functions of k .

For a chain of potentials we may conclude from (6) that

a wave function will only be periodic (and the state
extended) if the separations aQ; between the potentials
are all equal (q\- =a) and if, at the same time, all
potentials V' also have the same strength (V{ < V) .
Otherwise all physically sensible wave functions fall

off exponentially, i.e. represent localized states. This
means that even an arbitrarily small statistical spread
of the values of a; and \/; léads to loéalized solutions
of the Schr&dinger equation only.

The first quantitative definition of "localiza-
tion" dates back to Anderson in 1958 [4]. He investigated
a three-dimensional model, namely a regular point lattice,
where on each lattice site 1 an atom with an energy V(
was located (Fig.4). Now one considers a quantum mechanical
particle (e.g. an electron), which (i) hops from one site
to the next neighbor site (kinetic energy) and (ii)
experiences the potential \/; on site i (potential
energy). The question is, how the particles are influenced
by these potentials. 1In the special case that all V|
are equal (Vi = V) one of course obtains a sharply
bounded energy band, whose width we characterize by an
energy B. This situation is changed when the V.. are
statistically distributed (Fig.5) , e.g. with a rectangular

distribution

(7)

e el

/o) else
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Fig. 4 : Disorder model due to Anderson
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Fig. 5 : Example of the energy distribution of the atoms
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For an unbounded system one may now ask: How large is
the. probability P for a particle to return to a parti-
cular lattice site in the limit of long times (é“**)?
In the case P=0 the particle has "disappeared" in the
system; hence it will be characterized by an extended
state. In the case P> 0, i.e. finite return probability,
we speak of "localization", i.e. the particle is described
by a localized state.

The answer to the above question depends on
the ratio of the maximal energy difference of the atoms,
W, to the band width B of the undisturbed system, i.e.
on W/B. This number (!) is a measure of the strength of
energy fluctuations in the system, i.e. a measure of the
disorder. The quantitative answer [4] is, that for
wWe =5 one finds P=0 while for W/B X2 &
one obtains P> 0. In between there is a sharp transition,
the "Anderson transition". In other words: if the energy
E of the particle lies below a certain critical energy
E, (which is determined by the strength of the disorder,
QN/B)C = 5 ), it is localized, while for E>E_ the
energy fluctuations of the system will not be able to
dominate the particle such that it is described by an
extended state. In the first case one deals with an
insulator, in the second one with a metal. Since
electrons in a metal have a characteristic energy EF
(Fermi energy), the Anderson transition may be induced

by changing EF .
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What does the transition actually look like?
According to Mott [5] it originally was supposed to be

discontinuous. This expectation was based on the follow-

ing arguments. The dc-conductivity o, (1) of a

d-dimensional system can be written as

2 2-d
e el (Jrftdsstl 4
7 ‘(h) ™ a 'O_'Z (8)

(o}

where we made use of l’\lFT , Ve = t\kp/m

and where the density of a Fermi gas has been expressed
as h = a‘d (here kF is the Fermi wave number
which is connected with a , the average distance of
the particles, by Rg = m/a ) . The conductivity

Oa is an essentially universal quantity — it is
independent of the disorder in the system. The disorder-
dependence only enters via the mean free path £, i.e.
the ratio 2%/a . When the disorder increases, & and
hence ca, decrease. On the other hand, (1) and (8)

have been derived within the Boltzmann transport theory.
So, for these equations to be valid at all, % always has
to be greater than the average particle distance a
(Ioffe-Regel criterion); shorter 2 makes no sense. Mott
therefore postulated a "minimal metallic conductivity"”
Oin which is essentially given by O (more precisely,

G'Mh‘ = C 0:._' , where C =~ 0,08- 0.3 is a nonuniversal

constant which is due to a réeduction of the density of
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states of the electrons at the Fermi surface compared

to the Fermi gas). He argued that — as the metal-insulator
transition was approached from the metallic side — the
conductivity 00 would decrease proportional to & and
then, at L= a , would drop discontinuously from

Onmin tO zero (Fig. 6) . However, already at this point

[
7

disordev

Fig. 6: Possible shape of the conductivity curve as
a function of the disorder,

we should like to mention that this concept does not
hold — in spite of many experimental results which
appeared to support it for a long period of time. Indeed,

in the last 3-4 years low temperature experiments have
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measured metallic conductivities much below Omin and have
thereby falsified the concept of a minimal metallic
conductivity [6]. We will later come back to that

problem.

Theoretical Description of Disorder

In the model originally discussed by Anderson,
a particle moves on a regular lattice, the energy of the

lattice points being statistically distributed (Fig. 7a).

Fig. 7: Disorder and motion of a particle in the model
of (a) Anderson, (b} Edwards.

The "disorder" is then exclusively due to the energy
state of the lattice sites. An alternative model goes

back to Edwards [7]. In his model particles of identical
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energy are scattered off randomly distributed scattering
centers of equal potential (Fig. 7b}. The disorder is
then due to the spatial distribution of the scatterers.
While the first model starts from the localized regime, .
the starting point of the Edwards model is the regime of
extended states (weak scattering). The latter model is
particularly suitable for the formulation of a systematic
perturbation theory which starts from the undisturbed,
metallic regime and then inéludes a small impurity
concentration, i.e. weak disorder. The following
investigations are based on the Edwards model. For this
we consider (i) non-interacting particles, which (ii)

are scattered by pointlike, randomly distributed scatter-
ing centers of equal strength. We are interested in the
conductivity ¢ or the diffusion coefficient D of such
a disordered system. The two quantities are actually

related by the Einstein relation
D (9)

where N, is the density of states at the Fermi surface.

We will measure the disorder by a dimensionless
parameter A with A ﬂiniV:., i.e. > is essentially
given by the impurity concentration h. and the scatter-
ing strength V:' of the scatterers. The parameter

is often called "coupling constant”.




In the case d=1 we saw that even arbitrarily
weak disorder ()’90) leads to localization. The
"critical" value of the disorder, )c, above which one
finds localization is therefore given by A¢.==O .

On the other hand, in the case d=3 A, is different
from zero ()‘c »>6) . For A<M, one finds metallic
behavior, which is described by a finite dc-conductivity
00 (or diffusion constant DO). For A‘>>\. one deals
with an insulator. Here ¢, =0 ; instead, an insulator
has a finite polarizability, i.e. dielectric constant &, .
At \ =)_ the Anderson transition is located.

Apparently, the case d=2 (very thin films)
marks a marginal dimension. The question is now, whether
there is an Anderson transition or not in two dimensions,
i.e. whether A\, =6 or A¢ >0 . 1In other words, one
may ask an almost trivially sounding question: "Is there
metallic conductivity in very thin films at 1=0 2" Or
is there, for example, a minimal metallic conductivity?
The answer to this seemingly simple question has only
been found in recent years. It led to unexpected insights
into the physics of disordered systems and their transport

properties.

The "Weakly" Localized Regime

We first consider the case of very weak disorder
(X.Q‘i). Therefore the starting point is the metallic

regime. We want to understand how a small concentration

90
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of impurities affects the metallic behavior. Since we

are far away from the actual Anderson transition itself,

these effects can be treated by means of a perturbation theory
in the disorder parameter A << {1 . Weak disorder means

that the mean free path 2 is much greater than the

average particle distance Clﬂvk;i , i.e. kFﬁ |

or, equivalently, EFT'?bi . We will therefore

choose

|
A = - (10)

ZTTEFT
as our (small) perturbation parameter. Starting from
the metallic regime we want to consider the precursor
effects of localization, i.e. the corrections 8§56 to the
metallic conductivity

= 0,+8C | §al <€ G (11)

These perturbational effects are commonly called "weak
localization". Our aim is to calculate &¢ = ‘F(L'wl T/ H)
as a function of several external parameters like the

system's size L , the frequency (v , the temperature T

or the magnetic field H .




Diffusion of Classical and Quantum Mechanical Particles

As mentioned before, the conductivity g, , (1)

U; s v (12)
A
is a result of the Boltzmann transport theory. In this
theory consecutive collisions of particles are assumed
to be independent of each other, i.e. collisions are
uncorrelated. This implies that multiple scattering
of a particle at a particular scattering center is not
taken into account. Consequently, if there is a finite
probability for the repeated occurrence of such multiple
scatterings, the basic assumption of the independence of
scattering events breaks down and the validity of the
result for 9, in (1) becomes, at least, questionable.
To investigate this fundamental point we
consider the diffusive behavior of a particle in a d-
dimensional disordered system. Let the particle be

—9

located at ¥, at time + =0 (Fig.8a). Due to its

-—
diffusive motion the particle moves away from V. .

(4
At some later time t we will only be able to make a
probability statement about its position: it will be
located within some smooth volume (Fig. 8b) whose size is

determined by the probability distribution P(Vif) '

which is the solution of the diffusion equation

X _p VP =0 (13)
ot
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