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CLASSICAL WORK
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W [z0;λ] = H(zτ , λτ )− H(z0, λ0) =

∫
dtλ̇t

∂H(ϕt,0[z0;λ], λt)

∂λt

p[W ;λ] =

∫
dz0ρ0(z0)δ[W − H(zτ , λτ ) + H(z0, λ0)]

Work is a RANDOM quantity



JARZYNSKI EQUALITY
C. Jarzynski, PRL 78 2690 (1997)

〈e−βW 〉 = e−β∆F

∆F = F (λτ )− F (λ0) = −β−1 ln
Z (λτ )

Z (λ0)

Z (λt) =

∫
dz e−βH(z,λt)

Since exp is convex, then

〈W 〉 ≥ ∆F Second Law
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INCLUSIVE VS. EXCLUSIVE VIEWPOINT
C. Jarzynski, C.R. Phys. 8 495 (2007)

H(z, λt) = H0(z)− λtQ(z)

W = −
∫

Qdλ

= H(zτ , λτ )− H(z0, λ0)

Not necessarily of the textbook form
∫

d(displ.)× (force)

W0 =

∫
λdQ

= H0(zτ )− H0(z0) ⇒ 〈e−βW0〉 = 1

G.N. Bochkov and Yu. E. Kuzovlev JETP 45, 125 (1977)
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GAUGE FREEDOM

H ′(z, λt) = H(z, λt) + g(λt)

W ′ = W + g(λτ )− g(λ0)

∆F ′ = ∆F + g(λτ )− g(λ0)

W and ∆F are not gauge invariant

〈e−βW ′〉 = e−β∆F ′ ⇐⇒ 〈e−βW 〉 = e−β∆F

The fluctuation theorem is gauge invariant !
Gauge:
irrelevant for dynamics
crucial for ENERGY-HAMILTONIAN connection
[see also D.H. Kobe AJP 49, 581 (1981)]
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QUANTUM WORK FLUCTUATION RELATIONS

H(z, λt) −→ H(λt)

ρ(z, λt) −→ %(λt) =
e−βH(λt)

Z(λt)

Z (λt) −→ Z(λt) = Tre−βH(λt)

ϕt,0[z0;λ] −→ Ut,0[λ] = T exp

[
− i

~

∫ t

0
dsH(λs)

]
W [z0;λ] −→?



W[λ] = U†t,0[λ]H(λt)Ut,0[λ]−H(λ0)

= HH
t (λt)−H(λ0)

=

∫ t

0
dtλ̇t

∂HH
t (λt)

∂λt



WORK IS NOT AN OBSERVABLE
P. Talkner, E. Lutz, and P. Hänggi, PRE 75 050102 (2007)

Work characterizes PROCESSES, not states! (δW is not exact)

Work cannot be represented by a Hermitean operator W

Right definition of quantum work:

W [z0;λ] −→ w = Eλτ
m − Eλ0

n two-measurements

Eλt
n =instantaneous eigenvalue: H(λt)|ψλt

n,γ〉 = Eλt
n |ψλt

n,γ〉
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PROBABILITY OF WORK

p[w ;λ] =
∑
n,m

δ(w − [Eλτ
m − Eλ0

n ])pm|n[λ]pn



UNITARITY

Unitarity⇒
∑
n

pm|n[λ] = 1 (double stochasticity)

Double Stochasticity + Gibbs distribution

⇒ 〈e−βw 〉 = e−β∆F
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MICROREVERSIBILITY OF QUANTUM
NON-AUTONOMOUS SYSTEMS

|i〉
|ψt〉 = Ut,0[λ]|i〉

|f〉

Θ|i〉

Uτ−t,0[λ̃]Θ|f〉

Θ|f〉

ΘH(λt) = H(λt)Θ

⇒ Ut,τ [λ] = Θ†Uτ−t,0[λ̃]Θ

λ̃ : [0, τ ]→ R

t → λ̃t = λτ−t

Microreversiility + Gibbs distribution⇒ p[w ;λ]

p[−w ; λ̃]
= eβ(w−∆F )



QUANTUM EXCHANGE FLUCTUATION RELATIONS

∆E1 ∆N1

∆E3 ∆N3

∆E2

∆N2

∆E4

∆N4
Vt

β1, µ1

β2, µ2

β3, µ3

β4, µ4

H(Vt) =
s∑

i=1

Hi + Vt

%0 = Πi%i = Πie
−βi [Hi−µiNi ]/Ξi

p[∆E,∆N;V] =
∑
m,n

∏
i

δ(∆Ei − E i
m + E i

n)δ(∆Ni − N i
m + N i

n)pm|n[V]p0
n

p[∆E,∆N;V]

p[−∆E,−∆N; Ṽ]
=
∏
i

eβi [∆Ei−µi ∆Ni ]

C. Jarzynski and D.K. Wójcik, PRL 92 230602 (2004)
K. Saito and Y. Utsumi PRB 78 115429 (2008)

D. Andrieux, P. Gaspard, T. Monnai, and S. Tasaki ,NJP 11 043014 (2009)
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PROBLEM

Projective quantum measurement of:

∆E =TOTAL energy
∆N = TOTAL number of particles

in MACROSCOPIC systems !!!



ROBUSTNESS OF FLUCTUATION THEOREMS TO
QUANTUM MEASUREMENTS

Measure A at time t1 ∈ (0, τ)

Eλ0
n → αr → Eλτ

m , p(m|r |n) = p(m|r)p(r |n)

w = Eλτ
m − Eλ0

n

p(w) =
∑
m,r ,n

δ(w − [Eλτ
m − Eλ0

n ])p(m|r |n)pn

p1(m|n) =
∑

r

p(m|r |n) doubly stochastic

M. Campisi, P. Talkner, and P. Hänggi PRL 105 210401 (2010)

M. Campisi, P. Talkner, and P. Hänggi PRE in press (2011)
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EXPERIMENTS:
EXCHANGE FLUCTUATION RELATION

Y. Utsumi, D.S. Golubev, M. Marthaler, K. Saito, T. Fujisawa, and G. Schön
PRB 81 125331 (2010)
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Continuous monitoring of FLUX


