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Transport of particles for a spatially periodic stochastic system with correlated noises
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The transport of particles for a spatially periodic stochastic system driven by two multiplicative noises and
one additive noisébetween which there are correlatioiisinvestigated for the overdamped and underdamped
cases. It is shown that) the probability current can be positive, zero, or negatfi¢;the movement of the
particles represents the phenomenon of resonance as a function of the additive noise strength. For the under-
damped case, the particles with different mass can be separated by controlling the system or the noise param-
eters. In particular, a reversal of the flux can be induced by controlling the correlations between the additive
and multiplicative noises.
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[. INTRODUCTION the particle(Here the viscous friction strength is assumed to
equal 1) In general, we express the influence of internal

Recently, there has been increasing interest in studyinfuctuations on the system as additive noise and the effect of
the noise-induced transport of Brownian particles for sys-external environmental fluctuations on the system as multi-
tems with a spatially periodic potential field. It has beenplicative noise. Here we assume that the external environ-
shown that the asymmetry of the potenfial2], the asym- mental fluctuations can influence the internal fluctuations. So
metry of the driving nois¢3], and the input signaho noise, the additive and multiplicative noises are not independent
time correlation, or constanf1,4] are ingredients for the (there are correlations between theffhe statistical proper-
transport. ties of &(t) (i=1,2) and 5(t) are (&(t))i=(n(t));=0,

The recent burst of this work is motivated in part by the(&(t)&;(t"))i=2D;&;;8(t—t"), (n(t) »(t'));=2Ds(t—t'),
challenge of explaining the unidirectional transport of mo-and({»(t)&(t'));=2\;VDD;8(t—t") (—1<\;<1), where
lecular motors in the biological realfd]. Another source of (); represents the average over noise. In this paper( s
motivation arises from the new methods of separation ogiven in dimensionless form, so the variableandt and the
segregation of Brownian particl¢§], and more recently in parameter®, D;, \;, andm are dimensionless.
the recognition of the “ratchet effect’1,7]. Now the idea of Equation(1) can be transformed into
noise-caused transport has been applied to biomolecular mo- .
tor systems, Brownian motor systems, and quantum systems MX+X=f(x)+ &,(t)[ —sin(x/2) + X, yD/D,]

[including surface electromigration, Josephson-junction ar- . —— ,
rays, cold atomgwith an asymmetric optical lattigesuper- +E(D[=sin(X+X0) +A2VD/Do ]+ 7'(1), (2

conductors, and semiconductor heterstructvéth rocked in which 7' (t)= 7(t)— A, yDID1£,(t) — A,y DID&x(1).

electron ratchejs. . .
. The statistical properties ofy'(t) are {(#'(t))=0 and
However, most of the modelglassical, not quantupso (0" (1) 7' (t'))=2D(1—A2—A2) 8(t—t'). Here the noises

far deal with overdamped Brownian particles in which the ,

inertial term due to the finite mass of the particles is ne—gi(t) and'(t) are no longer correlated.
glected. The transport of underdamped particles in systems

driven by noise has been studied only in a few wdgsthat Ill. OVERDAMPED CASE

consider the mass of the particle. In this paper, we shall
consider a model with a spatially periodic potential driven by

one additive noise and two multiplicative noises, which ard®

correlated, and investigate the transport of particles in the X=F(X) + &(O)[ = SiN(x/2) + \ \/W]
overdamped and underdamped cases. ! ! !
+ &(D[ —sin(x+Xg) +NoyD/D5 ]+ 7' (). (3)

The Stratonovich interpretation of the stochastic differential
We consider a model whose Langevin equatiofinsdi-  equation(3) yields the Fokker-Planck equati¢f]

mensionless forin AP(X,D) = — S AP +EZBXOP(XL),  (4)

mx+x=1(x) = £,(091(0) ~ E(DG(¥)+7(1), (1) \where A(x)=—J,5IN(2)— I,sin(K-+x0)+(Dy/4) sinx+(D,/
where f(x)=—J;sinx/2)—J,sinx+xy), g1(x)=sin®/2),  2)sif2(x+xg)]—(A1VDD1/2)cosk/2) — (\2VDD3)cosk+xg),
andg,(x) =sin(x+x%,). [The common period of the functions and B(X) = D4SinA(x/2) + D,Sinf(x+Xo)+D—2\11/DD;
f(x), g1(x), and g,(x) is 4m.] The multiplicative noises Xsin(x/2)—2\,\JDD,sin(x+xXy). The periodic boundary
& (1) (i=1,2) and the additive noisg(t) represent Gaussian condition for Eq.(4) is P(a,t)=P(a+4m,t) (here we take
white noises, anan is the value of dimensionless mass for a=0).

For the overdamped case, one can use the adiabatic ap-
roximationx=0. Then Eq.(2) becomes

Il. MODEL
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FIG. 1. The average velocity versus the additive noise strength in the overdamped case for thelm@lelorresponds to the average
velocity versus the additive noise strength for different valued;0fJ;=0.3, 0.5, 0.7 and 1, respectivelwith J,=1x,= /2, D;=D,
=0.3, and\;=X,=0.3;(b) to that for different values a3, (J,=0.3, 0.5, 0.7 and 1, respectivg¢hyith J,=1x,= /2, D;=D,=0.3, and
A1=X,=0.3; (c) to that for different values ok, (A\,=0.9, 0.5,—0.5, and—0.9, respectivelywith J,=J,=1x,==/2, andD,=D,
=0.3, and\,=0.3; (d) to that for different values ok, (A,=0.9, 0.5,—0.5, and—0.9, respectivelywith J;=J,=1x,=u/2, D;=D,
=0.3, and\;=0.3.

ity is qgi @
The average velocity is given by _ f4,7 xA(g)e (X)f4wdxfe(b(x’)‘I)(47-r)€(xx’)
(VD)= (V0L D)1= ((K))r (5) 0 (x)

where( ), stands for the average over

Under periodic boundary conditions, the stationary solu- . .
tion of Eq?(4)l is|[9] b y " I y uThe probability currentJ can be obtained fromd,J

=—0,AP+d2BP, i.e.,.J=—AP+4,BP. Itis easy to obtain

0

=47N[1—e ®¢m], (7)

e(I)(X) A , ,
PS(X):Nm i dx’e D(x")—D(4)H(Xx—X ) (6) J:N[l_ef¢(4ﬂ)]:<v>8/(4ﬂ.)_ (8)
Here ®(x)=[§[A(X")/B(x")]dx’, #(x—x') is the Heavi- Equations(7) and (8) show that the condition under which
side step function, andl a normalized constant. the flux changes sign is that the valii¢4) can vary from
From Eqs(S) and (6), we obtain positive to negative or vice versa.
_ In Fig. 1 we plot the average velocity versus the additive
(V)s=(X)s noise strengttd from Eq. (7). The Fig. 1a) corresponds to

the average velocity versus the additive noise strength for

_ Iim}ft<<V(X,T)>X>de different values ofl; (J;,=0.3, 0.5, 0.7 and 1, r-espectivéaly
t*,oct 0 with \]2:1, D1:D2:O.3, and)\1=)\2=O.3; F|g ](b) to
that for different values of, (J,=0.3, 0.5, 0.7, and 1, re-
=(A(X))s spectively with J;=1, D;=D,=0.3, and\;=\,=0.3; the
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Fig. 1(c) to that for different values of; (A\;=0.9, 0.5,
—0.5, and —0.9, respectively with J;,=J,=1, D;=D,
=0.3, and\,=0.3; and Fig. 1d) to that for different values
of A, (A,=0.9, 0.5,-0.5, and—0.9, respectivelywith J;
=J,=1, D;=D,=0.3, and\;=0.3. The figures show that
(a) the absolute value of the average velocity is a nonmono- A
tonic function of the additive noise strength and has a clear <z
peak value, which is a manifestation of the phenomenon of
resonance; andgb) the average velocity may be negative,
zero, or positive.
Here we wish to give some explanation for the origin of
the average velocity. First, whef(t)=0 (i=1,2) no aver- . s .
age velocity can be produced. A nonzero average velocity -1 0 1
with &;(t)=0 means that only thermal fluctuation is con- I
verted into work and implies a violation of the second law of
thermodynamics. Second, if;=\,=0 and the function L5 ' — ' :
f(x) is symmetric, no average velocity can be caused, since | |7
no symmetry breaking happens. So the multiplicative noises,
the correlations between the additive and multiplicative 05k
noises, and the asymmetry ©fx) [or the asymmetry of the A
potential, which isJ (x) = — [*f(x’)dx’] are ingredients for = Or
the average velocity for the modél). The reason for pro-
ducing the average velocity is that the symmetry of the sys- (b)
tem is broken by the functiofi(x), or the correlations be- R 4
tween the additive and multiplicative noises. Now the o
asymmetry of the system makes the probability of fluctua- -L5 :
tions on the two sides of the potential barrier different, so '
that an average velocity arises. The energy in response to the I
average velocity stems from the noise.

oogg
1481

The phenomenon of resonance hapoenina here is ana- FIG. 2. The average velocity versus the constant force in the
P PP 9 gverdamped case for the mod#). (a) corresponds t® =0.2, 0.5,

lyzed below. In Figs. (&—1(d), the additive noise plays a 55 ;41 andb) to D=1, 2, 3, and 4 the diagonal line is the
twofold role. On one hand, it stimulates directional motion of .,<o \without noige with 51; D’Z:O.3, Xo= 12, N;=A\,=0.3,
the particle in response to the asymmetric condition of th%ndleJzzl.

system. On the other hand, it reduces the asymmetry of the

system, which is the cause of directional motion of the par-

ticle. The competition of these two apparently opposite rOIe§orce is not zero the average velocity versus the additive

roduces a peak at which a phenomenon of resonance ap-.
b P P Roise strength presents the same phenomena of resonance as

pears. Lo
The characteristics of the constant folceersus the av- in Figs. Xa)-1(d).

erage velocity can be calculated from E@) if A(x)+1 is

used to replace A(x) (including A(x') in ®(x)

= [S[A(X")/B(x)]dx"). In Figs. Z2a) and Zb) we plot the IV. UNDERDAMPED CASE

characteristics of the average velocity versus the constant | this section we shall consider the transport of particles

force for different values of the additive noise strength. Fig-j, the case ofm+0. For the convenience of analysis and
ure da) corresponds t®=0.2, 0.5, 0.7, and 1, and Fig(l® calculation. we writé Eq(l) as

toD=1, 2, 3, and 4in Fig. 2(b), the diagonal line is without

noisg. From these figures, we find the followinga) With

increase of the additive noise strength, the curve for the av- X=Y,

erage velocity versus the value of the constant force is nearer

and nearer to the one without noise. This is because of the

cooperative action of the multiplicative noises, the correla-. 1 , 1

tions between the additive and multiplicative noises, and thd = ~ ¥ T () +91() £2(D +92(X) Ex(D) + 7' (1), (9)
asymmetry of the potentialb) One can manipulate the be-

havior of the average velocity versus the constant force by

controlling the additive noise strength. Now one can approwhere f'(x) = —(1/m)[J;Sin(/2)+ Josinx+X)],  g1(X)
priately adjust the temperature to make the average velocity (1/m)[ —sin(/2)+X,yD/D1], andg,(x) = (1/m)[ —sin(x
versus the constant force fit one’s demafsiace the ther- +xg)+A,\D/D,]. In the Stratonovich case, the Fokker-
mal additive noise strengtd is proportional to the tempera- Planck equation for the probability densiB(x,y,t) corre-
ture). In addition, further study shows that when the constansponding to Eq(9) is
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FIG. 3. The current] versus the additive noise strength in the underdamped case for the (@pd@) is for different values ofl;
(J;=0.1,0.7, and 2, respectivelwith D;=D,=0.3, J,=1, Xg=7/2, A\q=\»,=0.3, andm=5; (b) is for different values ofl, (J,
=0.2,0.5, 2 and 10, respectivg¢lyith D;=D,=0.3, J;=1, xg=7/2, A\;=A,=0.3, andm=5; (c) is for different values ofA; (\;
=-0.9,-0.5,0.5, and 0.9, respectivelwith D;=D,=0.3, xo=7/2, J;=J,=1, \,=0.3, andm=5; (d) is for different values of\,
(A,=-0.9, —0.5, 0.5, and 0.9, respectivelwith D;=D,=0.3, Xq= /2, J;=J,=1, A;=0.3, andm=5.

1 0.001
3IP=—y(9XP—(9y[—my+f’(x) P of
1 [

| D= A=A) + Dl g: ()] 00T
-0.002 ¢

+D2[92(X)]2] (9§P. (10 -0.003

Equation(10) cannot be solved analytically even for the sta- g
tionary case since detailed balance is broken and the prob  .g9g05 |
ability flow is not zero, but it can be solved by applying :

numerical methods. In the following we carry out our nu- -0.006 ¢
merical simulation directly using the Langevin equati®n 0007 |
From Ref.[10] we can get the numerical algorithm
‘0.008 Lo 1 Loy | PP IRCHRTIN S RSN RS I A A
X(t+At)=x(t) +yAt, 5 4 3 2 4 0 A 2 3 4

Ln(m)

1
y(t+A)=y()+| - ay(t)-&—f’(x(t)) At FIG. 4. The currentl as a function of the natural logarithm of
the mass withD,=D,=0.3J;=J,=1Xq=m/2\;=\,=0.3, and

+X,(t,At) + Xo(t,At), (11) D=03.
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where

dg1(x(1))
X

dga(x(1))
IX

dg2(x(t))
X

X1(t,At) =1 D9, (x(t)) #2

+D,ga(X(1)) %

+ DlDz{gl(X(t))

dg1(X(t))
X

+02(x(1)) b1,

a
+DD;/m 591(x(1)) By

J
+vDD,/m 591(X(t))¢¢2] At,
and
Xo(t,At) =g, (X(1)) V2D 1At 1+ go(X(1)) V2D At
+J2DAtme,

with three independent Gaussian random numlgers ¢-,,

PHYSICAL REVIEW B4 011113

M =400 initial conditions and th&l= 10 different discrete
times (averaged by %10’ points. Here the time step is
taken asAt=0.01. In order to guarantee that the system is in
the stationary state, we take the time average after
=1000. This average is taken frars 1000 tot=2000. The
space fromx=0 to x=47x is divided into 400 ¥;
=4i/400,i=1,2, .. .,400). The initial conditions arg;(t
=0)=0 (i=1,2,3...,400). From the figures we can see
that (a) the current can be negative, zero, or positiie;for
the transport there are the phenomena of resonance. It is
interesting that Figs. (8—3(d) and Figs. 1a)—1(d) (over-
damped cagehave the same characteristi@ and (b). In
addition, they have other similar featurghese are less im-
portant than the abov@) and (b)]. (1) With the increase of
J, or J,, the peaks move to the righi2) With increase in the
absolute value of ; or A, the transport can be strengthened.
It is also interesting that by varying the value)of or A, the
flux can be reversed, that can be observed in Fi¢s. &d
3(d). If the additive noise strength is large enough, a reversal
can also be inducdgaf. Fig. 3c)]. The phenomenon of trans-
port and its resonance happening here have the same origins
as the ones analyzed in the overdamped case.

Finally, let us consider the transport of particles with dif-
ferent mass. The result of a simulation for the currguer-
sus the natural logarithm of the mass is depicted in Fig. 4
with the parameter®,=D,=0.3,J,=J,=1, Xg=7/2, \4

and ¢ of zero mean and variance 1. Here we define the=A,=0.3, andD=0.3. From Fig. 4 we see that with de-
currentd which is averaged over an ensemble of initial con-creasing mass of the particle, the particle moves more and
ditions for the average velocity. Therefore, the current hagnore quickly. Thus we can separate the particles with differ-

two different averages. The first average is oWérinitial

conditions, which we take equally distributed in spéitem

ent values of mass by controlling the parameters of the noise
(i.e.,,D, D4, Dy, \q, and\,) or the parameters of the po-

x=0 tox=4), and with a zero initial velocity. For a fixed tential(i.e.,J;, J,, andxp). For the parameters given in Fig.

time t we can obtain the first averagev;

j
i=1

4, the particles with small inertia move to the negative direc-

= (1/M)=M )'(i(t]_)_ The second average is a time average.tion quickly, while the particles with strong inertia move

Since we take a discrete time for the numerical simulationS!IOWly or almost remain in the original position.

we have a discrete finite set Nfdifferent timest; . Then the

current is defined ag= (1/N)= (L ,v; .

The numerical results are plotted in Figga)3-3(d) for
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