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Voltage Rectification by a SQUID Ratchet
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We argue that the phase across an asymmetric dc SQUID threaded by a magnetic flux can experience
an effective ratchet (periodic and asymmetric) potential. Under an external ac current, a rocking ratchet
mechanism operates whereby one sign of the time derivative of the phase is favored. We show that
there exists a range of parameters in which a fixed sign (and, in a narrower range, even a fixed value) of
the average voltage across the ring occurs, regardless of the sign of the external current dc component.
[S0031-9007(96)01045-9]

PACS numbers: 74.50.+r, 05.40.+j, 74.40.+k, 85.25.Dq

Although the nonequilibrium dynamics of a particle in a the equationi(= 1, 2)
ratchet potential (i.e., a periodic potential that lacks reflec- i hC,
tion symmetry) has long been considered a fundamental L(t) = Jisin(g;) + — @; + — &;, @
problem in statistical physics [1], it has become the object 2eR; 2e
of more intense attention in recent years, because of itwherel;(z) is the current through the left arm, arg, C;,
newly found relevance in diverse areas of physics, chemandJ; are the resistance, capacitance, and critical current
istry, and biology. A characteristic effect is that, when theof junction i. For simplicity, we assume here that the
ratchet is subject to a stationary nonequilibrium perturbatwo junctions in series are identical, and will comment
tion, particle motion in one direction is favored. Within later on the case of slightly dissimilar junctions. We
this context, an important class of dynamical systems i¢ake C; = C, = 2C;, Ry = R, = R;/2, andJ, = J, =
formed by the so-called rocking ratchets, for which the ex+/;. The total voltage drop across the two junctions is
ternal perturbation is a time periodic, uniform force [2—-4].V = V| + V,, whereV; = (i/2e)¢;.
The effect of dynamically induced unidirectional motion If ¢;(z) is a solution for the first junction, theg,(7) =
can overcome the drift effect of a small bias that woulde(z) = ¢,(¢)/2 is also a solution for the second junction
push the particle into the nonfavored direction. Thus, fof7]. This implies V = ¢,i/2e, with ¢; satisfying the
not very strong tilts, uphill movement is possible providedequation
the ratchet structure is conveniently rocked. o i hC,

In this Letter, we propose a realization of the rock- L(t) = J, sin<—> + — @+ — . 2
ing ratchet mechanism in a new type of superconducting 2 2R,
qguantum interference device (SQUID) containing a charHence, a series of two identical Josephson junctions can
acteristic asymmetry. The system we propose, depictede described by the same equation as a single junction,
in Fig. 1, is formed by a ring with two Josephson junc-with the only difference that in the sine functidhe
tions in series in one of the arms and only one junctiorargument ¢ /2 occurs [8]. This is a most important
in the other arm. We will show that, when the ring is feature to build the ratchetlike structure. On the right arm,
threaded by a fluxb.,, that is not an integer multiple of the phase across the single junction obeys an equation that
®y/2 (®y = h/2e being the flux quantum), the effective

potential experienced by the total phasecross the ring a) b) 1i1) = I + I;sin(f)
displays a ratchet structure. As a consequence, when the I l I,

asymmetric SQUID is “rocked” by an external ac current

. R
1(1), one sign of the phase velocigyis favored. From the @ ?L_. PO Eﬁ
Josephson voltage-phase relation, we conclude that there @b, L J._f_
must be a range of parameters for which a fixed sign of #: jl_,\-lwl_m[ | R_:Hg sinfip,)
the average voltag®, = /i{¢)/2e occurs regardless of LT: I ;

the sign of the external current dc compongnt ' ‘v—l

We focus on SQUID structures formed by conventional | ’_
Josephgon junctions whose phase_ Is a classical \./a_riab’LqG- 1. (a) Schematic picture of an asymmetric SQUID with
and which can be adequately described by the “reS'St'Ve%ree junctions threaded by an external flux. (b) Representation

shunted junction” model [5,6]. Thus, the phaseacross  of the equivalent circuit: the two junctions in series of the left
Josephson junctionon the left arm [see Fig. 1(a)] obeys branch behave like a single junction witghreplaced byy /2.
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reads as in Eq. (1) with the labelsand i replaced by 10F
r. In the following we assume that each Josephson link _
operates in the overdamped limiQe/%)J,R:C, < 1 oo
(e = 1, r), so that the capacitive terms can be neglected =
in Eq. (2) as well as in its right arm counterpart [6,9].
The total current through the SQUID id(r) =
I;(t) + I,(¢), and the equivalent circuit [6,10] is shown in
Fig. 1(b). In the !Imlt where the contributiorls and L, FIG. 2. The ratchet potential (solid line) given after Eq. (4)
to the total loop inductancé = L; + L, are such that of the text, which governs the behavior of the three junction
|LI| < ®, the total flux® is approximately the external SQUID (cf. Fig. 1), is compared to the sine potential (dashed
flux ®.. Then, integration of the gauge invariant phaseline) U(x) = 1.1sin(x).
around the loop yieldsp; — ¢, = —@ex¢ + 270, with

Pext = 27 Pexi/Po. Thus, we see that the application of ¢ shifting the dc current-voltage characteristics towards
an external flux provides us with an externally tunable res,qre negative values df or, equivalently, towards more

lation betweenp; and¢,, which, in combination with the - sjtive values o¥/,. Within the present sign convention,
freedom to choose the ratip/J,, allows us to select the \ e shaj refer to this displacement as a shift in the “right”

10|

shape of the potential experienced by the phase ¢;. direction, because in it¢) has the sign that is generally
We may include the effect of temperatufeby adding  (31though not exclusively [3]; see below) favored.

Nyquist noise. We assume Gaussian white nejsg of In the deterministic case, the velocigx/d7) is almost

zero average and correlation(1)n(0)) = (2ksT/R)3(t),  quantized at valuesw, n = 0, %1, ..., corresponding to

so that the phase satisfies the equation solutionsx(7) that are “locked” into the phase of the driv-
A o ing force [12]. For a symmetric potential, these plateaus
— ¢ =—J Siﬂ<—> — J,sin(¢ + @ext) in the voltage correspond to standard Shapiro steps [6,12—
eR 2 14]. In both the symmetric [15] and asymmetric cases, a

+ I(t) + (1), (3)  small amount of noiself = 0.01) suffices to wipe out the

. structure of steps. However, the same weak noise does
where we have set; = R, = R. The resulting Fokker- not destroy the ratchet-induced shift in thelel charac-
Planck equation is numerically solved by a matrix con-teristics. As shown in Fig. 3, a stronger noise intensity is
tinued fraction method [11]. The total dc voltage acrossheeded to appreciably reduce the ratchet effect (note that
the SQUID is given byVy = (ii/2e){(¢:) + Li{l;) = it still persists withD as large as 0.5) and to lead the sys-
(h/2e){@,) + L,I,), where (.--) stands for time and tem towards a conventional behavior in whith = I,.
noise average. Since currents must remain bounded, orme same trend towards Ohmic response is already shown
has(l;) = (I,) = 0, which leads to/y = (/i/2¢) (@). for weak noise ifl, is large enough.

Next we feed the circuit with a current(r) = Iy +
I, sin(Q ). In terms of the dimensionless quantities=
(@ + m)/2, 7= (eRJ)2h)t, s=J./J;, F=1y/J,

A=1/J, 0 =2iQ/eR];, andD = ekyT/hJ;, Eq. (3) 031 F ]
reads ]
9 .
dx _ ——Ux) + F + Asinlwt) + &(7), (4)
dr ox

where U(x) = —[sin(x) + (s/2)sin2x + @exe — 7/2)]
is the effective potential and(7) is Gaussian noise with
(&é(7)€(0)) = 2D46(7). The average voltage is now given
by Vo = (J;R/2){dx/dT). Setting, for instance, = 1/2 03k : ‘ . - .
andge = 7/2, U(x) adopts the form of a ratchet poten- 06 -05 -04 -03 '(}'2/ J'O-l 00 01 02
tial with period2#, as shown in Fig. 2. 0"t

We_ can expect the ratchet structure arising from th€?:IG. 3. The dc current-voltage characteristics for the SQUID
combination of asymmetry an®. = ®y/4 to have iy Fig. 1 are shown for an adiabatically slow & 0.01) ac
major consequences on the device properties. In Fig. Sontribution of amplitudet = 1 at different noise strengths.
we show the dc current-voltage characteristics for a low a% he T(%Clh?éal;%tggﬁi_ﬁgyvi;mgOiseo ?r(gg?ttgjslz'ng)('Ssozlzigrrlliggr)éd

_ _ ; = 0. ine), = 0. i i
fo the ratchet potential s compared to that obeained for 2, 1€ Sne potential of Fig. 2 with - 0 (dash-oted lnc)
&nd D = 0.01 (dash-double dotted line). Inset: Global view

symmetric potential with the same barrier height. Clearly of the samd-V curves for the ratchet potential with = 0.01
the main effect of the ratchet shape of the potential is thafdashed line) an® = 0.5 (dotted line).
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It is remarkable that the ratchet effect can be displayedespectively,

so clearly at frequencies as low as= 0.01. The adia- A 2A
batic limit (w — 0) can actually be studied analytically. £ = n@ + Ju| — Jcodu1) — sJo,| —= Jcod2x1),

For D =0, one obtainsVy = (/;R/2) [T_d6/t(6), (6)
wheret(9) = [T _dx/[F + Asin(#) — U'(x)]. ForF = pmtl s/ H(%) sin(2x;)
0, Vy is guaranteed to be zero only{if(x) is symmetric, 2 "\ w ’

since then’(x) and thus/(#) must be odd functions. On where J,(z) is the nth order Bessel function [17]. The
the contrary, ifU(x) is not symmetric for any choice of finite range ofF values spanning a voltage plateau for a
origin (ratchet potential), then one generally Has# 0  given value ofn is obtained by lettingr; take any real
with I, = 0. For a given amplitude, the ratchet behaviorvalue. After comparing the structure of plateaus predicted
tends to disappear as the frequency grows. On the othéy Eg. (6) with that obtained numerically for the case of
hand, for a given frequency, there is an optimum ampli-current sources, we have found that, as in the symmetric
tude that maximizes the ratchet effect [3]. case [15], similar results are obtained for> 1 or A >
In Fig. 4, we showV, as a function ofl, for v = 1, provided thatA/w =< 1. Inspection of Eq. (6) shows
0.3 andA = 1.7. In the absence of noise, steps at half-that the resulting structure of steps, although not entirely
integer multiples ofw can be clearly observed. In the symmetric, does not exhibit a proper ratchet effect in any
inset of Fig. 4, additional steps can be observed Atz.  range of parameters, since there is alwags= 0, Vo = 0
They are also present fex = 0.01, although they cannot solution. This can be proved by noting that the last two
be resolved in the scale of Fig. 3. We note that theseéerms in upper Eq. (6) cancel for certain valuescpof
noninteger steps are not due to the ratchet structure itself Going back to Figs. 3 and 4, we notice the remarkable
but to the deviation ofU(x) from a simple sifx) law, property that there is a finite range Lf values in which
which is the sole case for which steps lie only at integethe sign of the average voltage is independent of the
valuesnw [16]. Under weak noisel§ = 0.01), the frac- average external currentl8]. For a narrower range of
tional Shapiro steps disappear, but the structure of integgrarameters (see, e.g., in Fig. 4), and in the absence of
plateaus is still somewhat preserved. More intense noiseoise, it is possible to obtain, not only the same sign, but
(D = 0.5) destroys the voltage quantization totally and,alsothe same valu®f V,, regardless of the value and
as in the adiabatic case, considerably reduces the ratchsiggn of I,. Therefore, we conclude that the asymmetric
effect. SQUID we propose here can be used as a devicedltaige
So far we have assumed that ac current sources arectification From the curves presented here, we note
applied to the device. It is interesting to analyze whatthat this mechanism of voltage rectification will operate
happens when a voltage source of the tyfie) = Vo, +  more efficiently at low frequencies and for not too small
Vi sin(Q)¢) is applied instead. Then the phase evolves asac amplitudes [19]. On the other hand, the analysis given
_ . in the preceding paragraph indicates that, under the effect
x(7) = xo + ()7 — (4/w)codwT), ) of an external ac voltage source, the SQUID of Fig. 1 could
where(x)/Vy = A/V, = 2/J;R. Inserting (5) into Eq. (3)

not yield current rectification.
and averaging over time, one obtains that, for = nw In our analysis, we have assumed for convenience that
or (x) = (2n + 1)w/2, a continuous interval of dc cur- certain ideal relations between the parameters of the differ-
rent valuesF is possible. Forpe = 7 /2 one obtains, ent junctions are satisfied. One may wonder whether the

physical effects we have discussed may be affected by mi-

nor deviations from those specific values, especially when

06103 .7 the two junctions in series are not identical and the simple
0502 / relation ¢(r) = ¢,(¢) cannot always be valid. For the
04 fo1 e case of zero noise, analytical considerations suggest that a
03 o0 L P P weakened ratchet effect and a structure of shorter steps will
§N 0.2 -0.040 -0.035 -0.030 ’ remain. We have performed a numerical check by treating
;Q 0.1 ) @1 and ¢, as independent variables. Fer= 0.01 and
~ 00 PE— A = land 1.7, and assuming differences of order between
0.1r . 1% and 10% (namehR, /R, = J»/J1 = R, /2R, = 1.01
02r 7 and 1.1), we find that the dc voltage at zero current bias
0.3 = [ , ‘ decreases within 5% to 30% and that the voltage plateaus

FIG. 4. Same as in Fig. 3 for frequeney = 0.3 and A =
1.7, for D = 0 (solid line), 0.01 (dashed line), and 0.5 (dotte
Inset: magnified picture showing steps at fractional

line).

-04 03 -02 -0.1

0.0
Io/"l

values ofw inthe D = 0 curve.
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are shortened by about one-half. These results underline

the robustness of the predicted physical behavior (in par-

ticular, the ratchet effect) against small deviations from the
4 ideal structure.

For a typical SQUID, the inductance can lie~
10719 H [6]. Thus, currents<10~° A are required for
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