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» Iintroduction

* motivation & general remarks
» competing entropy definitions for the micro-canonical ensemble

* historical remarks

» an exactly solvable 1D model (finite system singularities)

» concluding “conjecture”

Hilbert & Dunkel, PRE 74: 011120 (2006)
Dunkel & Hilbert, Physica A 370: 390-406 (2006)
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Lin et al, Phys Chem Chem Phys 10: 4227 (2008)

Why TD of finite systems?

experimental motivation
* aggregation, folding transitions in proteins
* melting transitions in small crystals (dusty plasmas, colloids)

 cold atoms

» theoretical motivation

» finite-size effects @

Thermodynamics
of Small Systems
TERRELL L. HiL

* ensemble non-equivalence [Gross, Phys Rep 279: 119 (1997)]

* non-equilibrium statistical mechanics (microcanonical
fluctuation theorems, etc.) [Campisi et al, PRE 80: 031145 (2008)]

« ‘“origin” of macroscopic phase transitions in TDL
[Kastner, Rev Mod Phys 80: 167 (2008)] Meng et al, Science 327: 560 (2010)




TD of “small” Hamiltonian systems

2
p
Hn(q,p) = 5~ +Ulq) z:=(q,p) e R*Y

» “top-bottom” approach

finite size corrections to infinite system results

Lebowitz & Percus, Phys Rev 24: 1672 (1961)

Thermodynamics
of Small Systems
TERRELL L. HiLL

» “bottom-up” approach

develop formalism that works for any N ... starting with N=1

Paul Hertz, Ann d Phys 33: 225/537 (1910)
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Ensembles & entropies

infinite heat bath: canonical ensemble VN\
exp|—0BH (z
otz = HZHEL 5o = [z feymsca
\_ temperature conserved, energy fluctuates )
finite heat bath: Tsallis-Renyi ensembles Campisi & Bagci, Phys Lett A 362: 11(2007) VN\
_ {1+ (g-1B[H() - BRI _ g / /g
fi/q(2) = Zi, S1/q = p— In [ dz [f(2)]
\ /
" isolated systems: micro-canonical ensemble YN )
0F — H(z
fu(z) = [ - )l o Sy =17
_ M energy conserved, temperature fluctuates )
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Entropy of the MCE?

Q:/dz O[E — H(2)] Zszdzé[E—H(z)]—

S=InQ S=InZy
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Entropy of the MCE?

Q- /dz OE — H(2)]

S =1n{2
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1910.

ANNALEN DER PHYSIK.

VIERTE FOLGE. BAND 33.

M 12,

1. Uber die
mechanischen Grundlagen der Thermodynamik;
von Paul Hertz.

(17) f fdx, coadz, = F(e),

E X
so 1st nach (14)
av
(18) = E;;-
(87) &, =<t
WO
(38) (=~

gesetzt ist. Nach (18} kann man (38) auch schreiben

(39)
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4. Uber die
mechanischen Grundlagen der Thermodynamik;
von Paul Hertz.

(Fortsetzung von p. 225.)

Inhalt: IL Teil. Thermisch-mecbanische Vorgiinge. (Der Satz von
der Entropievermehrung) p. 537. § 10. AuBere Koordinaten {Zustands-
gleichung) p. 537. §11. Adiabatische Vorgiinge p. 544. §12. Reversible
Vorginge p. 549. § 18. Irreversible Vorginge p. 550.

»ein eindimensionales Gas* (Fig. 4a)
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Fig. 4a.
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Fig. 4b. Fig. 4e.

P Hertz, Ann d Phys 33: 225 (1910)
P Hertz, Ann d Phys 33: 537 (1910)




Ann. Phys. (Berlin) 17, No. 5, 273-301 (2008) / DOI 10.1002/andp.200810294

Historical Review

‘... you can’t say to anyone to their face: your paper is rubbish.”

Max Planck as Editor of the Annalen der Physik

Dieter Hoffmann*

Max Planck Institute for the History of Science, Boltzmannstr. 22, 14195 Berlin, Germany

he was concerned to define an editorial policy that would exclude all too mathematical papers. However
he was willing to make exceptions, for instance regarding a very mathematical paper on the mechanical
foundations of thermodynamics by the Heidelberg physicist (and also later philosopher) Paul Hertz. But this
investigation was dealing with such an important and difficult aspect for understanding statistical mechanics,
that in this case “the comprehensiveness is a necessity for clarity” [119] and the author was even allowed to
publish his work in two parts [120]; of course the problem discussed was also very close to Planck’s own

thermodynamical work.

10, Bemerfowngen
ey P Hevizachen Avheiten:
o U ler die mechanischen Grundlagen der
Theermodynamik s " ¢
vin A Binstein.

He, P. Hertz bot in seinen sochen genanoten  wortraeti

lichen Arheiten zwei Stellen, die sich in Arbeiten von mir
fiber den gleichen Gegenstand vorfionden, angegriffen. Zu
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1zt, Wenn mir dos Gilibssche Boch damals belannt gewesen
ware, hitte ich jene Arbeiten fiberbaupt nieht publiziert
sondern mich aof die Behandlung ciniger wenizer Punkte be-
suhrdnkt,

Sirich, Oktolor 1910,

[Eingegangen 20, Novembar 1910




Hertz (volume) entropy vs surface entropy

=" S =1nQ | S=InZy
equipartition v ) 4
1 >0 v X
N — o0 v v (?)
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Microscopic singularities & temperature oscillations

in the MCE

... using Hertz (volume) entropy

S:kBIIlQ

== UNIVERSITY OF

i

“§» CAMBRIDGE



S’ [k]

()

1D classical diatomic L-J molecule (“dissociation”)

. 2nm
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Q= P
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where the boundary values are given by

—-1/6
Fmin = X /, rmaxz{

L,
Y—l/6

E>E.(L)= Uyy(L),
E<E.(L),

using the convenient abbreviations X =1+ +/1+ Fand Y =1 —

kT/a
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origin of singularity:
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change in “dimensionality” of phase (configuration space)

Dunkel & Hilbert, Physica A 370: 390-406 (2006)




Exactly solvable model: 1D Takahashi gas

)
4 . I
Container
N _ O 000
, q € [0,L]",
U, ;L,N) = ) 0 L
box(4 ) {+ 0 | otherwise.
N )
/NN-interactions A
N ©, F= dhca
1
Uin(q:N) = 5 E Upair(|Qi - Qj|) Upair(r) =1— Vo, dpe <r <dy.+r,
l;.];jl 0’ erhc'l'ro,
N )
0 <ryp=dy L>(N-1)(ro+dp.). Hilbert & Dunkel, PRE 74: 011120 (2006)
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Exactly solvable model: 1D Takahashi gas

MC phase volume
N-1

O =CY wE+kUy)*O(E +kUy,),
k=0

22mm)M?
T'(N/2)N | NiY

1\ (k .
wk<N,L>=(Nk )E(.)(—w
i=0 \1I

X[L—=(N=1dp.—rg(N=1= k+i)]"

C(N) =

for L> (N— 1)(r0+dhc)

/MC caloric curve
N—-1
> w(E + kUp)N*O(E + kU,)
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Temperature oscillations!

Hilbert & Dunkel, PRE 74: 011120 (2006)




Exactly solvable model: 1D Takahashi gas

Canonical ensemble for L>(N=1)(rg+dy.) 0.4
0.2
NNl 0 /N
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\ j Hilbert & Dunkel, PRE 74: 011120 (2006)




“Conjecture”

» Relation between micro-canonical temperature oscillations and

macroscopic canonical PTs ?

P )
Fisher zeros of [/~ (6 + iT)
N J
C Ze(B) = BLIE) \
)= [ dE R
min H(z) =0
_ : _
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Yang & Lee, Phys Rev 87: 404/410 (1952)
Grossmann & Rosenhauer, Z Physik 218: 437 (1967)
Janke & Kenna, J Stat Phys 102: 1211 (2001)
Borrmann et al, PRL 84: 3511 (2000)

Muehlken et al, PRE 64: 047105 (2001)




Summary

» Hertz (volume) entropy = micro-canonical thermodynamic entropy

» microscopic dissociation transitions indicated by temperature
oscillations in the MCE

» “conjecture”:

» Fisher zeros of canonical distribution function reflect/arise from oscillations in the corresponding
micro-canonical caloric curve (via Laplace transformation)

» (order of the) macroscopic PT encoded in the micro-canonical temperature oscillations

Hilbert & Dunkel, PRE 74: 011120 (2006)
Dunkel & Hilbert, Physica A 370: 390-406 (2006)
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