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Based on the nonequilibrium density matrix theory we put forward a unified description of the tran-
sient and the steady state current formation through a molecular junction. It is demonstrated that the
current follows the time evolution of the populations of those molecular charged states which partic-
ipate in the inter-electrode charge transmission. As an example, the formation of switch-on/switch-
off currents is analyzed for a junction where the molecule has two active terminal sites. It is shown
that just after a sudden voltage switch-on or switch-off, the resulting transient currents can signifi-
cantly exceed their steady state value. This feature is caused by molecular charging or discharging
processes, which are fast compared to those processes responsible for establishing the steady state
current in the junction. The largest transient currents appear if the coupling of the molecule to the
adjacent electrodes is asymmetric, or if the applied voltage causes a transformation of extended
molecular states into localized ones. © 2011 American Institute of Physics. [doi:10.1063/1.3582927]

I. INTRODUCTION

Based on intensive experimental and theoretical work
carried out during the last 15 years, pivotal progress could be
achieved in understanding the physical mechanisms of charge
transmission through a single molecular attached to nanoelec-
trodes. It was possible to clarify the influence of structure
and energetics on the formation of the elastic as well as in-
elastic component of the current.1–9 Less emphasis, particu-
larly from the experimental viewpoint, has been devoted to
the case where an ac voltage has been applied to the junction.
This is of particular interest when trying to control a biased
current with fast switches. Besides, the creation of molecular
photo devices such as photodiodes, photoresistors, photoam-
plifiers etc., is flourishing, see, for instance, Refs. (10–20 and
21–27).

While most of the results mainly concern steady state
current–voltage (I–V)-characteristics of molecular junctions
it represents an important issue to uncover the junction be-
havior associated with its nonstationary charge transmission.
Now, the temporal behavior of the current corresponds to dif-
ferent types of processes including the dissipation of current
fluctuations, the formation of the stationary regime in the
junctions, the time-dependent response of the current to the
action of applied dc- and ac- fields, etc. In what follows, we
study the formation of these transient switch-on and switch-
off currents as they appear after the sudden alteration of the
bias voltage in the left electrode, molecule, right electrode (L–
M–R) system. Preliminary theoretical results concerning such
emerging transient currents have been recently described for
stylistic setups in Refs. 28 and 29 where it could be demon-
strated that the switch-on and switch-off currents are associ-
ated with molecular charging and molecular discharging pro-
cesses, respectively. In particular, for the case of strongly
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asymmetric molecule-lead couplings these currents can, in
fact, significantly exceed their steady state values. This in turn
might affect the overall structural stability of such L–M–R
setups.

The objective of the present study is to examine the for-
mation of transient switch-on and switch-off currents in a
molecular junction where electron transmission through the
molecule covers more than a single molecular orbital. This
allows one not only to generalize the results obtained in the
framework of the simplest model with only a single frontier
MO,28, 29 but aids to understand the physics of such transient
processes for physically more realistic L–M–R systems.

II. BASIC EQUATIONS

We start with the standard form of Hamiltonian for the
L–M–R molecular wire system,

H (t) = H0(t) + H ′ (1)

where

H0(t) = Helectrode + Hmol(t) (2)

is the main part of the entire system with

Helectrode =
∑

r=L ,R

∑
kσ

Erkσ a+
rkσ arkσ (3)

being the electronic Hamiltonian of the macroscopic elec-
trodes. In Eq. (3), Erkσ is the energy of an electron with spin
projection σ occupying the kth single-electron state in the
conducting band of the r th electrode (a+

rkσ and arkσ are the
respective electron creation and annihilation operators30).
The Hamiltonian

Hmol(t) =
∑
M(N )

E(M(N ); V (t))|M(N )〉〈M(N )| (4)
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refers to the molecule embedded between the electrodes. The
energy E(M(N ); V (t)) of the |M(N )〉th molecular state is a
function of the voltage V (t) applied to the device and, thus,
the dependence of the energy on the voltage is completely de-
termined by the behavior of the voltage function V = V (t).
Here, the quantum number M covers those of the electronic,
vibrational, and spin states of the molecule. The number of
electrons in the molecule is denoted by N . The orthonormality
condition 〈M(N )|M ′(N ′)〉 = δM M ′δN N ′ is valid in the Fock-
space where the state |M(N )〉 can be written, for instance,
in the occupation number representation, for more details see
Ref. 31. The second term in Eq. (1) is the off-diagonal inter-
action responsible for electron hopping between the molecule
and the left (L) electrode or the right (R) electrode. Its specific
form reads

H ′ =
∑

r=L ,R

∑
kσ

∑
M(N )

∑
M ′(N+1)

[VM ′(N+1);rkσ M(N )

× |M ′(N + 1)〉〈M(N )| arkσ + h.c.] . (5)

In Eq. (5), the matrix element VM ′(N+1);rkσ M(N ) = 〈M ′(N
+ 1)|H ′|rkσ M(N )〉 characterizes the electron hopping where
an electron is annihilated in the kσ th state of the r th con-
duction band and appears in the molecule. As a result, the
molecule accepts an additional electron and changes its state
|M(N )〉 to |M ′(N + 1)〉. The reverse hopping is characterized
by the matrix element Vrkσ M(N );M ′(N+1) = V ∗

M ′(N+1),rkσ M(N ).

A. Master equation for molecular state populations

It is well-known that the formation of a steady
state current through a molecule is mainly determined by
the charge hopping processes between the electrodes and
the molecule.31–34 Just these inelastic processes vary the state
populations P(M(N ); t) of the molecule and thus become re-
sponsible for the formation of transient switch-on/off currents
in the junctions. To derive the kinetic equations describing
the evolution of the state populations P(M(N ); t) we use the
nonequilibrium density matrix approach35–37 and take into ac-
count the fact that the Hamiltonian (1) is a time-dependent
operator. In line with the approach presented in Refs. 31 and
33 one arrives at the following generalized master equation

Ṗ(M(N ); t) = −
∫ t

0
dτ

×
∑

M ′(N ′)

{G[M(N ) → M ′(N ′); t, τ ] P(M(N ); t − τ )

−G[M ′(N ′) → M(N ); t, τ ] P(M ′(N ′); t − τ )} . (6)

Here, the transition properties of the molecule are character-
ized by the quantities

G[M(N ) → M ′(N ′); t, τ ]

= 1

¯2

∑
L ,R

∑
L ′,R′

WL (t − τ ) WR(t − τ )

×〈L M(N )R|[H ′, U (t, τ )[H ′, �̂′]U+(t, τ )]|L M(N )R〉 .

(7)

In the states |L M(N )R〉 and |L ′M ′(N ′)R′〉 the sym-
bols L and R indicate the sets of occupation num-
bers so that L(R) ≡ {NL(R)k1σ1 , NL(R)k2σ2 , . . .} and L ′(R′)
≡ {N ′

L(R)k1σ1
, N ′

L(R)k2σ2
, . . .}. Thus, in Eq. (7) the summation

is over NLk j σ j , NRk j σ j , N ′
Lk j σ j

, N ′
Rk j σ j

= 0, 1. The quantity
Wr (t − τ ) = ∏

j P(Nrk j σ j ; t − τ ) represents the total proba-
bility for the electrons to occupy the single-electron states of
the r th electrode. The separate electron probability to popu-
late the band state rkσ is defined by the function P(1rkσ ; t −
τ ) while P(0rkσ ; t − τ ) is the probability to find the same state
without an electron.38 In Eq. (7), we have introduced the time-
evolution operator

U (t, τ ) = P̂ exp

{
− i

¯

∫ t

t−τ

dτ ′ [H0(τ ′) + (1 − T̂d )H ′]
}

,

(8)
where P̂ is Dyson’s chronological operator, �̂′

≡ �̂L ′ M ′(N ′)R′ = |L ′M ′(N ′)R′〉〈L ′M ′(N ′)R′| is the pro-
jection operator, and T̂d denotes the projection operator onto
the diagonal part of an operator.

The quantities G(M(N ) → M ′(N ′); t, τ ) characterize
the transitions between the molecular states |M(N )〉 and
|M ′(N ′)〉. Since these quantities include an external field in a
nonlinear manner, the set of kinetic equations (6) allows one
to describe different regimes of processes which are deter-
mined by the concrete form of the applied stochastic, regular
or pulsed ac-fields.

B. Kinetic equations for molecular state populations

In this study, we consider the temporal behavior of
the current caused by de facto sudden changes of the ap-
plied voltage V = Vbias(t) from its initial value Vi to its fi-
nal value V f . This causes to change the molecular energies
E(M(N ); Vbias(t)) from E(M(N ); Vi ) to the E(M(N ); V f ).
Let τbias and τst be the characteristic time of the voltage
change and of the formation of a stationary current at a fixed
bias voltage, respectively. Then, for the presumed fast alter-
ation of the Vbias(t), the inequality

τbias � τst (9)

must be obeyed. Therefore, if one describes an evolution pro-
cess on the time scale �t ∼ τst, it becomes possible to omit
the dependence of the voltage bias on t setting Vbias(t) = V f

in the expressions (7) and (8).
The validity of inequality (9) supposes a weak coupling

of the molecule to the electrodes so that the states of the
molecule are not changed (except the appearance of small
broadening of molecular energy levels). Besides, the coupling
does not modify relaxation transitions within the molecule.
Let us estimate, for instance, the characteristic time τst for
a stationary current of the order 1 nA. For such current, the
molecule transmits about 109 electrons per second. Therefore,
the mean time for the appearance of an extra (transferred)
electron at the molecule is about 10−9 s. Just this value can be
associated with the τst. [An analytic expression for τst valid
for a two-site L–M–R device, follows from Eqs. (69)–(71);
see also Eq. (73).] The given estimate shows that inequality
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(9) is satisfied for τbias � 10−9 s and, thus, is in correspon-
dence with the sudden switch approximation.

Inequality (9) allows to substitute the time dependent
probabilities P(1rkσ ; t − τ ) and P(0rkσ ; t − τ ) by respective
steady state probabilities fr (Erkσ ) and 1 − fr (Erkσ ) where

fr (Erkσ ) = {exp [(Erkσ ) − μr ] + 1}−1, (10)

denotes the Fermi-function with μr = μr (V ) being the chem-
ical potential of the r th electrode. The condition (9) also al-
lows one to ignore the delay processes caused by the alteration
of V = Vbias(t). This reduces the set of equations (6) to the set
of coarse-grained balancelike equations

Ṗ(M(N ); t) = −
∑

M ′(N ′)

{
K[M(N ) → M ′(N ′)] P(M(N ); t)

−K[M ′(N ′) → M(N )] P(M ′(N ′); t)
}
, (11)

where the quantities

K[M(N ) → M ′(N ′)]

=
∑
L ,R

∑
L ′,R′

WL WRK[L M(N )R → L ′M ′(N ′)R′] .

(12)

determine the transfer rates describing the intra-molecular
transitions within the molecule induced via its coupling to the
electrodes. In Eq. (12),

Wr =
∏

l

P(Nrklσl ), (13)

denotes the equilibrium distribution for the electrons belong-
ing to the r th electrode. The partial transfer rates

K[L M(N )R → L ′M ′(N ′)R′]

= 2π

¯
|〈L ′M(N ′)R′|T̂ |L M(N )R〉|2

× δ[EL + ER + EM(N ) − EL ′ − ER′ − EM ′(N ′)], (14)

characterize the transitions in the entire L–M–R system
with EM(N ) ≡ E(M(N ), V ) being the molecular energies at
a given bias voltage V . The energies of the electrons at the
r th electrode,

Er =
∑
rkσ

Erkσ Nrkσ = Erk1σ1 Nrk1σ1 + Erk2σ2 Nrk2σ2 + . . .

(15)
and

Er ′ =
∑
rkσ

Erkσ N ′
rkσ = Erk1σ1 N ′

rk1σ1
+ Erk2σ2 N ′

rk2σ2
+ . . . ,

(16)
are defined by the set of single-electron occupation num-
bers {Nrk1σ1 , Nrk2σ2 , . . .} and {N ′

rk1σ1
, N ′

rk2σ2
, . . .}, respec-

tively. The matrix elements 〈L ′ R′M(N ′)|T̂ |L RM(N )〉 are
calculated using the operator

T̂ = H ′ + H ′Ĝ(E)H ′ (17)

for a transition on the energy shell.30, 31 Here, the Green’s
operator

Ĝ(E) = 1

H0 + H ′ + i0+ (18)

is calculated with the Hamiltonian H0 [Eq. (2)]. Due to the
condition [Eq. (9)] the molecular energies E(M(N ); V ) are
taken at a fixed bias voltage V = Vbias.

Because the off-diagonal interaction H ′ [Eq. (5)] is re-
sponsible for a single-electron transfer between an elec-
trode and the molecule, this interaction only leads to a
single-electron reduction or a single-electron oxidation of the
molecule. The transfer rates characterizing these recharging
processes read

K[M(N ) → M ′(N ± 1)] =
∑

r=L ,R

χ
(r )
M(N )→M ′(N±1), (19)

where

χ
(r )
M(N )→M ′(N+1) = 2π

¯

∑
kσ

|VM ′(N+1);rkσ M(N )|2 fr (Erkσ )

× δ[Erkσ + EM(N ) − EM ′(N+1)] (20)

and

χ
(r )
M(N )→M ′(N−1) = 2π

¯

∑
kσ

|Vrkσ M ′(N−1);M(N )|2[1 − fr (Erkσ )]

× δ[Erkσ + EM ′(N−1) − EM(N )] , (21)

are the forward (electrode r→ molecule) and backward
(molecule → electrode r ) rate constants, respectively. The
remaining reduction–oxidation rate constants, χ

(r )
M ′(N−1)→M(N )

and χ
(r )
M ′(N+1)→M(N ), are defined in a similar way. The above

given transfer rates are derived in the framework of the Born
approximation with respect to the transfer operator H ′. More
involved transfer processes are originated by the operator
H ′Ĝ(E)H ′ [second term in the right hand side of Eq. (17)].
The explicit form for these rates are given in Appendix A.

C. Sequential and distant current components

The current through the r th electrode,

Ir (t) = e (δr,L − δr,R) Ṅr (t) , (22)

(e = −|e| < 0 is the electron charge), is defined by the
the number of electrons per time leaving the r th electrode,
Nr (t) = ∑

rkσ Nrkσ P(Nrkσ ; t) = ∑
rkσ P(1rkσ ; t), i.e., by

the single-electron populations P(1rkσ ; t) = 1 − P(0rkσ ; t).
Using the density matrix method adapted for description of
transfer processes in the L–M–R system31, 33 and bearing in
mind the condition (9), one can see that these populations
obey the kinetic equations

Ṗ(1rkσ ; t) = −
∑
M M ′

∑
{Nr ′k′σ ′ }

∑
{N ′

r ′k′σ ′ }

∏
j

P(Nr ′k′
j σ

′
j
)

× {
K[1rkσ M(N ){Nr ′k′σ ′ } → 0rkσ M ′(N ′){N ′

r ′k′σ ′ }]
× P(M(N ); t) fr (Erkσ ) − K[0rkσ M ′(N ′){N ′

r ′k′σ ′ }
→ 1rkσ M(N ){Nr ′k′σ ′ }]P(M ′(N ′); t) [1 − fr (Erkσ )

}
.

(23)

In this context, the fact has been used that for macro-
scopic electrodes, one can set P(1rkσ ; t) 
 fr (Erkσ ) and
P(0rkσ ; t) 
 1 − fr (Erkσ ) on the right side of Eq. (23).39
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In Eq. (23), the transfer rates are calculated in line with
Eq. (14), using the operator (17). Therefore, the kinetic equa-
tion (23) includes transfer processes related to the sequential
and the distant electron transitions. These processes result in
a formation of stationary populations of molecular states and,
thus, in a steady state current Isteady. During the formation of a
stationary regime of charge transmission, however, the num-
ber of electrons per time leaving the left electrode (ṄL (t))
does not coincide with the number of electrons per time arriv-
ing at the right electrode (−ṄR(t)). Accordingly, the currents
through the left and the right electrodes may deviate from
each other. The reason for this is the kinetic recharging of
the molecule.

Using the definition (22) and the kinetic equations (23)
one obtains the following expression for the current through
the r th electrode

Ir (t) = I (r )
seq(t) + I (r )

dir (t) . (24)

The current is composed of two contributions. The first one,

I (r )
seq(t) = |e|(δr,L − δr,R)

∑
M M ′

[
χ

(r )
M(N )→M ′(N+1) P(M(N ); t)

−χ
(r )
M ′(N+1)→M(N ) P(M ′(N + 1); t)

]
, (25)

is defined by the hopping of electrons between the molecule
and the electrodes. Since the hopping is caused by the oper-
ator H ′, the expression (25) contains the transfer rates given
by Eqs. (20) and (21). The second contribution, i.e.,

I (r )
dir (t) = |e|(δr,L − δr,R) (1 − δr,r ′ )

×
∑
M M ′

[Qr M(N )→r ′ M ′(N ) − Qr ′ M(N )→r M ′(N )]

× P(M(N ); t) (26)

is associated with the difference of the direct inelastic one-
step tunneling charge flow between the r th and the r ′th elec-
trode. Each of the r → r ′ tunnel charge flow

Qr M(N )→r ′ M ′(N )

= 2π

¯

∑
kσ

∑
k′σ ′

fr (Erkσ )[1 − fr ′ (Er ′k′σ ′)]

×
∣∣∣ ∑

M̃

[ Vr ′k′σ ′ M̃(N−1);M(N )VM ′(N );rkσ M̃(N−1)

E(M(N )) − Er ′k′σ ′ − E(M̃(N − 1))

+ Vr ′k′σ ′ M ′(N );M̃(N+1)VM̃(N+1);rkσ M(N )

E(M(N )) + Erkσ − E(M̃(N + 1))

]∣∣∣2

× δ[EM ′(N ) + Er ′k′σ ′ − EM(N ) − Erkσ ] , (27)

is determined by the operator H ′G(E)H ′. Therefore, in the
denominators of Eq. (27), the molecular energies E(M(N ))
[Eq. (A1)] include the self-energies caused by the cou-
plings of the molecule to the electrodes. Elastic tunneling
charge flow occurs for those transmission channels for which
M ′(N ) = M(N ).

III. TWO-SITE L–M–R SYSTEM

The expressions (24)–(27) form the basis for the sub-
sequent analysis of the various regimes of current evolution

initiated by the fast alteration of the applied voltage. In all
cases the sequential as well as the tunneling route of charge
transmission are controlled by the population of charged
molecular states via the respective probabilities P(M(N ); t).
Thus, the current evolution including the relaxation to the
steady state regime follows the behavior of the P(M(N ); t).
Their time dependence is described by the set of kinetic equa-
tions (11) with rate constants given by the expressions (19)
and (A5)–(A7). To arrive at a detailed understanding of the
formation of transient switch-on and switch-off currents in
the junctions we consider a well-established model valid for
a non-magnetic L–M–R device where the molecule is charac-
terized by the terminal sites 1 and 2.

A. Energetics of the charged two-site molecule

To specify the shift of the molecular energies EM(N )

= E(M(N ); V ) due to the voltage V = Vbias we assume that
in the absence of magnetic interactions each molecular state
can be represented by its charge ν and the set of vibrational
sub-states vν ≡ {v (s)

ν } (s indicates the vibrational mode) so
that |M(NG + ν)〉 = |ν; vν〉. In the framework of the Born–
Oppenheimer ansatz, electronic and vibrational molecular
states are separated and, thus, |ν; vν〉 
 |ν〉|vν〉. Therefore, we
may write E(M(NG + ν); V ) 
 εν(V ) + ε(vibr)

ν (vν) where the
voltage dependence of the molecular energy is located on its
electronic part εν(V ) while the vibrational part of the energy,
ε

(vibr)
0 (vν), is independent of V .

The shift of the electronic energies εν(V ) against the volt-
age bias V = Vbias is defined by a charge distribution within
the molecule. As a rule, if the molecule has a zero spin in
its ground state |M(NG)〉, all NG electrons of the molecule
fill completely the HOMO, HOMO-1, HOMO-2,. . . while the
LUMO, LUMO+1, LUMO+2,. . . remain empty. It means that
the total molecular charge ν is assumed to be zero. For the
sake of convenience, we suppose that the terminal molecular
sites 1 and 2 carry the fixed charges Z1e and Z2e, respec-
tively; for a neutral molecule, Z2 = −Z1. This allows one to
represent the electronic energy in the ground state as

ε0(V ) = ε0 + e[Z1η1 + Z2(1 − η2)] V, (28)

while the left electrode is maintained at zero voltage. Here,
ε0 is the unbiased energy part and η j is the voltage division
factor for the j th site.

1. Energies of a singly charged molecule

Accepting an extra electron the molecule becomes singly
charged (ν = 1). Let the localized LUMO | j〉 which be-
longs to site j(= 1, 2) be well separated from the remaining
LUMO’s of the same site. Then, the electronic energies of the
localized states are

ε
(1)
1 (V ) = ε

(1)
1 + e[(Z1 + 1)η1 + Z2(1 − η2)] V,

ε
(2)
1 (V ) = ε

(2)
1 + e[Z1η1 + (Z2 + 1)(1 − η2)] V, (29)

with ε
(1)
1 and ε

(2)
1 being the unbiased parts of site 1 and 2, re-

spectively. To specify the states and energies of the charged
molecule we employ Hückel’s approach. Accordingly, the
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FIG. 1. Energy scheme of the left electrode–molecule–right electrode device
with a singly charged molecule. The coupling between the sites (parameter β)
and the couplings between the molecule and the electrodes (parameters βLk
and βRq) translates the site energies [Eq. (29)] into the energies of extended
molecular states [Eq. (31)]. E1(V ) and E2(V ) are the electron affinities
[Eq. (34)] �ELα and �ERα are the transmission gaps [Eq. (64)].

electronic states of molecule |I 〉 and |I I 〉 form a superposi-
tion of its localized electronic states |1〉 and |2〉.40 In our case,
such a state is formed in the presence of both intersite inter-
action (the coupling parameter is β) and of the interaction of
the terminal sites of the molecule with the adjacent electrodes
(the coupling parameters are βLk and βRq), cf. Fig. 1. With
these interactions, the energies [Eq. (29)] are transformed into
the following more complex form:41, 42

Eα(V ) = Eα(V ) − i�α(V )/2 , (30)

where

Eα(V ) = (1/2)
[
E (1)

1 (V ) + E (2)
1 (V ) + (−1)αρ(V ) cos ψ(V )

]
(31)

is the energy of the α(= I, I I )th extended singly charged
molecular state and

�α(V ) = (�L + �R)/2 + (−1)αρ(V ) sin ψ(V ) (32)

is the parameter determining the broadening of the αth molec-
ular level. The quantities

ρ(V ) = 4
√

[�E2(V ) + 4β2 − �γ 2]2 + 4�E2(V )�γ 2 ,

tg 2ψ(V ) = 2�E(V )�γ

�E2(V ) + 4β2 − �γ 2
, (33)

specify the dependence of the energy Eα(V ) and the width
parameter �α(V ) on the applied voltage. For the sake of con-
venience, we measure electronic energies from the energy of
the molecular ground state, so that the energy

E ( j)
1 (V ) = ε

( j)
1 (V ) − ε0(V ) , ( j = 1, 2) , (34)

is treated as the single-electron affinity for the j th terminal
site whereas

�E(V ) = E (2)
1 (V ) − E (1)

1 (V ) (35)

has to be referred to the difference between the site affinities.
In Eq. (33), the quantity

�γ = (�R − �L )/2 (36)

is expressed via the contact width parameters �L and
�R . Moreover, we employ the well known wide-band

approximation1 which allows to omit the real part of the
self-energy (A2) and to ignore the energy dependence of the
width E .43

2. Energy of a double-charged molecule

In the case of a doubly reduced molecule, one needs to
take into consideration also the Coulomb interaction between
the two extra electrons placed either at the same molecular site
or at different sites. As a rule, Coulomb electron–electron re-
pulsion within the site strongly exceeds the repulsion between
electrons occupying different sites. Bearing in mind this fact,
we take into consideration only those doubly charged molec-
ular states |M(NG + 2)〉 where the transferred electrons oc-
cupy different terminal sites. Therefore, the electronic energy
of the doubly charged molecule assumes the form

E2(V ) 
 E2(V ) − i�2/2 , (�2 = �L + �R) , (37)

where we have introduced the two-electron affinity [compare
this expression with the single-electron affinity, Eq. (34)]

E2(V ) = ε2(V ) − ε0(V ). (38)

The term

ε2(V ) = ε2 + e[(Z1 + 1)η1 + (Z2 + 1)(1 − η2)] V (39)

contains an unbiased part ε2 = ε
(1)
1 + ε

(1)
2 + U with the pa-

rameter U characterizing the repulsion between the extra elec-
trons located at sites 1 and 2.

Adding to the electronic energies Eν(V ) the vibrational
energies ε(vibr)

ν (vν) one obtains in the case of a two-site
molecule with a single LUMO per site the energy:

E(M(N )) = δN ,NG E(v0) + δN ,NG+1 [E(vα) − i�α/2]

+ δN ,NG+2 [E(v2) − i�2/2] (40)

where, within in the harmonic approximation,

E(vν) = Eν(V ) +
∑

s

¯ω(s)
ν v (s)

ν (41)

is the electron-vibrational energy of the molecule being in the
ν(= 0, 1(α), 2)th charged state (energies of zero-point vibra-
tions, (¯/2)

∑
s ω(s)

ν , are included in the Eν(V )). In Eq. (41),
ω(s)

ν is the frequency of the sth vibrational mode.

B. Electron hopping processes

Denoting the molecular electron-vibrational
states by M(NG) ≡ v0, M(NG + 1) ≡ vI , vI I , and
M(NG + 2) ≡ v2 one can calculate the transfer rates
K(vν → vν ′) = ∑

r=L ,R χ (r )(vν → vν ′ ) responsible for
molecular charging/discharging. To solve the set of balance-
like equations (11) for the populations P(vν ; t) one has to
know the characteristic time τvib necessary to form a Boltz-
mann distribution among vibrational sub-states belonging to
each electronic level ν. The situation is strongly simplified in
the case of fast vibrational relaxation. In this important case,
the essential inequality,

τvib � τst , (42)
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is obeyed, so that the ratio P(vν ; t)/P(v ′
ν ; t)

= ∏
s exp [−¯ω(s)

ν (v (s)
ν − v ′(s)

ν )/kB T ] is well fulfilled on the
time scale �t � τvib. This leads to the relation that

P(vν ; t) = W (vν) P(ν; t), (43)

which indicates that the electron-vibrational populations of
the νth electronic level can be expressed by the integral
population

P(ν; t) =
∑

vν

P(vν ; t) (44)

as well as by the equilibrium vibrational distribution function
W (vν) = ∏

s W (v (s)
ν ) where

W
(
v (s)

ν

) = exp
(− ¯ω(s)

ν v (s)
ν /kB T

)
∑

v (s)
ν

exp
(− ¯ω(s)

ν v (s)
ν /kB T

) (45)

is the probability for the sth vibrational sub-state to be pop-
ulated during the charge transmission through a molecule.
Note that the integral populations satisfy the normalization
condition

P(0; t) + 2
∑

α=I,I I

P(α; t) + 4P(2; t) = 1 , (46)

where the factors 2 and 4 reflect a spin degeneracy of the
electronic states associated with respective singly and doubly
charged molecule.

Since inequalities (9) and (42) are valid, one can de-
scribe the various processes in the L–M–R device in using the
coarse-grained kinetic equations, which only determine the
integral molecular level populations [Eq. (44)]. These equa-
tions follow from the set (11) if one utilizes the relation (43)
and the normalization condition

∑
vν

W (vν) = 1. The equa-
tions take the form (α′ �= α)

Ṗ(0; t) = −
[
2

∑
α=I,I I

K0→α + 4K0→2

]
P(0; t)

+ 2
∑

α=I,I I

Kα→0 P(α; t) + 4K2→0 P(2; t) ,

Ṗ(α; t) = −[Kα→0 + 2Kα→2 + Kα→α′ ] P(α; t)

+ K0→α P(0; t)+2K2→α′ P(2; t)+Kα′→α P(α′; t) ,

Ṗ(2; t) = −
[ ∑

α=I,I I

K2→α + K2→0

]
P(2; t)

+
∑
α=±

Kα→2 P(α; t) + K0→2 P(2; t) . (47)

In Eq. (47), the recharging transfer rates

Kν→ν ′ =
∑

r=L ,R

χ
(r )
ν→ν ′ (48)

are defined through the sum of contact rate constants
(cf. Fig. 2)

χ
(r )
ν→ν ′ =

∑
vνvν′

W (vν)χ (r )(vν → vν ′) . (49)

The concrete form for the χ
(r )
ν→ν ′ follows from Eqs. (20) and

(21) (for ν ′ = ν ± 1) as well as from Eqs. (A5)–(A7) (for ν ′

L R

Molecule

TUNNELING

kI II→

kII I→

1 2

χ(R)

0 II→

I (t)L I (t)R

EII

EI

χ(R)

II 0→

χ(R)

I 0→

χ(R)

0 I→

χ(L)

0 II→

χ(L)

II 0→

χ(L)

0 I→

χ(L)

I 0→

η1 η2

FIG. 2. Scheme of single-electron kinetic processes in the L–M–R device
including a two-site molecule (voltage division factors η1 and η2 fix the rela-
tive distances from the sites to the adjacent electrodes). The scheme is valid
at a strong Coulomb repulsion between the transferred electrons. Molecu-
lar charging occurs due to an electron hopping between the molecule and
the electrodes (respective contact transfer rates are χ

(L(R))
0→α and χ

(L(R))
0→α ),

(α = I, I I ). The direct one-step electrode–electrode transmission is asso-
ciated with a tunneling process mediated by the molecule being in the un-
charged and singly charged states.

= ν and ν ′ = ν ± 2, respectively). Thus, if ν ′ = ν + 1, then

χ
(r )
ν→ν ′ = (�r/¯)

∑
vνvν′

W (vν) N [�E (r )(vν ′ , vν)][δr,Lξ 2δα,I

+ (1 − ξ 2)δα,I I + δr,R(1 − ξ 2)δα,I + ξ 2δα,I I )]

(50)

and

χ
(r )
ν ′→ν = exp

[
�E (r )

ν ′ν/kB T
]
χ

(r )
ν→ν ′ . (51)

In Eq. (50),

�E (r )(vν ′ , vν) = �E (r )
ν ′ν + ¯

∑
s

[
ω

(s)
ν ′ v (s)

ν ′ − ω(s)
ν v (s)

ν

]
(52)

denotes the energy gap between the electron-vibrational states
vν ′ and vν belonging to the electron levels ν ′ and ν. It is just
this energy gap which enters the distribution function

N [�E (r )(vν ′ , vν)] = 1

e�E (r )(vν′ ,vν )/kB T + 1
(53)

while the pure electronic transmission gap

�E (r )
ν ′ν = Eν ′ − (Eν + μr ), (54)

specifies the relation (51) between the backward and forward
contact transfer rates. Note that in Eqs. (50)–(54), one has to
set ν ′ = α (if ν = 0) and ν ′ = 2 (if ν = α). In Eq. (50), the
parameter

ξ = 2β

[(�E − ρ cos ψ)2 + (�γ − ρ sin ψ)2 + 4β2]1/2
,

(55)

specifies the delocalization of an extra electron over the
molecule coupled to the electrodes. The dependence of this
parameter on the voltage bias V appears in the quantities
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�E = �E(V ), ρ = ρ(V ), and ψ = ψ(V ), cf. respective def-
initions (33)–(36).

Before proceeding further, let us note that the current
evolution in a molecular device is controlled by an evolu-
tion of the molecular state populations P(ν; t) [cf. the basic
expressions (25) and (26)]. In turn, the populations evolve in
correspondence with the kinetic equations (47). However, one
has to remark that any transient behavior of the populations
depends strongly on the initial state of the L–M–R system
(via the initial molecular populations P(ν; 0)). Here, we con-
sider the formation of transient currents subject to the condi-
tion that the populations P(ν; 0) have been already formed be-
fore a sudden alteration of the voltage appears (from V = Vi

to V = V f ). It means that the P(ν; 0) are found from the so-
lution of the kinetic equations (47) at the stationary condi-
tion Ṗ(ν; t) = 0 and with transfer rates taken at V = Vi . Con-
cerning the evolution of the transient molecular populations
P(ν; t) the latter are formed at V = V f . Therefore, the P(ν; t)
are found from a solution of the kinetic equations (47) with
transfer rates taken at V = V f (but with initial populations
P(ν; 0) found at V = Vi ).

C. Sequential and distant current components

Upon the introduction of the contact rate constants χ
(r )
ν→ν ′ ,

the sequential (hopping) current component [Eq. (25)] takes
the form

I (r )
seq(t) = I0 2π¯(δr,L − δr,R)

[ ∑
α

(
χ

(r )
0→α

+ 2χ
(r )
0→2

)
P(0; t) + 2

∑
α

χ
(r )
α→2 P(α; t)

−
∑

α

χ
(r )
α→0 P(α; t)−2

∑
α

(
χ

(r )
2→α+χ

(r )
2→0

)
P(2; t)

]
,

(56)

where I0 = |e|/π¯(×1eV) ≈ 77.6 μA is the current unit.
While the unit I0 is measured in microampere the quantities
such as ¯χ (r )

ν ′→ν and �r are taken in electron volt. And, the
direct current component results are taken as the sum of the
tunnel currents I (ν)

tun weighted by the probabilities of realizing
a particular molecular charging state ν(= 0, 1, 2), yielding

Idir(t) = I (L)
dir (t) = I (R)

dir (t)

= I (0)
tun P(0; t) + 2

∑
α

I (α)
tun P(α; t) + 2I (2)

tun P(2; t) .

(57)

Here, the tunnel current of the νth channel is given by the
expression

I (ν)
tun = (1 − e−|μL −μR |/kB T ) I0 (�L�Rβ2/ρ2)

×
∑

vν

W (vν)
∫ μL+E(vν )

μR+E(v ′
ν )

d E �(ν)(vνv ′
ν ; E),

(58)

where the factors

�(0)(v0v ′
0; E) =

∣∣∣∑
α

∑
vα

(−1)α 〈v ′
0|vα〉〈vα|v0〉

E − E(vα) + i�α/2

∣∣∣2
, (59)

�(α)(vαv ′
α; E)

=
∣∣∣ ∑

v2

〈v ′
α|v2〉〈v2|vα〉

E − E(v2) + i(�2 − �α)/2

+
∑

v0

〈v ′
α|v0〉〈v0|vα〉

E(vα) + E(v ′
α) − E(v0) − i�α/2 − E

∣∣∣2
,

(60)

and

�(2)(v0v ′
0; E)

=
∣∣∣ ∑

α

∑
vα

(−1)α 〈v ′
2|vα〉〈vα|v2〉

E(v2) + E(v ′
2) − E(vα) − i(�2 − �α)/2 − E

∣∣∣2

(61)

define the character of the direct (distant) inelastic tunneling
transmission between the electrodes along the νth channel.

IV. RESULTS AND DISCUSSION

Equations (58)–(61) for the current components and
the kinetic equations (47) with respective transfer rates
[Eqs. (48)–(51)] allow one to analyze different regimes of
electron transmission through the molecular junction. And,
they offer an understanding of the mechanism responsible
for the formation of transient and steady state currents. Note
that the evolution of the sequential and the direct current
component is completely determined by the variation of the
molecular state populations. Note also that during the tran-
sient process the sequential current components do not agree
with their absolute values for the left and the right electrodes.
Such an agreement only occurs for the direct current com-
ponents. Therefore, independent of the details of current for-
mation, the following relations are valid I (R)

seq (t) �= I (L)
seq (t) and

I (R)
dir (t) = I (L)

dir (t). Consequently, the temporal behavior of the
total transient currents IR(t) and IL (t) markedly differ. The
currents become only identical in the case of steady state
transmission, i.e., at t � τst when

Isteady = IL (t � τst) = IR(t � τst) . (62)

Next, in order to clarify the physics of transient processes
and the formation of a steady state current, we restrict our-
selves to the analysis of smooth current–voltage (I − V ) char-
acteristics ignoring the vibrational structure of the molecule.
Contributions of vibrational degrees of freedom to the I − V
characteristics become obvious if one uses the methods of
inelastic electron tunneling spectroscopy.6, 44–46 We also con-
sider the current evolution at those voltages where the effects
of Coulomb repulsion between the transferred electrons are
unimportant so that only a single-electron occupation of the
molecule by extra (transferred) electrons becomes responsible
for the transmission process. The noted simplification offers
a suitable analytic expressions for the current. Thus, the se-
quential contribution to the current through the r th electrode
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can then be represented as

I (r )
seq(t) = I0 2π (δr,L − δr,R) �r {ξ 2 [N (�Erα) P(0; t)

− (1 − N (�Erα)) P(α; t)] + (1 − ξ 2) [N (�Erα′)

× P(0; t) − (1 − N (�Erα′)) P(α′; t)]}, (63)

where one has to set α = I (I I ), α′ = I I (I ) if r = L(R). In
Eq. (63) the parameter ξ is defined by Eq. (55) whereas the
distribution function follows from Eq. (53) by substituting
the electron-vibrational energy gap �E (r )(vν ′ , vν) by the pure
electronic transmission gap, cf. Fig. 1,

�E (r )
α0 ≡ �Erα = Eα(V ) − μr . (64)

The energies μL = EF and μR = EF + eV denote the chem-
ical potentials for identical electrodes, EF is the Fermi en-
ergy and the Eα(V ) is the single-electron affinity defined by
Eq. (31) [the site affinities E ( j)

1 (V ) are defined in Eq. (34)].
Considering the direct current contribution, it can be

readily seen that it is related to the transmission channels
ν = 0 and ν = α = I, I I so that Eq. (57) reduces to

Idir(t) 
 I (0)
tun P(0; t) + 2 I (I )

tun P(I ; t) + 2I (I I )
tun P(I I ; t) .

(65)

Respective tunneling currents are calculated in line with the
expression

I (ν)
tun = (1 − e−|eV |/kB T ) I0 �L�Rβ2 Rν, (66)

where

R0 =
∫ μL

μr

d E[
(E − EI )2 + �2

I /4
][

(E − EI I )2 + �2
I I /4

]
(67)

and

Rα = 1

ρ2

∫ μL

μR

d E

(E − Eα)2 + �2
α/4

, (α = I, I I ) . (68)

In these equations the molecular energies Eα = Eα(V ) and
their widths �α/2 = �α(V )/2 are given by Eqs. (31) and (33),
respectively.

A small population of the state with two extra elec-
trons in the molecule (i.e., P(2; t)] 
 0) is achieved if
exp [−�E (r )

2α /kB T ] � 1, where �E (r )
2α = E2(V ) − (Eα(V ) +

μr ) is the electronic transmission gap between the doubly and
the singly charged states of the molecule. We assume that in
the voltage region under consideration the noted small popu-
lation is realized. Therefore, setting P(2; t) 
 0 one ends up
with the following solution of the set (47):

P(ν; t) = Pν + C (1)
ν e−K1t + C (2)

ν e−K2t , (ν = 0, I, I I ).

(69)

Here, the overall transfer rates K1 and K2 describe the for-
mation of steady state molecular populations Pν = P(ν; t
� τ

( j)
st ) with the characteristic times τ

( j)
st = K −1

j , ( j = 1, 2).
The related rates read

K j = (1/2) [a1 + a2 − (−1) j
√

(a1 − a2)2 + 4b1b2],
(70)

where the quantities

a1 = 2K I→0 + 2K0→I + K I→I I , b1 = K I I→I − 2K0→I ,

a2 = 2K I I→0 + 2K0→I I + K I I→I , b2 = K I→I I − 2K0→I I

(71)

are expressed by the state-to-state transfer rates Kν→ν ′ . The
same rates determine the steady state molecular populations
Pν as well as the pre-exponential factors C (1)

ν and C (2)
ν .

Concrete formulas for these quantities can be found in the
Appendices B and C.

The above given expressions for the current components
and the molecular populations allow one to analyze different
regimes of charge transmission in the two-site L–M–R device
at a sudden alteration of the applied voltage. One of the impor-
tant regimes is realized at a negligible population of the upper
molecular state, P(I I ; t) 
 0. For this regime, the transmis-
sion pathway initially involves the lowest charged state of the
molecule so that the time dependence of the populations takes
the form

P(ν; t) 
 Pν + (P(ν; 0) − Pν) e−Kst t , (ν = 0, I ) ,

(72)

where

Kst 
 χL I [1 + N (�EL I )] + χRI [1 + N (�ERI )] (73)

is the overall transfer rate that determines the characteristic
time τst = K −1

st to reach stationary charge transmission. The
quantity Kst is expressed via the contact rate constants

χL I = �Lξ 2/¯ , χRI = �R(1 − ξ 2)/¯. (74)

These rate constants also define the kinetics of the formation
of the sequential current components. Thus, the steady-state
sequential current component reads

I (seq)
steady 
 I0 2π¯

χL I χRI

Kst
[N (�EL I ) − N (�ERI )] . (75)

We also quote the expressions for the maximal and minimal
values of the sequential current components formed just after
the sudden increase of the voltage. They follow as

I (L)max
seq 
 I0

2π¯χL I

1 + N (�EI )
[N (�EL I ) − N (�EI )] (76)

and

I (R)min
seq 
 I0

2π¯χRI

1 + N (�EI )
[N (�EI ) − N (�ERI )] , (77)

respectively. In Eqs. (76) and (77), the quantity �EI

= �EL I = �ERI denotes the unbiased transmission gap.
Equations (75)–(77) offer an analysis of the transient

switch-on processes independent of the width parameters �L

and �R , the delocalization parameter ξ , and the transmission
gaps �EL I and �ERI .

A. Switch-on currents

Figures (3)–(8) display the evolution of transient switch-
on currents,

Downloaded 25 May 2011 to 155.158.106.99. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



204701-9 Transient switch-on/off currents J. Chem. Phys. 134, 204701 (2011)

FIG. 3. Off-resonant switch-on currents in a molecular junction with identi-
cal couplings of the molecular terminal sites to the respective electrodes (a)
and time-evolution of the molecular populations (b). Note the negligible con-
tribution from the direct (tunnel) current component to the total current. The
switch-on currents display a symmetric movement to Isteady. [Here and in the
following figures, the inserts in panels (b) show the position of the molecular
levels (related to the extended MOs, I, and II, and the local MOs 1 and 2)
with respect to the Fermi-levels of the electrodes L and R.] The calculations
are based on Eqs. (24), (63), (65), and (69) with �E1(0) = �E2(0) = 0.6 eV,
η1 = η2 = 0.4, β = 0.4 eV, Vi = 0, V f = 0.3 V, �L = �R = 5 × 10−4 eV.

formed just after a sudden change of the applied voltage
from V = Vi (= 0) to V = V f (> 0), at room temperature
and at identical terminal sites with symmetric (�L = �R)
and asymmetric (�L = 10�R) couplings of the molecule to
the electrodes, respectively. All calculations are performed
with unbiased site gaps �E1(0) = �E2(0), where �E j (0)
≡ E ( j)

1 (0) − EF (E ( j)
1 (0) is the unbiased electron affinity

[Eq. (34)] for the j th terminal site).

1. Off-resonant transmission regime,
Figs. (3) and (4)

This regime occurs if the shift of the molecular energy
levels I and II caused by the applied voltage V = V f is not
large. Then, even the lowest level I remains at a position above
the Fermi levels of the electrodes (cf. the insets in Figs. 3(b)
and 4(b)). During the off-resonant regime, all transmission

FIG. 4. Off-resonant switch-on currents in a molecular junction different
couplings of the molecular terminal sites to the respective electrodes (a) and
time dependence of the molecular level populations (b). Note the negligible
contribution from the direct (tunnel) current component to the total current.
Switch-on currents show a nonsymmetric evolution to Isteady. The switch-on
current through the left contact, I max

L , exceeds noticeably Isteady. The calcu-
lations are based on Eqs. (24), (63), (65), and (69). The parameters are the
same as in Fig. 3 except �R = 5 × 10−5 eV.

gaps �Erα , Eq. (64) are positive. Therefore, the population
of the charged molecular states |I 〉 and |I I 〉 increases only
slightly (cf. Figs. 3(b) and 4(b)) and, therefore, the transmis-
sion channels are mainly related to the molecule being in its
ground state and particularly in the state I. Following from
this the analysis of the evolution behavior of the transient cur-
rents can be performed with the use of the simple expressions
(75)–(77). At the given set of parameters, the direct current
component is rather small whereas thermal activation leads to
a much more efficient charge transmission along the sequen-
tial routes (Figs. 3(a) and 4(a)). In the case of a symmetric
contact of the molecule to the electrodes (�L = �R), the evo-
lution of the currents IL (t) 
 I (L)

seq (t) and IR(t) 
 I (R)
seq (t) dis-

play a symmetric behavior while relaxing towards the steady
state current Isteady. Note that the steady state current dif-
fers marginally from the maximal switch-on current I max

L

 I (L)

seq (0) and minimal switch-on current I min
R 
 I (R)

seq (0).
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FIG. 5. Formation of switch-on currents in the molecular junction at reso-
nant charge transmission with the participation of the lowest molecular level
of a singly charged molecule (a) and time–dependence of the molecular level
populations (b). Identical couplings of the molecular terminal sites to the re-
spective electrodes has been assumed. A noticeable contribution of the direct
(tunnel) current component to the total current can be seen. The switch-on
currents display a symmetric evolution to Isteady. The calculations are based
on Eqs. (24), (63), (65), and (69). The parameters are the same as in Fig. 3,
except V f =1.3 V.

Figure 3(a) depicts that I max
L − Isteady 
 Isteady and, Isteady

− I min
R 
 Isteady, I max

R 
 I (R)
seq (t � τst ) 
 Isteady.

The behavior of the currents changes drastically in the
presence of asymmetric contacts of the molecule to the elec-
trodes [here, at �L = 10�R , cf. Fig. 4(a)]. In this case we
find I max

L � Isteady and I max
R 
 Isteady. The appearance of a

large switch-on current I max
L compared to Isteady is origi-

nated by the efficient injection of an extra electron from the
left electrode and a much less efficient transfer of an ex-
tra electron from the molecule to the right electrode. These
results are easily explained by Eqs. (75)–(77) if one no-
tices the fact that in the off-resonant voltage region all dis-
tribution functions satisfy the condition N (�Erα) � 1. Be-
sides, at a given applied voltage, the inequality N (�EL I ) �
N (�EI ) � N (�ERI ) is valid with high accuracy so that the
ratio of the currents, ζ = I max

L /Isteady, can be estimated as ζ 

1 + (χL I /χRI ). In the case of strong delocalization of an extra
electron across the molecular sites 1 and 2 (when �E(V )2 �
4β2 and, thus, ξ 2 
 1/2), it yields ζ 
 1 + (�L/�R). There-
fore, at V = V f = 0.3 V one obtains ζ 
 2 (at symmetric

FIG. 6. Formation of switch-on currents in the molecular junction at a res-
onant charge transmission with the participation of the lowest level of the
singly charged molecule (a) and time dependence of the molecular level pop-
ulations (b). Different couplings of the molecular terminal sites to the respec-
tive electrodes have been assumed. In comparison to the symmetric case the
suppression of the direct (tunnel) current component to the total current be-
comes obvious. The switch-on currents demonstrate a nonsymmetric move-
ment to Isteady. The initial switch-on current through the left contact exceeds
noticeably the steady state current. The calculations are based on Eqs. (24),
(63), (65), and (69). The parameters are the same as those for Fig. 4 except
V f =1.3 V.

electrodes-molecule contacts) and ζ 
 (�L/�R) � 1 (at
asymmetric contacts). Thus, at strongly different couplings
of the terminal molecular sites to the adjacent electrodes, the
maximal value of the switch-on current I max

L can significantly
exceed the steady state current Isteady. The ratio ζ can become
large if the state I is associated with the presence of an extra
electron mainly at the site 1 (so that ξ 2 ∼ 1). Such a case can
be realized at a weak inter-site coupling β, i.e., at a negligible
electron delocalization.

2. Resonant transmission through a single molecular
level, Figs. 5 and 6

Electron transmission occurs subject to the condition that
only the lowest molecular level I is positioned below the
Fermi-level of the left electrode, thus �EL I ≥ 0, whereas
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FIG. 7. Formation of switch-on currents in the molecular junction at reso-
nant charge transmission with the participation of both molecular levels of the
singly charged molecule (a) and time dependence of the molecular level pop-
ulations (b). Identical couplings of the molecular terminal sites to the respec-
tive electrodes have been assumed. A small contribution of the direct (tunnel)
current component to the total current can be seen. The switch-on currents
demonstrate a symmetric motion to Isteady. The calculations are based on the
Eqs. (24), (63), (65), and (69). The parameters are the same as in Fig. 3 except
V f = 2.3 V.

�EL I I > 0, �ERI > 0, �ERI I > 0 (see the insets in
Figs. 5(b) and 6(b). Since the tunneling route of transmission
includes resonances with one of the molecular levels, the con-
tribution of the direct component Idir(t) to the total currents
IL (t) and IR(t) becomes comparable to the contribution of
the sequential components I (L)

seq (t) and I (R)
seq (t) (Fig. 5). How-

ever, the direct component does not exhibit any noticeable
time dependence. This observation can be explained by the
fact that the molecular level II is positioned above the Fermi-
levels of both electrodes and does not participate in the reso-
nant transmission. Therefore, the main contribution in the in-
tegral [Eq. (67)] is related to the region around E 
 EI . Since
at a given V = V f one derives cos ψ(V ) 
 1, EI − EI I 

ρ(V ), then R0 
 RI ). This reduces Eq. (57) to the form Idir


 I (0)
tun [P(0; t) + 2P(I ; t)]. As a result, owing to the con-

ditions (46) and P(I I ; t) 
 0, the direct current is a time-
independent quantity, Idir 
 I (0)

tun . In the case of symmetric

FIG. 8. Formation of switch-on currents in the molecular junction at a res-
onant charge transmission with the participation of both molecular levels of
the singly charged molecule (a) and time dependence of the molecular level
populations (b). Different couplings of the molecular terminal sites to the
respective electrodes have been assumed. In comparison to the symmetric
case, one notices the reduction of the direct (tunnel) current component. The
switch-on currents demonstrate a strongly asymmetric motion to Isteady. The
initial value of the switch-on current through the left contact, I max

L , exceeds
significantly the steady state current. This can be explained by the transfor-
mation of the extended molecular states into localized ones. The calculations
are based on Eqs. (24), (63), (65), and (69). The parameters are the same as
in Fig. 4 except V f = 2.3 V.

contacts of the molecule to the electrodes, the deviation of
the extremal values of the switch-on currents from their com-
mon steady state current is not large (I max

L − Isteady 
 Isteady

− I min
R ). This can be explained by the fact that at a given

voltage bias (at which �E(V )2 ∼ 4β2), the delocalization of
the transferred electron across the two terminal sites remains
rather perfect. Therefore, a large switch-on current is only
possible at different couplings of the terminal sites to the re-
spective electrodes. This conclusion is well corroborated by
the results depicted in Fig. 6(a).

3. Double-resonant transmission, Figs. 7 and 8

This behavior occurs if both molecular levels, I and II,
are positioned below the Fermi-level of the left electrode.

Downloaded 25 May 2011 to 155.158.106.99. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



204701-12 Petrov et al. J. Chem. Phys. 134, 204701 (2011)

FIG. 9. Formation of switch-off currents in the molecular junction at a small
population of the charged molecular states (a) and the time dependence of
molecular populations formed at Vi = 0.3 V (b). An identical coupling of the
molecular terminal sites to the respective electrodes results in a symmetric
evolution of the switch-off currents to Isteady = 0. The calculations are based
on Eqs. (24), (63), (65), and (69). The parameters are the same as in Fig. 3
except Vi = 0.3 V, V f = 0.

Therefore, �EL I < 0, �EL I I < 0, �ERI > 0, �ERI I > 0,
see the insets in Figs. 7(b) and 8(b). Due to a resonant trans-
mission with the participation of both levels, a direct com-
ponent of the current displays a temporal behavior similar to
that of the hopping components (see Figs. 7(a) and 8(a). Such
a behavior can be explained by the fact that now all molecular
probabilities including the P(I I ; t), change their magnitude.
The main reason is that at V = V f = 2.3 V, the difference
�E(V ) between the site energies becomes too large so that
�E(V )2 � 4β2 and, thus, the extended molecular states |I 〉
and |I I 〉 are in fact transformed into the localized states |2〉
and |1〉, respectively. As a result, the coupling of electrode
L to the lowest level I becomes small (the mixture parame-
ter (55) fulfills the condition ξ 2 � 1) whereas the coupling of
the same level to the electrode R is large. Therefore, an ex-
tra electron hops from level I into the right electrode with a
rate which strongly exceeds the rate of electron exit from the
left electrode. A different situation appears in relation to level
II. According to the fast transition of an extra electron from
the left electrode to the state |I I 〉 
 |1〉 and a slow exit of
this electron into the right electrode, a large starting switch-
on current I max

L (compared to the steady state current Isteady) is
formed. This appears even at an identical coupling of terminal
sites to the adjacent electrodes (see Fig. 7(a)). A much larger

FIG. 10. Formation of switch-off currents in the molecular junction at a
small population of the charged molecular states (a) and the time dependence
of molecular populations formed at Vi = 0.3 V (b). Nonsymmetric couplings
of the molecular terminal sites to the respective electrodes give rise to a non-
symmetric evolution of the switch-off currents towards Isteady = 0. The cal-
culations are based on Eqs. (24), (63), (65), and (69). The parameters are the
same as in Fig. 9 except �L = 10�R .

deviation of I max
L from Isteady can be observed at an asymmet-

ric coupling of the terminal sites to the electrodes, Fig. 8(a).

B. Switch-off currents

After switching on the voltage, the L–M–R system
evolves to its stationary state at which the currents IL (t)
and IR(t) become time independent and coincide with
the steady state current IL (t � τst) = IR(t � τst) = Isteady

( �= 0) (see Figs. 3(a)–8(a)). Simultaneously, the molecule is
charged in such a way that the populations P(I ; t � τst) and
P(I I ; t � τst) of the charged states exceed the initial popula-
tions formed at V = 0 (cf. Figs. 3(b)–8(b)). Molecular charg-
ing is especially pronounced in the resonant regime of trans-
mission (cf. Figs. (5)–(8)).

Let us focus next on the switch-off currents. These are
formed just after the sudden change of the applied voltage
from V = Vi ( �= 0) to V = V f (= 0). In Figs. (9)–(11), the re-
sults are presented for Vi > 0. After switching-off the volt-
age, the L–M–R system evolves to its ground charge state
where a current is absent so that IL (t � τst) = IR(t � τst)
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FIG. 11. Formation of switch-off currents in the molecular junction at a
small population of the charged molecular states (a) and the time dependence
of molecular populations formed at Vi = 2.3 V(b). Nonsymmetric couplings
of the molecular terminal sites to the respective electrodes yield a nonsym-
metric evolution of the switch-off currents towards Isteady = 0. The calcula-
tions are based on Eqs. (24), (63), (65), and (69). The parameters are the same
as in Fig. 10 except that Vi = 2.3 V.

= Isteady = 0. The evolution is accompanied by discharging of
the molecule. In contrast to the switch-on process, which oc-
curs at V f �= 0, the switch-off charge transmission takes place
at V f = 0. Therefore, any contribution of a direct component
to the total switch-off current is absent. Besides, the currents
IL (t) and IR(t) have opposite signs. The maximal value of the
switch-off current strongly depends on the initial populations
P(I ; 0) and P(I I ; 0) which are identical to the steady state
probabilities PI and PI I , attained before switching-off the
voltage. If the probabilities P(ν; 0) have been realized during
off-resonant charge transmission, then P(I ; 0) and P(I I ; 0),
become small. Figures 9(b) and 10(b) depict the small magni-
tude of the noted initial populations created at Vi = 0.3 V and
the respective switch-off currents. In the case of symmetric
couplings of the terminal groups to the electrodes, the time-
dependence of the switch-off currents completely coincides
so that |I min

L | = I max
R (cf. Fig. 9(a)) while at an asymmetric

coupling the relation |I min
L | = 10I max

R is observed in complete
correspondence to the ratio �L/�R (cf. Fig. 10(a)). There
is no basic difference with respect to the time-dependence

FIG. 12. Enhancement of the switch-on current as a function of the
molecule-electrode coupling asymmetry. If (�L/�R) > 1 the asymmetry
does not affect the steady-state current. The numbers 1 and 2 indicate the
curves calculated at V = 0.3 V and V = 1.3 V, respectively. The calculations
are based on Eqs. (24), (63), (65), and (69). The parameters are the same as
in Fig. 3 except �R = 5 × 10−5 eV.

of switch-off currents if the initial populations P(I ; 0) and
P(I I ; 0) have been formed during a resonant charge trans-
mission (cf. Fig. 11(a) with Fig. 10(a)). The only distinction
concerns the switch-off current |I min

L |, presented in Fig. 11(a),
which significantly exceeds the corresponding current value
depicted in Fig. 10(a).

At the end of this section we underline that appearance
of a large difference between the transient currents and the
steady-state current is originated by the asymmetric charge
kinetics in the L–M–R junction. In the case of the switch-
on process the asymmetry appears if the rate of charge injec-
tion from the left electrode to the molecule exceeds the rate
of moving an electron from the molecule into the right elec-
trode. This asymmetry of rates is caused by nonidentical cou-
plings of the molecule to the electrodes. Figure 12 illustrates
this statement at the off-resonant and the single-level reso-
nant regime of charge transmission (when N (�EL I ) � 1 and
N (�EL I ) 
 1, respectively). In Fig. 12, respective curves are
labeled by 1 and 2. It is seen that for both regimes, a max-
imal value of the switch-on current, I max

L , increases linearly
against the ratio (�L/�R) of the width parameters. In contrast,
the steady-state current Isteady increases if only �L ≤ �R (see
the inset in Fig. 12). Isteady is not changed for �L/�R > 1.
This effect can be explained in using the expressions (75)–
(77) valid at P(I I ; t) 
 0. Actually, in line with Eqs. (75) and
(76) the current I max

L is proportional to the χL I N (�EL I ) and,
thus, I max

L ∼ �L . At the same time, Isteady is proportional to
the [χL I χRI /(χL I + χRI )]N (�EL I ). Therefore, one can see
that I max

L ∼ �L whereas Isteady(∼ �R) is not changed in the
region where (�L/�R) > 1. This behavior corresponds to a
situation where the inter-electrode steady-state charge flow is
limited by the slowest kinetic process (here, by the hopping
transition of an electron from the molecular level I to the right
electrode).
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V. CONCLUSION

A unified description of current evolution in a molec-
ular junctions towards a steady state has been offered. The
description allows to analyze the direct (tunneling) as well
as the sequential (hopping) electron transmission, using a
particular set of parameters (level broadening, energy gaps,
and inter-site couplings). Charging and discharging of the
molecule mainly determine the efficiency of electron trans-
mission along the channels associated with the charged states
of the molecule. An important finding is that the currents
through the left and the right contacts (IL (t) and IR(t), respec-
tively) differ from each other before a common steady state
current Isteady is formed. Depending on the couplings of the
molecule to the electrodes, the difference can become rather
large. As an example, the evolution of switch-on/-off cur-
rents has been analyzed in the framework of an inter-electrode
molecular wire system which contains a molecule with two
active terminal sites. This setup allows one to clarify the ef-
fect of contacts on the current formation as well as the influ-
ence of inter-site couplings. The latter determine the extent
of delocalization of an extra (transferred) electron over the
molecule. If the delocalization is large, the electron density
is concentrated at the terminal sites with nearly equal weights
(the delocalization parameter ξ , Eq. (55) is about 1/

√
2). As a

result, the evolution of the switch-on currents IL (t) and IR(t)
is rather symmetric (cf. Figs. 3(a) and 5(a)).

Features of asymmetry can be induced in two different
ways. First, asymmetry is realized when the couplings of
the terminal sites to the respective electrodes differ from
each other (cf. Figs. 3(a) and 5(a) with the corresponding
Figs. 4(a) and 6(a)). And second, current asymmetry can
occur if well-localized MOs are formed, either by a given
molecular structure or by the applied voltage. The latter
possibility is demonstrated in Fig. 7(a), where the asymmetry
appears as a result of the transformation of the extended MOs
into localized ones. This regime emerges when the delocal-
ization parameter ξ starts to fulfill the relation ξ 2 � 1. After
a change of the MOs, the transferred electron is located either
at the left or the right terminal site. Thus, a voltage division
asymmetry in the couplings of the molecular levels to the
electrodes is intrinsically introduced. As a result, an asym-
metric evolution of the switch-on currents IL (t) and IR(t)
appears even for identical couplings of the terminal sites to
the electrodes (cf. Figs. 5(a) and 7(a)). The asymmetry leads
to a considerable difference between the maximum value
I max

L = IL (0) of the switch-on current IL (t) and the steady
state current Isteady. Differences between I max

L and Isteady

are strongly amplified if an asymmetric coupling is already
present( cf. Figs. 8 and 12). In this case, the tunneling route
of electron transmission initiates a small contribution to the
total current so that the asymmetric behavior of the switch-on
current is completely caused by the sequential route.

The basic difference between the behavior of the switch-
off and switch-on currents is caused by the fact that after
switching-off the source-drain voltage, the electron transmis-
sion occurs in the absence of a voltage bias. Therefore, the
direct current component disappears. This in turn results in an
extension of the terminal MOs of the charged molecule across

the whole molecule. Moreover, the asymmetric behavior of
the switch-off currents is solely determined by the asymmetry
with respect to the couplings of terminal sites to the adjacent
electrodes (see Figs. 9–10). Note that a similar effect exists
even if the charge transmission occurs with the participation
of the frontier orbital only.28, 29 In this way the appearance of
large transient switch-on/off currents in the molecular junc-
tions with nonidentical couplings of the molecule to the elec-
trodes can be realized. The effect becomes more pronounced
for molecules with sustainable localized molecular orbitals.
Generally, the formation of large switch-on (switch-off) cur-
rents in molecular junctions originates from fast charging
(discharging) of the molecule as compared to a slower for-
mation of the steady state current.

Such effects caused by the appearance of significant
switch-on/off currents may play a guiding role in devising re-
alistic molecular devices. Large currents can cause large heat-
ing in the contact region, resulting in a destabilization of the
molecule-lead contacts up to their full destruction. In addi-
tion, conformational transitions of the molecule can be in-
duced as well as the formation of uncontrollable large electric
and magnetic fields.

The detection of transient currents represents a particu-
lar experimental challenge. This is mainly due to the fact that
in the transmission process only a single or, may be, two ex-
tra electrons can enter the molecule resulting in very small
currents. To measure temporal changes of such currents is ex-
tremely difficult. Alternatively, one may also take into con-
sideration the fact that an extra electron is able to modify
the spectral or magnetic properties of the molecule and, thus,
spectroscopic or EPR methods can be used to identify those
striking signatures of transient charge transfer processes in the
L–M–R device.
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APPENDIX A: TRANSFER RATES BEYOND THE BORN
APPROXIMATION

The operator H ′Ĝ(E)H ′ (second term on the right-
hand side of Eq. (17)) gives rise to transitions where the
molecule does not alter its charging state (N ′ = N ) or
changes its charge by that of two electrons (N ′ = N ±
2). The derivation of respective transfer rates is based
on the Eqs. (12)–(16). To calculate the necessary ma-
trix elements 〈L ′M(N ′)R′|H ′Ĝ(E)H ′|L M(N )R〉 we note
that the Green’s operator (18) is specified by the en-
tire Hamiltonian H = H0 + H ′. At the macroscopic elec-
trodes, this Hamiltonian can be reduced to a diago-
nal form 31, 33 so that H = Helectrode + H (eff)

mol where H (eff)
mol

= ∑
M(N ) E(M(N ))|M(N )〉〈M(N )| is the modified molecu-

lar Hamiltonian. Here, the molecular energies

E(M(N )) 
 EM(N ) + �
(L)
M M (E) + �

(R)
M M (E) (A1)
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contain self-energies (r = L , R)

�
(r )
M M (E) 


∑
kσ

∑
M ′

|VM(N );rkσ M ′(N−1)|2
E − (Erkσ + EM ′(N−1)) + i0+ (A2)

caused by the interaction of the molecule with the electrodes.
The imaginary part of the self-energy

�
(r )
M(N )(E) 
 2π

∑
kσ

|VM(N );rkσ M ′(N−1)|2

×δ[E − (Erkσ + EM ′(N−1))] , (A3)

fixes the molecular level-broadening (width) parameters.47

With the introduction of the molecular energies (A1) the gen-
eral form of the desirable matrix elements is

〈L ′M(N ′)R′|H ′Ĝ(E)H ′|L M(N )R〉 =
∑

L̃ M̃(Ñ )R̃

×〈L ′M(N ′)R′|H ′|L̃ M̃(Ñ )R̃〉〈|L̃ M̃(Ñ )R̃|H ′|L M(N )R〉
E − EL̃ − EM̃(Ñ ) − ER̃

.

(A4)

This matrix element characterizes transitions on the energy
shell E = EL + EM(N ) + ER = EL ′ + E(M ′(N ′)) + ER′ (cf.
definitions (15) and (16) for the energies Er and Er ′ ,
respectively).

Setting N ′ = N , N ± 2 we achieve respective transfer
rates. The transfer rate retaining the charge state of the
molecule reads

χ
(r )
M(N )→M ′(N )

= 2π

¯

∑
kσ

∑
k′σ ′

(1 − δrkσ,r ′k′σ ′) fr (Erkσ ) [1 − fr ′ (Er ′k′σ ′)]

×
∣∣∣∑

M̃

[ VM ′(N );r ′k′σ ′ M̃(N−1)Vrkσ M̃(N−1);M(N )

E(M(N )) − Er ′k′σ ′ − E(M̃(N − 1))

+ Vr ′k′σ ′ M ′(N );M̃(N+1)VM̃(N+1);rkσ M(N )

Erkσ + E(M(N )) − E(M̃(N + 1))

]∣∣∣2

× δ[Erkσ + EM(N ) − Er ′k′σ ′ − EM ′(N )]

+ 2π

¯

∑
kσ

[
[1 − fr (Erkσ )]

×
∣∣∣∑

M̃

VM ′(N );rkσ M̃(N−1)Vrkσ M̃(N−1);M(N )

E(M(N )) − Erkσ − E(M̃(N − 1))

∣∣∣2

+ fr (Erkσ )
∣∣∣ ∑

M̃

Vrkσ M ′(N );M̃(N+1)VM̃(N+1);rkσ M(N )

Erkσ + E(M(N )) − E(M̃(N + 1))

∣∣∣2]

× δ[EM(N ) − EM ′(N )] . (A5)

The transfer rates describing double molecular oxidation and
double reduction (caused by the electrodes) take the form

χ
(r )
M(N )→M ′(N−2)

= 2π

¯

∑
kσ

∑
k′σ ′

(1 − δrkσ,r ′k′σ ′) [1 − fr (Erkσ )]

× [1 − fr ′ (Er ′k′σ ′)]

×
∣∣∣ ∑

M̃

Vr ′k′σ ′ M ′(N−2);M̃(N−1)Vrkσ M̃(N−1);M(N )

E(M(N )) − Erkσ − E(M̃(N − 1))

∣∣∣2

× δ[Erkσ + Er ′k′σ ′ + EM ′(N−2) − EM(N )] (A6)

and

χ
(r )
M(N )→M ′(N+2)

= 2π

¯

∑
kσ

∑
k′σ ′

(1 − δrkσ,r ′k′σ ′) fr (Erkσ ) fr ′ (Er ′k′σ ′)

×
∣∣∣ ∑

M̃

VM ′(N+2);r ′k′σ ′ M̃(N+1)VM̃(N+1);rkσ M(N )

Erkσ + E(M(N )) − E(M̃(N + 1))

∣∣∣2

× δ[Erkσ + Er ′k′σ ′ + EM(N ) − EM ′(N+2)] , (A7)

respectively.

APPENDIX B: STEADY STATE MOLECULAR
POPULATIONS

In Eq. (69), steady state populations Pν are found from
the kinetic equations (47) at V = V f . Setting Ṗ(ν; t) = 0 one
obtains

P0 = 1

�
(KI→0 K I I→0 + K I→0 K I I→I + K I I→0 K I→I I ) .

(B1)

PI = 1

�
[K0→I K I I→0 + (K0→I + K0→I I )K I I→I ] ,

PI I = 1

�
[K0→I I K I→0 + (K0→I + K0→I I )K I→I I ] ,

(B2)

where

� = KI→0 K I I→0 + 2(K0→I + K0→I I )(K I→I I + K I I→I )

+ KI I→0(2K0→I +KI→I I )+K I→0(2K0→I I +KI I→I ) ,

(B3)

APPENDIX C: PRE-EXPONENTIAL FACTORS

In Eq. (69), the concrete form of the pre-exponential fac-
tors is given by

C (1)
0 = 1

K1(K1 − K2)
{P(0; 0)[(K I→0 + K I→I I − K1)

× (KI I→0 + K I I→I − K1) − KI→I I K I I→I ]

+ P(I ; 0)[KI→0(K I I→0 + K I I→I − K1)

+ KI→I I K I I→0] + P(I I ; 0)[KI I→0(K I→0 + K I→I I

− K1) + K I I→I K I→0]} ,

(C1)

C (1)
I = 1

K1(K1 − K2)
{P(0; 0)[2K0→I (K I I→0 + K I I→I −K1)

+ 2KI→I I K I I→I ] + P(I ; 0)[(2K I→0 + 2KI I→0−K1)
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× (KI I→0 + K I I→I − K1) − 2K0→I I K I I→0]

+ P(I I ; 0)[KI I→I (2KI→0 + 2KI I→0 − K1)

+ 2K I→0 K I I→0]} , (C2)

and

C (1)
I I = 1

K1(K1 − K2)
{P(0; 0)[2K I I→0(K I→0 + K I→I I

− K1) + 2KI→I I K I→0] + P(I ; 0)[KI→I I (2KI→0

+ 2K I I→0 − K1) + 2KI→0 K I I→0]

+ P(I I ; 0)[(2KI→0 + 2KI I→0 − K1)(K I→0

+ K I→I I − K1) − 2K0→I K I→0]} . (C3)

The factors are expressed not only by state-to-state transfer
rates at V = V f , but also by the initial molecular populations
P(ν; 0) formed at V = Vi . Therefore, the quantities Pν and
P(ν; 0) are calculated with the same expressions (B1)–(B3)
but at V = V f and V = Vi , respectively. The form of the C (2)

ν

follows from Eqs. (C1)–(C3) if one substitutes K1(K2) by
K2(K1).
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