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1. Introduction

The problem of localization of quantum particles in a disordered system has
attracted great attention during the last decade, triggered by the discovery of
a new quantum phenomenon in solid state physics, the so-called weak localiza-
tion (Abrahams et al. 1979). After the first formulation of the modern theory of
solids in the 1930s it was thought for a long time that the effect of disorder on the
state of electrons in solids could be described, on a semiclassical level, in terms of
low-order perturbation theory. Indeed, the quantum-mechanical adaptation
of Boltzmann transport theory appeared to work perfectly well, except for
certain inexplicable observations like negative magnetoresistance of doped
semiconductors in a weak magnetic field.

It was only in 1958 that Anderson proposed the now famous concept of
localization of electrons by disorder. Anderson argued that in a tight-binding
model of electrons on a lattice with randomly varying site energies ¥}, electrons
of given energy E would become localized if the spread of the energies ¥; (i.e. the
disorder) was sufficiently large. In other words, the nature of the electronic states
would change drastically from extended to localized. In the former case the
disorder manifests itself mainly through a decay of phase coherence in the
averaged single-particle propagator, while in the latter case a probability ampli-
tude decreases exponentially as one moves away from the center of localization.
This is not unexpected, since even in a classical system disorder may cause
localization of particles. The corresponding problem of percolation of particles
through a random medium has been widely investigated. Although the two
problems of quantum localization and classical percolation, at first sight, seem
to have much in common, the development of the two fields over the years
appears to have set them more and more apart. Roughly speaking, the quantum
nature of particles makes it harder for them to overcome narrow passages and
channels, despite the fact that quantum particles may tunnel through classically
forbidden regions. Hence, quantum particles tend to be localized more easily
than classical particles.

The first qualitative consequence of the quantum nature of particles for
transport in strongly disordered systems, is reflected in the fact that the mean
free path I, e.g., of electrons scattering off imperfections in the crystal lattice,
cannot become shorter than the wavelength of the particles, ie. the Fermi
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wavelength A at low temperatures (Ioffe and Regel 1960). For electrons in the
center of the band 4. is of the order of the lattice spacing a, but for energies near
the band edge 4, may be much larger than a. In a classical system, the shortest
possible mean free path is always given by the average distance between the
scattering centers, irrespective of the particle energy. If the disorder is increased
beyond the point where ! & Ag, or else if the energy of the electrons (and hence
1/Ag) is decreased for a fixed disorder, the nature of the electronic states is
expected to change from extended to localized. Consequently, the electrical
conductivity of the system (or mobility of the carriers) is expected to go to zero.
The latter scenario, where a change in the electron energy induces a metal-
insulator transition, was explored early on by Mott (see Mott 1966, 1967, 1968,
1970 and the books by Mott (1974) and by Mott and Davis (1979)). He coined
the term mobility edge for the critical energy separating extended and localized
states. These two types of states are not likely to coexist at a given energy, since
any small change in the potential would cause admixtures of extended states
with a localized state, and would thus delocalize it (a possible exception is
a symmetry-induced orthogonality of states). On the basis of qualitative consid-
erations and experimental data, Mott concluded that the Anderson transition in
a three-dimensional system (d = 3) should be discontinuous, the conductivity
jumping from a finite value, the so-called minimum metallic conductivity 6, to
zero. A minimal metallic conductivity was generally expected to exist also in two
dimensions (d = 2). On the other hand, it was known that for d = 1 states are
always localized, irrespective of the strength of the disorder, with the localization
length being of the order of the mean free path (Mott and Twose 1961, Borland
1963, Berezinskii 1973, Abrikosov and Ryshkin 1978, see also Landauer 1957,
1970). In fact, the situation for d = 1 is somewhat special and has its own long
history (Erd6s and Herndon 1982). The advent of the computer, which made the
exact diagonalization of finite-size systems possible, and the advances in trans-
port measurements near the metal-insulator transition at low temperatures
changed this picture altogether. It seems to be well established now that there is
no minimal metallic conductivity and that the transition is continuous, much
like a continuous phase transition in a usual thermodynamical system. A con-
tinuous phase transition is necessarily associated with a characteristic length
& (or possibly a set of such lengths), which tends to infinity as the transition is
approached. At the transition, where the length & is infinite, a natural unit of
length does not exist anymore and the system is therefore scale-invariant. The
ensuing scaling behavior was discovered by Thouless and coworkers (for a
review, see Thouless 1974) who noticed that the conductance of a finite-size
block scales with the size in a universal way. Wegner (1976) applied concepts
of the theory of critical phenomena to this problem and proposed scaling laws
for the correlation functions and relations between the critical exponents.

The scaling hypothesis was given concrete physical meaning when Abrahams
et al. (1979) discovered a scale-invariant contribution to the conductance in
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lowest-order perturbation theory, and when Gorkov et al. (1979) showed the
consistency of the scaling assumption in the next order in the expansion. The
former group postulated a one-parameter scaling theory of localization with
strong (and verifiable) predictions, such as the absence of diffusion, i.e. the
absence of extended states in a two-dimensional disordered system at zero
temperature. The concept of weak localization originating from this discovery
has given rise to an extremely fruitful exploration and exploitation of quantum
interference effects in low-dimensional systems (see Bergmann 1984,
Chakravarty and Schmid 1986, Washburn and Webb 1986). Meanwhile, on the
theoretical side the idea of a continuous phase transition characterized by an
order parameter and a spontaneously broken symmetry was formalized by
Wegner and coworkers (Wegner 1979, 1982, Schifer and Wegner 1980), who
were able to map the problem onto a nonlinear o-model of n interacting matrix
fields in the limit n — 0. The one-parameter scaling hypothesis was put on
a firmer basis when the lower critical dimension was identified as d = 2 (Wegner
1979, 1982, Hikami 1981, 1982) and an expansion around d = 2 confirmed and
extended the results of Abrahams et al. (1979). An alternative field-theoretic
formulation for the localization problem was discussed by Efetov et al. (1980)
and Efetov (1983, 1984a,b, 1987a,b, 1988). Furthermore, Shapiro (1982a) and
Zirnbauer (1988) presented a Migdal-Kadanoff renormalization group treat-
ment for the localization problem, the latter author focussing on the critical
exponent of the localization length in three dimensions for systems with broken
time-reversal invariance.

It should be noted that Efetov (1984a, b, 1987a, b; see also Zirnbauer 1986a, b)
obtained the exact solution of a nonlinear g-model for the localization transition
on a Bethe lattice. This lattice is usually expected to simulate a space of infinite
dimensions (d = o0), i.e. it is thought to yield the mean-field behavior. Efetov’s
results agree with ordinary perturbation theory for weak coupling and with
earlier results obtained by Kunz and Souillard (1983) for the behavior of
the localization length at the transition. However, the result for the critical
behavior of the diffusion coefficient differs significantly from the mean-field
result obtained by any other approach (see section 6), the diffusion coefficient
according to Efetov’s approach decreasing exponentially at the transition (see
also Suslov 1986). Efetov (1987a) attributed this to the noncompactness of the
symmetry group of his field theory, for which he obtained an exact solution in
closed form. It is not self-evident, however, that a Bethe lattice, which has several
artificial features (e.g., has no loops), really provides the mean-field solution for
the localization problem in the same way as it does for localization spin models.
Indeed, for quantum-mechanical problems involving itinerant degrees of free-
dom the limit d —»cois in general nontrivial even for regular lattices (Metzner
and Vollhardt 1989, van Dongen and Vollhardt 1990). Most recently, Chalker
and Siak (1990) pointed out that the localized phase is insulating if the exponen-
tial decay of eigenstate amplitudes, with distance from an origin, is faster than
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the corresponding exponential growth in number of sites. Otherwise eigenfun-
ctions are not square-integrable and the phase is conducting. Thus, the localiza-
tion transition is split into three stages on a (finite) Bethe lattice.

The above-mentioned field-theoretic formulations of the Anderson localiza-
tion problem provide the necessary framework for a discussion of the critical
properties, but are somewhat cumbersome when actual quantitative calcu-
lations are required. For the case of pure potential scattering it is actually
possible to derive a self-consistent theory of Anderson localization, which
incorporates many of the features obtained in the field-theoretic treatment
(Vollhardt and Wolfle 1980a, b). This theory has a simple physical interpretation
and is therefore adaptable to a wide variety of related localization phenomena.
It can also be made quantitative in the sense that the noncritical quantities in the
theory may be renormalized, e.g. within a self-consistent single-site approxima-
tion or coherent-potential approximation (Kroha et al. 1990, Kroha 1990).
Comparison of the self-consistent theory with results of exact diagonalization of
finite-size systems shows that the theory appears to capture the main features
well, except possibly for the critical regime very close to the transition point in
dimensions d = 3. However, extensions of the self-consistent theory to systems
with broken time-reversal symmetry or with spin—orbit scattering have met with
only limited success (see the discussion in section 8). In the case of time-reversal
invariance the self-consistent theory of localization has been applied to a variety
of problems, such as electrons in various geometries and localization of
phonons, photons and other wave-like entities in a random medium.

More recently, the validity of the one-parameter scaling theory has been
called into question (Altshuler et al. 1986a, b, Shapiro 1986, Henrichs 1988, sec
also Muttalib et al. 1987). In general, an ensemble of disordered systems is
characterized by the probability distribution P(g) for, say, the conductance g,
rather than just the average (or the median) conductance. It is unclear at present
whether the scaling behavior of P(g) is controlled by a single parameter, or by
two or more parameters. Whereas studies of higher-order correlation functions
near the mobility edge seem to show a breakdown of one-parameter scaling
theory —in the sense that the higher cumulants of the conductance scale with the
length of the system in a totally unrelated way (Altshuler et al. 1986a,b) —,
renormalization group studies of the probability distribution P(R) of the resis-
tances R indicate that P(R) shifts towards a limiting universal distribution
characterized by two parameters (Cohen et al. 1988). In fact, most recently
Shapiro (1990) showed that in d = 2 + ¢ dimensions the probability distribution
P(g) may well scale to a universal function as the mobility edge is approached, in
spite of the fact that its higher moments are nonuniversal. This problem merits
further investigation until a final judgement can be made.

It has turned out that comparison of the theory with experiments on electrons
in disordered semiconductors or metals is complicated by the fact that, in
contrast to earlier expectations, the electron interaction processes contribute
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very significantly, i.e. lead to singularities near the Fermi surface. The scaling
behavior is thereby changed even at the level of weak localization (Altshuler and
Aronov 1979a, b). A scaling theory of the interacting disordered system has been
developed for the case where the quantum-interference contribution responsible
for weak localization is suppressed by a magnetic field (Finkelstein 1983,
Castellani et al. 1984a). In principle, such a perturbation theory, in conjunction
with a renormalization group treatment, may describe the disordered inter-
acting system up to the metal-insulator transition (MIT). In particular,
Finkelstein (1983, 1984a,b,c) was the first to identify the relevant scaling
variables within a mapping of the problem to a nonlinear s-model. Thereby it
became clear that the results obtained from his theory for thermodynamic
quantities, such as the compressibility (Finkelstein 1983), spin susceptibility
(Finkelstein 1984a, Castellani et al. 1984a,b, 1986), and the specific heat
(Castellani and DiCastro 1986), exhibit a detailed analogy with those obtained
from Fermi liquid theory. This connection has been made precise by Castellani
et al. (1987), who also gave a general description of the possible scaling sce-
narios. Probably, the most important result of the perturbative renormalization
group approach is, that in a system with spin-independent scattering the static
spin susceptibility of the metal is strongly enhanced at zero temperature and, in
fact, diverges at the MIT itself. This instability indicates the appearance of local
magnetic moments as the MIT is approached. The mechanism of formation of
such local-moment states has recently been investigated within an effective-field
theory (Milovanovic et al. 1989) and by a renormalization group treatment
(Kirkpatrick and Belitz 1990). In this chapter we will not discuss interaction
effects; they will only be mentioned in section § in connection with the theory of
Sadovskii (1986), who incorporated the first-order correction term due to the
interaction into the self-consistent theory of localization developed by the
present authors. An exhaustive discussion of the theory of the MIT can be found
in the review by Lee and Ramakrishnan (1985) and the proceedings volume
“Anderson Localization” edited by Ando and Fukuyama (1988).

The scope of this chapter is as follows. In section 2, the most common models
of disorder are introduced. Weak localization as a quantum-mechanical interfer-
ence phenomenon is discussed in section 3. The formal density-response theory
based on disorder-averaged Green’s functions is presented in section 4, where
also the weak localization results are rederived in a systematic way. Section 5 is
devoted to the detailed derivation of the self-consistent theory of localization,
the solutions of which are discussed in section 6. Finite-size scaling, or the
length-dependence of the conductance, is considered in section 7. A review of
alternative derivations or extensions of the self-consistent theory is given in
section 8. Applications of the self-consistent theory to other systems are re-
viewed in section 9. In section 10, a quantitative version of the self-consistent
theory as applied to the tight-binding model with site-diagonal disorder is
presented and compared with results of exact diagonalization of finite-size
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systems. Section 11 contains a summary and a critical assessment of the
available theories of Anderson localization.

There exist a number of excellent review articles on the subject. Bergmann
(1984) has provided a detailed discussion of the theory of weak localization and
of related experiments. Altshuler and Aronov (1985) give a comprehensive
discussion of weak localization with particular emphasis on the effect of time-
reversal invariance breaking fields and Coulomb interaction. A path integral
formulation of weak localization which stresses the aspect of quantum interfer-
ence, has been considered by Chakravarty and Schmid (1986). The review article
by Sadovskii (1986) covers many aspects of the theory, e.g. weak localization,
general structure of response functions in the metallic and insulating state,
self-consistent theory and field-theoretic treatments. The most complete and
concise review article to date is the one by Lee and Ramakrishnan (1985), who
present a critical assessment of virtually all aspects of Anderson localization,
including experimental results. There have been numerous conferences on
Anderson localization over the years. Several of them have resulted in books, in
which the conference proceedings are published. Their publication details can be
found in the beginning of the reference list at the end of this chapter. In other
cases the proceedings were published in scientific journals. All of them provide
a fine and more or less representative overview of the field at a given time.

2. Models of disorder

In the model originally introduced and discussed by Anderson (1958), a single
electron moves on a regular lattice, e.g. a hypercubic lattice, where each lattice
point carries a random on-site potential V] (see fig. 1). Hence, in this model the
disorder of the system is due to the energy states of the lattice sites encountered
by the electron. The Hamiltonian for such a system may be written in position
space as

H=73 tjcici, +) Ving, 2.1

ij,o i,o

where ¢;} and c,, create and annihilate, respectively, a particle with spin ¢ on site
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Fig. 1. Model of disorder with random on-site potential V; (after Anderson 1958).





















































































































































































































