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Outline

= brief history
= thermostatistical equilibrium, time parameters & entropy
= definition(s) of non-local thermodynamic quantities

= relativistic Brownian motion
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1905: (Special) Relativity

v unifies Maxwell’s theory & mechanics
v inertial observers equivalent

v c=const for inertial observers

v v<c for massive particles

v Lorentz transformation

v energy-mass-momentum relation

E2 — m2c* + p?c?

v length contraction
v time dilatation

[—» What about thermodynamic quantities? ]
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1908. M 6.

ANNALEN DER PHYSIK.

VIERTE FOLGE. BAND 26.

1. Zur Dynamik bewegter Systeme;
von M, Planck.

Aue den Sitzungsber. d. k. preuB. Akad. der Wissensch. vom 13. Juni 1907,
mitgeteilt vom Verf.

p=p L
== ’ T = T ==
9" !
V- V- . .
oder: . moving bodies
- Ve ’ e
(1%) =1 =55 appear cooler

als allgemein gultige Beziehung zwischen den gestrichenen und
den ungestrichenen Fariabeln.
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Uber das Relativititsprinzip und die aus
demselben gezogenen Folgerungen.

Von A. Einstein.

(Eingegangen 4. Dezember 1907.)

IV. Zur Mechanik und Thermodynamik der Systeme.

Einstein, Relativititsprinzi i ‘ |
) tsprinzip u. die aus demselben gezog, Folgerungen.

459
T Y
Sl VA TN
T 3 (27)
Die Temperatur eines bewegten Systems ist also in bezug auf ein

relativ zu ihm bewegtes Bezugssystem

Is in bezug auf
ein relativ zu ihm ruhendes Bezugssystem,
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THE MATHEMATICAL THEORY CAMBRIDGE

OF AT THE UNIVERSITY PRESS

RELATIVITY i

BY

A, S, EDDINGTON, M.A., M.Sc., F.R.S.
PLUMIAN PFROVESO0ONR OF ASTRONOMY AND EXFERIMENTAL
PHILOSOPHY IN THE UNIVERSITY OF CAMBRIDCE

B=(1—uc?)" %,

T'= BT oveevieieeeceeieeneennnn (14°4),

In general it 1s unprofitable to apply the Lorentz transformation to the
constitutive equations of a material medinm and to eoefficients occurring in

them (permeability, specific inductive capacity, elasticity, velocity of sound).
Such equations natnrally take -

moving bodies
appear hotter

lose o |
net

a-sHRpler—androre—significant form for axes
g with the matter. The transformation to moving axes introduces

ovin

gren
comphecations without any evident advantages, and is of little interest except
as an analytical exercise,
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Zeitschrift fir Physik 175, 70—104 (1963)

Aus dem Institut fir Theoretische Phvsik der Universitat Wiirzburg

Lorentz-Transformation der Wiarme
und der Temperatur

Von
H. Orr*
Mit 1 Figur im Text

(Eingegangen am 11, fanuar 1963)

In die tibliche Herleitung der Lorentz-Transformation von Wiarme und Tempera
aben sich zwei grundsitzliche Fehler eingeschlichen, namlich

1. die Verwendung einer unvollkommenen Bewegungsgleichung fiir Kérper mit
verdnderlicher Ruhemasse,

2. die irrtiimliche Ansicht, die Leistung ({p) der an einem bewegten Leiter angrei-
fenden Lorentz-Kraft & trage nur zur Erhdéhung der mechanischen Energie des
Leiters und nichts zur Stromwirme bei.

Nach Richtigstellung ergeben sich fiir eine Warmemenge 4 und fiir die Temperatur
die Transformationen

aQ° T e photo provided by

dQ = W, B T o Oscar Bandtlow (QMUL)

(dQ° TV bezichen sich auf das Eigensystem), wenn man den 1. und 2. Hauptsatz
in der iiblichen Form zugrunde legt.
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DOES A MOVING BODY APPEAR COOL?

By Pror. P. T. LANDSBERG
Department of Applied Mathematics and Mathematical Physics, University College, Cathays Park, Cardiff

We wish to ensure that the
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173 THE PHYSICAL REVIEW 295

Relativistic Thermodynamics of Moving Systems

N. G. van Kampen
Pnysics Depavtment, Howard University, Washington, D.C.
(Received 10 May 1968)

The second law (5)

TdS =a @

md when T is defined as@
ure 7° in the rest frame
Thus we have obtained a different formulation
of relativistic thermodynamics, in which both ¢ @
and T are scalars.’® However, the first law is

now replaced with the covariant equation

- dA = 0
dQM + " uudQu de
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“Temperature” problem
in RTD?

1923/1963
.. hotter!

1907/08
moving bodies
appear cooler

-

+1 Planck, Einstein
T'(w) =T (1 —w?)/? a= 0 Landsberg, van Kampen
-1 Oftt

CK Yuen, Amer. J. Phys. 38:246 (1970)
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Warm-up: 1D component gas model

rest frame

e(mA,pA)+€(mB,pB) - E(mA7ﬁA)+€(mBaﬁB)7 C -+ BC! ]

pA+DPB = DA +DB,

PRL 99: 170601(2007)
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Measure particle phase space PDFs ... but how?

a. histogram over all particles at A

- constantr ()= (P }j&u;lﬁl

b. time average over single particle

= constant At
= constant Ar

>
X

PRL 99: 170601(2007), EPL 87: 30005 (2009)
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Measure

a. histogram over all particles at

= constant t
= constant 1

b. time average over

= constant At
= constant Ar

\agle particle

2.0 - T

particle phase space PDFs ...

but how?

;s Light particles

0.0 : '

(.) AAAL AN AAIAMA-'A_r_ v T AN " ]
RO %

\> 0.4 S fMJ N _

|

Heavy particles

0 0.2

0.4

-

f(t,X,p) — @(X’ P) — Q(X) ¢I(p

(x) = V-l ifxeV
=10,  ifxgV

3 o< exp(—0Gp")

<o — Bp°
bay o & p(poﬁp )

[ same (3 !J

S UNIVERSITY OF
o)
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Time parameters and ( ) entropy

2.0 - T - | - | ' |

observer time vs. proper time s Light particles f ;‘}
1 ¢ / /
folw) = < [ dt' oo — V()]
0
r 1 ! / 9 /
fr(v) = —/ dr' d[v — V(7')]
T Jo
©

: : . D

maximum relative entropy principle L _ 1
02k Heavy particles ;%
: g
4 N\ 00053 "0z 06 08 .
Slelel = [ a% o(p)n| 221] e
p(p)
€ = /ddp ¢(p) p° p=po: ¢35 xexp(—fp°) & f(t— o)
_Ap° .
1:/ddp¢(p) Pml%i ¢MJO<M & f(r— o0)
N J
EPL 87: 30005 (2009)
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Summary (part 1) 4

Simple gas model

v thermostatistical equilibrium (in rest frame)

<Y

v “ergodicity” for different time parameters

v Hamiltonian system = microcanonical equipartition theorem

v relative entropy principle: (modified) Juettner distribution

v time parameter & symmetry of reference measure
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Part 2: Relativistic thermodynamics

What “is” thermodynamics?
“Good” vs "bad” starting points in relativistic thermodynamics?
Origin of different temperature transformation laws?

How can (or should) one define thermodynamic observables in
relativity?
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What “is” thermodynamics?

.. attempt to efficiently describe an extended physical system
by means of a few macroscopic control parameters
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What “is” thermodynamics?

... attempt to efficiently describe an extended physical system
by means of a few macroscopic control parameters

... more precisely
= mathematical theory of differential forms ds = a;dZ;

= theory of symmetry (breaking)

» Energy E & time translation invariance

i Yol
Herbert B Callen
(1920-1993)

» Volume V & breaking of spatial translation invariance

» Magnetic field B < breaking of spatial isotropy

= non-local description

Gaed UNIVERSITY OF Relativistic TD & BM DPG, March 2010
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Starting points in RTD?

“BAD”  macroscopic variables N, U°, U, ...

= ambiguous definition

= non-local character not explicit

“GOOD” mesoscopic tensor densities 7"(t, @), 0" (¢, x), ...

= uniquely defined, e.g., can be derived from Lagrangians

= encode symmetries < conserved Noether currents
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Example: Relativistic gas

po — (m? +P2)1/2

2)—1/2

(lab frame) b= mv(l—v

; N
¢1(p)=Z""exp(=pp"),  B>0
ft.x,p)=p(x.p)=0(x) ¢(p) o[V ifxev
X =10. ifxgV
L Y

Tensor densities

jH(t,x) Nf—fp
0" (t,x) N/—fpp

d3
St %) = —N f p—fp“fln<h3f>

Gas UNIVERSITY OF

Nature Physics 5: 741 (2009)
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Example: Relativistic gas (lab frame) 29 = (112 + )12

p:mv(l_VZ)—l/Z
- N
¢1(p)=Z""exp(=pp"),  B>0
f(t,x,p) =¢(x,p) = 0(x) ¢(p) (x) — V-l ifxeV
—]o, ifxgV
5 /
Tensor densities
B 1, =0 N 9,7’ =0
7*(t,%) Nf—fp NQ{(), >0 :

0" (t,x) N/—fpp
d3
wmm:—Nf;§ﬂﬂmmﬂ

Nature Physics 5: 741 (2009)
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Example: Relativistic gas (lab frame)

po — (m? +P2)1/2

p=mv(l—v?*)~1/?

- N
o (p)=Z""exp(—Bp°), B>0
=10,  ifxgV

\ /

Tensor densities
— 1, p="0 = 0,7" =0
i*(t,x) Nf—fp NQ{O, >0 J
: ("), u=v=0 i
9“”(t,x):N/d—pfp“p” :Ng{ﬁ—l, p=v=1,2,3 <=> 00" 7%@
p° 0, w# v

d3
St %) = —N f p—fp“fln<h3f>

(p’) =3B~ +mK\(Bm)/K;(Bm)

Gas UNIVERSITY OF

Nature Physics 5: 741 (2009)
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Example: Relativistic gas (lab frame)

po — (m? +P2)1/2

p=mv(l—v?*)~1/?

a 1 . I
¢)(p)=Z" exp(—pp"), >0
1, X,p)=¢(X,p) =0(X .
f(t,x,p) =9(x,p) =0(x) ¢(p) o |V itxeV
=10,  ifxgV
\_ J
Tensor densities
1 n = 0 Vo
:“ - =N ’ = 3,/] =0
(t,x) Nf fr" 0 {0, >0
3 P°), m=v=0 ;
9“”(t,x)=Nfd—ffp“p” =N@{ﬂ-1 p=v=1273 G‘ 0" ¢®
p 0, w# v
d’p 5 3 0 0
s“(t,x):—Nf—Op“fln(h ) :Ng{anZ/h )+B(Y). M L e =0
p 0, >0 v
(p°) =3B~ +mK,(Bm)/K,(Bm) Nature Physics 5: 741 (2009)
Relativistic TD & BM DPG, March 2010
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Thermodynamic variables

[auem £0 )

non-local TD variables < surface integrals in space-time

N$]

8]

ws

explicitly:

%
=\
2

NI&']

/da,,j” =
K2}

do, s¥ =
9

S[9']

scalar

scalar

/dau 0" | £ UY[H] 4-vector
9

Ni{t=¢"}] =

S[{t=¢"}] =

@‘;"g UNIVERSITY OF

t A
t=¢° /ﬁ AAL/
t=¢" : / :
— : , - \ : e >
(&) - ; .

Relativistic TD & BM
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Thermodynamic variables

N[] = /ﬁ do, j* =

$[5] = /ﬁdav & =

U] = /ﬁdau 0" | £ U [9] 4-vector

N[&] = N'[9] = N'[9'] = N[$']

Sasxd UNIVERSITY OF

NI&']

S[9']

d,s" =0 [auem -0 )

non-local TD variables < surface integrals in space-time

scalar

t=¢"

! 10
scalar t=¢

= 8'[9] = 8'[9] = 8[9'] A" W H] =

Relativistic TD & BM

W) # U] = A,
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Heat, second law & temperature

)

Planck-Einstein

dQ'[¥] := T'dS’ == AU (Y] — w'dU[T] + P'dV’

v = (1 - w?)"1/2

‘T/ dS/ ::dQ/O[j/] — ’y_ldQO[j] — ,Y—l ‘J’dS

cooler

*EE" UNIVERSITY OF Relativistic TD & BM DPG, March 2010
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Heat, second law & temperature

Planck-Einstein

dQ'[7] := T'd8' := dUP[Y] — w'dUW[F] + P'dV’
v = (1 _ ,w/2)—1/2

‘T/ dS/ ::dQ/O[j/] —_ ’y_ldQO[j] — ,Y—l T7d8

cooler

Eddington / Ott
dQr[3] := dU*[3] — dA*[T),
(@A#[3]) := (=PdV;,0).

T'd8’ :=dQ’% = 4aQ® =~ 7d8.

hotter

S UNIVERSITY OF
BEEEDE

% OXFORD

Landsberg / van Kampen

dQr 3] := dUH[3] — dA (3],

49 = —w,dQ" = —w, Q" =dQ =dQ® ___

J'd8" :=adQ" =aQ = 7Jds,

g =T

Relativistic TD & BM DPG, March 2010



“ISOChrOHOUS” RTD UserI at a”’) Nature Physics 5: 741 (2009)
shortcomings

(i) not feasible experimentally
(i) extension to General Relativity problematic

5‘%"-% UNIVERSITY OF Relativistic TD & BM DPG, March 2010




“ISOChrOnOUS” RTD UserI at a”’) Nature Physics 5: 741 (2009)
shortcomings

(i) not feasible experimentally
(i) extension to General Relativity problematic

SOLUTION: replace isochronous hyperplanes by lightcones

Why?

v photographic measurements
v equivalent for moving observers

v GR extension
v nonrelativistic limit

5‘%‘-2 UNIVERSITY OF Relativistic TD & BM DPG, March 2010




“Photographic™ thermodynamics

light-cone averaging

&) = {(tx)|t=¢ ~|z—¢&|}

photographic state variables

U’le] = N(p%)

wie = 5 [an g

/distant observer

gi
= — > NkpT
i

apparent drift !

w(e]

S UNIVERSITY OF

C(&) C(ém\) P1 P2
r —m— =0 /’//
15 —@— €5 (-0,0)0) ///
T Prad
Z 10F -
— . *
O [ P
— L 7~
S 05F /or/
I »
[ 7~
OOP’/ P — ™ = =
0.0 05 1.0 1.5
B! [m]

Relativistic TD & BM

DPG, March 2010
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Apparent drift & Lorentz transformations

Foo T T - YA
55( —a—J' A
[ —e—-C =0 K / ' ]
50 .(51 ) Ry * 1
_ i ---A--- C (f —+00) K / / ]
Sus 0@ S
-§ ]
(@
1.0
w
K‘. T T T T T T T T T T T T T T T
Obg e ©® |
— _27 i
I .
- \,
S 4 =0 NOX
e C(¢=0) \
=6 ke C' (¢ >too) \ %\
e O (' —o0) \ '\
L. . . | . . . | . . . | . . . . VI WL
0.0 0.2 04 0.6 0.8 1.0
w
UNIVERSITY OF Relativistic TD & BM DPG, March 2010
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Summary (part 2)

What “is” thermodynamics?

v non-local description in terms of symmetry (breaking)
parameters

“Good” starting point in relativistic thermodynamics?
v (non-)conserved tensor densities, Noether currents

Origin of different temperature transformation laws?

v choice of space-time hyperplanes
v definition of heat, formulation of 1st/2nd law

How should one define thermodynamic observables in special
and general relativity?
v invariant manifolds, lightcone integrals

Observable consequence: temperature-induced apparent drift

PRL 99: 170601(2007), Physics Reports 471:1 (2009), EPL 87: 30005 (2009), Nature Physics 5: 741 (2009)
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Part 3: Relativistic Brownian motion
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“Brownian” motion

Jan Ingen-Housz (1730-1799)

. NOUVELLES

EXPERIENCES

ET

Vermifdte

SUR DIVERS OBJETS i ) @d)’riffen

- OBSERVATIONS

DE PHYSIQUE,

Par JEA
& Méd

POOIifeh + medicinifiben Jnpalts.

Uiberfegt und berausgegeben
»

Ricolans Carl Molitor,

TOME SECOND.

xxxxxxxxxxxxxxxxx

it Supfectafelr,

Sweyter Banbd

€ R,
acbeuctt unb oecleat bey Gheifitan Fribecldy Wapper.
i .

1iber Getriigdn Eonnte, darf man npue (o ben Brennpunce
cines Mikvoffops einen Tropfen Weingelft famme efivas
geﬁﬁﬁ;nev Foble fefsenr 3 man ivird biefe Bovpercdhen in
¢lner verrsicrten Defidndigen und befeigen BHewegung crs
1784/1785: blicken, ol menn e8 Thierdhen niren, die fich reiffend

anter cinander fortbetvegen,

http://www.physik.uni-augsburg.de/theol/hanggi/History/BM-History.html
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Robert Brown (1773-1858)

1827:  irregular motion of pollen in fluid

Gasd UNIVERSITY OF Relativistic TD & BM DPG, March 2010
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Non-relativistic Brownian motion theory

W. Sutherland (1858-1911) A. Einstein (1879-1955) M. Smoluchowski
(1872-1917)

Source: www.theage.com.au Source: wikipedia.org Source: wikipedia.org
(x2(t)) = 2Dt
2
Do _RT Do RT 1 Do 32 mc
67naC N 6rkP 243 muR

Phil. Mag. 9, 781 (1905)  Ann. Phys. 17, 549 (1905) Ann. Phys. 21, 756 (1906)
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Theorie der Brownschen Bewegung

W. Sutherland (1858-1911) A. Einstein (1879-1955) M. Smoluchowski
(1872-1917)

I . Jean Baptiste Perrin (1870-1942, Nobel  1926)

D= RT
67naC
Phil. Mag. 9, 781 (190!  » REPUBLIQUE DE GUINEE ¢ A I InE
» OFFICE DE LA POSTE GU H == ! e
s 750 s, . SN 2L
SO N b . .
L RN T » colloidal particles of
] %) . A H
‘ ] T radius 0.53um
P HE z
. LN !1 s U i/ i . .
; __h; AT i » successive positions
‘ . - r
: ; Al P every 30 seconds
: NPt joined by straight line
‘ segments
Mouvement brownien et réalité moléculaire, Annales de chimie et de . .
physique VIII 18, 5-114 (1909) » mesh size is 32,um

Les Atomes, Paris, Alcan (1913)

atomistic structure of matter
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Relativistic diffusion processes

1905: (g MW >

Albert Einstein

1879-1955

65c¢

= conceptually interesting

= random motion of particles in hot plasmas,
heavy ion collision experiments,
astrophysics, ...

Lopuszanski, Acta Phys. Polon. 12: 87
(1953)

Schay, PhD thesis (Princeton, 1961) Debbasch et al., J. Stat. Phys. 88: 945 (1997)
Hakim, J. Math. Phys. 6(10): 1482 (1965)

Dudley, Ark. Mat. Astron. Fis. 6: 241 (1965) Physics Reports 471 (1): 1 (2009)
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Diffusion: space-time only

t =0
(alt 3 coses)

classical diffusion (Markovian)

DU
P(&, X|to, Xo) = amrDi—t| P|Tapt—19 |

; . .
—o =DV, CO.nﬂICt.V\{Ith
Jt Einstein’s
postulate
v<c!
\_
PRD 75:043001 (2007)
Relativistic TD & BM DPG, March 2010
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Diffusion: space-time only

classical diffusion (Markovian) ' (o113 coses)
(t t ) = |: 1 ]1/2 [_M} Diffusion S
p(t, X|to, Xo) = py s exp el o | -
telegraph equation (non-Markovian) o 5 |
" + 0 D V? | | | :
Wy —— —0 = , !
0 atZQ atQ Q Telegraph i )

J Masoliver & G H Weiss
Eur J Phys 17:190 (1996)

PRD 75:043001 (2007)

Relativistic TD & BM DPG, March 2010
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Diffusion: space-time only

classical diffusion (Markovian) ' (o113 coses)
(t t ) = |: 1 ]1/2 [_M} Diffusion S
p(t, X|to, Xo) = py s exp el o | -
telegraph equation (non-Markovian) o 5 |
> I 0 D V? | | | :
Wy —— —0 = , !
v atZQ atQ Q Telegraph i

Z

alternative approach

at (X[%p) .
p(X|Xo0) ocf da exp(——)
a— (xI%) 2D

PRD 75:043001 (2007)

J Masoliver & G H Weiss
Eur J Phys 17:190 (1996)
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— = ] ‘ / /N2
a(x|xp) = B dt” v(t")”.
to

olt,z) / (D7 'e)

Diffusion propagator

Xo = (to, Xo)

Sau) UNIVERSITY OF

‘& OXFORD

10
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_ 1
Bl = 5 f
to

Diffusion “propagator” PRD 75:043001 (2007)

t
dt’ v(t)?,

N
N

a(x[Xo) = — / dt’ [1—v(t")?]"

D) ox f

a4 (x|xp) a
da exp| —— /
2D

— (X|x0)

I k=

-10 -5 0

r /(D)
ady = +00
_ (X — X0)2
a_(x|xp) = 26— 1)
— o

Sas) UNIVERSITY OF

% OXFORD

10

04r

o(t,z) / (D7 le)

0 I —--i"_"JH-"I. |Jl

a_|_ = O
— = 2 211/2
a_(x|Xo) = — [(t — to)* — (x — Xp)*]
Relativistic TD & BM DPG, March 2010



R- processes in phase space

4 _ A
Lab-time R-LEs
dX(t) = (P/P°) dt,
dP(t) = —a(P) P dt + [2D(P)]"? e dB(t).
Debbasch et al, J Stat Phys 88:645 (1997)
. J
4 A
FDR
0=a@’) p’— B DM
¢3(p) o exp[B(p® + M?)'/?]

\_ J
" Diffusion constant h
Doo = lim ([X(£) — X(0)]) /(21)

Lindner, New J Phys 9:136 (2007) y

Sas) UNIVERSITY OF
BCEERS

& OXFORD
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R- processes in phase space

4 _ A
Lab-time R-LEs
dX(t) = (P/P°) dt,
dP(t) = —a(P) P dt + [2D(P)]"? e dB(t).
Debbasch et al, J Stat Phys 88:645 (1997)
. J
4 A
FDR
0=a@’) p’— B DM
¢3(p) o exp[B(p® + M?)'/?]

\_ J
" Diffusion constant h
Doo = lim ([X(£) — X(0)]) /(21)

Lindner, New J Phys 9:136 (2007) y

S UNIVERSITY OF
o)

/
Proper-time R-LEs
d(t) = (M/P®)dt
130 1/2 }30 1/2
J(f) = Jdr= | — ~ | = R
dB/(1) = \dr (M) Vdr (M) dB(7)
PRE 79: 010101(R) (2009)
1 .
X o t=15
707 X — ¢3
g b% X 7=15
\_ |P| / (Mc)

Physics Reports 471 (1): 1 (2009)

Relativistic TD & BM
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Summary (part 3)

Relativistic Brownian motion models

v non-Markovian in position space(time)

v Markovian in phase space

Many thanks for your attention !

Debbasch et al, J Stat Phys 88:645 (1997) Physics Reports 471 (1): 1 (2009)
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(Very) brief history
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special relativity

”moving bodies ... cooler” [von Laue, Planck, Einstein]
R-equilibrium distributions  ittner]

R-diffusion processes [Lopuszanski, Schay, Dudley, Hakim]

"moving bodies ... hotter” [Ott]
”... neither hotter nor cooler” [Landsberg, Van Kampen]

R-OUP [Debbasch et al]
R-BM & applications
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