NG S A P

PR S

N \NN mQ\c\,
Ninth International Conference

NOISE IN PHYSICAL SYSTEMS

(including 1/f noise and noise in biological systems and membranes)

Montréal, May 25-29, 1987.

Edited by Carolyn M. Van Vliet

Centre de Recherches Mathématiques
Université de Montréal, Montréal Québec H3C 3J7

Sponsored by National Science and Engineering Research Council
_ Ottawa, Canada

| \\b World Scientific

Singapore ¢ New Jersey * Hong Kong



Published by

World Scientific Publishing Co. Pte. Ltd.
P.O. Box 128, Farrer Road, Singapore 9128

U.S.A. office; World Scientific Publishing Co., Inc.
687 Hartwell Street, Teaneck NJ 07666, USA

Library of Congress Cataloging-in-Publication data is available.

NINTH INTERNATIONAL CONFERENCE ON
NOISE IN PHYSICAL SYSTEMS

Copyright © 1987 by World Scientific Publishing Co Pte Ltd.

All rights reserved. This book, or parts thereof, may not be reproduced
in any form or by any means, electronic or mechanical, including photo-
copying, recording or any information storage and retrieval system now
known or to be invented, without written permission from the Publisher.

ISBN 9971-50-397-2

Printed in Singapore by Utopia Press.

LOCAL ORGANIZING COMMITTEE

F. Clarke, Directeur Chairman
CRM, Université de Montréal

G. Beaudet, Directeur
Départment de physique, Université de Montréal

A. Yellon, Département de génie physique,
Ecole Polytechnique, Montréal

C.M. Van Vliet,
CRM, Université de Montréal

SCIENTIFIC PROGRAM COMMITTEE

Carolyn M. Van Vliet, Chairperson
CRM et Département de physique,
Université de Montréal

R. MclIntyre,
RCA, Directeur de Recherche et Développement,
Vaudreuil

A.-M. Tremblay, Professeur agrégé,
Dép. de physique, Université de Sherbrooke

Raynald Laprade, Professeur,

Département de physique et

Directeur du groupe de Recherche en Transport Membranaire,
Université de Montréal



24

distribution is given as a narrow one around x\0.7. As time
passes, it becomes once very flat, and sharp again around x\0.
The final distribution corresponds to the complete extinction.

0 0.5 1
Numerical studies on small groups, for which fluctuations are
to be dominant, are not yet finished, partly because of the comp-
lexity of the master equation. It is expected that the singular
behavior at x=0 and x=1 will be much stressed. A part of this
report have been Uccdﬁm:ma,uv
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DISCRETE DYNAMICS AND METASTABILITY:
MEAN FIRST PASSAGE TIMES AND ESCAPE RATES
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It is known since Poincaré, but it has been recognized
widely only during the past decade, that a great deal of the
complexity of the solutions of coupled nonlinear first or-
der differential equation is already present in discrete
maps of lower dimensionality than that of the original diffe-
rential equations 1) | These maps may be obtained e.qg. from
Poincaré sections, or by a stroboscopic observation of the
trajectories. Rather often, already a cne dimensional map
can reflect important features of the continuous time dy-
namics both qualitatively and guantitatively 2) . In such a
case, a characteristic value x , as e.g. the maximum of an
amplitude, assumes at consecutive time steps tp values X, .,
which follow by a simple iterative procedure

X = F(x) (1)

Depending on the problem under consideration, the continu-
ous time dynamics leading to (1) might be disturbed by ran-
dom forces caused e.g. by thermal or externally applied
noise. Then, as a consequence, the map F(xp) is noisy, too.
The influence of noise on maps has been studied mainly in
cases where the map already is sensitive to small determi-
nistic perturbations 3-6) . In these cases.apart from a fi-
nite resolution noise does not introduce new effects which
would not be present either in the original map or in a
slightly perturbed deterministic map. Our goal in this pa-
per is to study a genuine weak noise effect, namely the
lifetime of a metastable state by means of a mean first
passage time 7.8),
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For the sake of definiteness we will study a circle
map
_ 1/2
Xoop = mAxsv + € m: (2a)
f(x) = x + a sin (21x) (2b)

which is perturbed by independent Gaussian distributed noi-
se £, with a small amplitude el/2,

o€ el g, e+aE]) = (21T 2exp{-£2/(2¢)) (3)

The strength of the sine-force is denoted by a>0 which will
be assumed to be small, a<l/(271). For €=0, the deterministic
map has unstable fixed points at xY = n , and stable fixed
points at x5 = (2n+1)/2 ., n = 0,+%1,%2,... . A trajectory
which starts in the interior of the interval I=[0,1] will
be attracted by the stable point x5 = 1/2 , and never lea-~
ves the interval I. For arbitrarily small ¢ , however, the
interval will be left eventually. A quantitative measure
for the occurrence of these rare events is the mean first
passage time (MFPT), i.e. the mean number of steps after
which a random walker starting at x €[ 0,1] reaches the ex-
terior of [0,1] for the first time. For a discrete dynamics
the MFPT obeys the inhomogeneous backward equation 7.9)

_ 1
ﬁﬁxvlpuﬁmjmvH\NHﬂA<vmxvﬁ|A<|mAxvvm\mmym< xe[ 0,1] (4.a)
0

t(x) = 0 xe[0,1] . (4.b)
Due to the symmetry of.f(x) the MFPT itself is a symmetric
function about x% = 1/2 and attains its maximal value T at
x5 = 1/2 . From (4a), one finds

t(x) €T < erfc(l/(2/2¢)) (5)
This estimate has been used as an mvvnoxwamﬂuo:mv . In spi-

te of the absorbing states outside the interval [0,1], there
is a finite return probability from its boundary points to
the interior. This implies finite jumps of t(x) at 0 and 1.
We find from (4.a)

t(0) =CcT + 1 (6)
where, in terms of the from function T(x)

~~

t(x) = THix) , Bix) <1 (7)

the constant C in (6) is given by
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-1/2

1.
c = (2m¢) [ Ty expl-y2/2¢} < 1/2 (8)
0

It then follows from the behaviour Om\ﬂﬁ<v at weak noise
(see eqgs (ll), Cl2) below) that the constant C is of order
0(e9) . In other words the jump is a finite fraction of the
maximum of the MFPT. This maximum T , can be expressed in
terms of a stationary probability W(x) and the form function

hy)

0,

0
NH dx Ww(x) y ﬂﬁ<vmxvﬁlﬁ<umxvvm\mmy

-1 -

1/2 W(x) dx

(2me )

.a
I
o~—Fr|o~—r
0

where W(x) obeys the master equation

+ oo
W(x) = Amamvlw\m Hmxvﬁuﬁxlmﬁ<vvm\mmwzﬁ<vm< . (10)

—00

At a weak noise level a trajectory remains for most of the
time near the stable fixed point, and only rarely will it
make a large excursion. Thus, the MFPT attains a very large
value inside the interval [0,1 ] which deviates only little
from its maximal value; i.e. t(x)=T . Significant deviati-
ons from the constant T occur only near the exit boundaries.
Thus h(x) defined in (7) deviates from the value h(x)=1l on-
ly in a small neighbourhood near the boundaries. Near these

boundaries, say near x = 0, for the scaled boundary layer
function
h(x) =T (/Zex) (11)

we obtain from (4a) the following integral equation, valid
in leading order in ¢

hix) = H h(y) mxvﬁlﬁ<|>xvmw dy (12)
0

where
.

A= f (0) = 1+ 27ma . (13)

A properly normalized solution (h(x)-1 for x»=) of (12) can
be obtained scamnuomww<qv. For small makuncmmm¢ a , of the
deterministic force the solution of (10) reads . 8)
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W(x) = N exp{-a/(me)cos 2mx} .

This allows the evaluation of the integrals in (9) to yield

in leading order in ¢

T = 1/(4a) exp(2a/(me)) (14)

T is determined by an Arrhenius-like exponential leading

part, and a prefactor, 1/(4a) . From the lifetime T one ob-

tains for the rate, A , at which there occurs an escape
from the metastable state at x = 1/2 across the boundary
x =0o0orx-=1

yo=Loth ot o (15)

The factor 1/2 takes into account that, in absence of a cap-
ture beyond the unstable fixed points, x = 0,1, half of the

random walkers would return into the original interval

[0,1 ]. For the individual rates of escape either to the
left A~ or to the right At , we have
A e L CL (16)

These rate results (15,16) can also be derived by an alter-

native method /) which utilizes Kramers' flux method 10},
In the present situation of a periodical map, the random
walker undergoes a noise-induced diffusive motion across
periodic barriers with a diffusion constant D

<(x_-<x vvwv.vmos as n > ., (17)
n n
D itself is determined by the forward and backward hopping
rates AT , A7 , and the step size L =1 ; i.e.
D = w of + % = umt . (18)
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