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Voltage Rectification by a SQUID Ratchet

I. Zapata,1 R. Bartussek,2 F. Sols,1 and P. Hänggi2

1Departamento de Fı´sica Teórica de la Materia Condensada, C-V and Instituto de Ciencia de Materiales “Nicolás Cabr
Universidad Autónoma de Madrid, E-28049 Madrid, Spain

2Department of Physics, University of Augsburg, Memminger Strasse 6, D-86135 Augsburg, Germany
(Received 10 May 1996)

We argue that the phase across an asymmetric dc SQUID threaded by a magnetic flux can experience
an effective ratchet (periodic and asymmetric) potential. Under an external ac current, a rocking ratchet
mechanism operates whereby one sign of the time derivative of the phase is favored. We show that
there exists a range of parameters in which a fixed sign (and, in a narrower range, even a fixed value) of
the average voltage across the ring occurs, regardless of the sign of the external current dc component.
[S0031-9007(96)01045-9]
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Although the nonequilibrium dynamics of a particle in
ratchet potential (i.e., a periodic potential that lacks refl
tion symmetry) has long been considered a fundame
problem in statistical physics [1], it has become the ob
of more intense attention in recent years, because o
newly found relevance in diverse areas of physics, ch
istry, and biology. A characteristic effect is that, when t
ratchet is subject to a stationary nonequilibrium pertur
tion, particle motion in one direction is favored. With
this context, an important class of dynamical system
formed by the so-called rocking ratchets, for which the
ternal perturbation is a time periodic, uniform force [2–
The effect of dynamically induced unidirectional motio
can overcome the drift effect of a small bias that wo
push the particle into the nonfavored direction. Thus,
not very strong tilts, uphill movement is possible provid
the ratchet structure is conveniently rocked.

In this Letter, we propose a realization of the roc
ing ratchet mechanism in a new type of superconduc
quantum interference device (SQUID) containing a ch
acteristic asymmetry. The system we propose, depi
in Fig. 1, is formed by a ring with two Josephson jun
tions in series in one of the arms and only one junct
in the other arm. We will show that, when the ring
threaded by a fluxFext that is not an integer multiple o
F0y2 (F0 ; hy2e being the flux quantum), the effectiv
potential experienced by the total phasew across the ring
displays a ratchet structure. As a consequence, when
asymmetric SQUID is “rocked” by an external ac curre
Istd, one sign of the phase velocityÙw is favored. From the
Josephson voltage-phase relation, we conclude that t
must be a range of parameters for which a fixed sign
the average voltageV0 ; h̄k Ùwly2e occurs regardless o
the sign of the external current dc componentI0.

We focus on SQUID structures formed by conventio
Josephson junctions whose phase is a classical var
and which can be adequately described by the “resisti
shunted junction” model [5,6]. Thus, the phasewi across
Josephson junctioni on the left arm [see Fig. 1(a)] obey
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the equation (i  1, 2)

Ilstd  Ji sinswid 1
h̄

2eRi
Ùwi 1

h̄Ci

2e
ẅi , (1)

whereIlstd is the current through the left arm, andRi, Ci,
andJi are the resistance, capacitance, and critical curr
of junction i. For simplicity, we assume here that th
two junctions in series are identical, and will comme
later on the case of slightly dissimilar junctions. W
take C1  C2 ; 2Cl, R1  R2 ; Rly2, and J1  J2 ;
Jl . The total voltage drop across the two junctions
V  V1 1 V2, whereVi  sh̄y2ed Ùwi .

If w1std is a solution for the first junction, thenw2std 
w1std ; wlstdy2 is also a solution for the second junctio
[7]. This implies V  Ùwl h̄y2e, with wl satisfying the
equation

Ilstd  Jl sin

µ
wl

2

∂
1

h̄
2eRl

Ùwl 1
h̄Cl

2e
ẅl . (2)

Hence, a series of two identical Josephson junctions c
be described by the same equation as a single junct
with the only difference that in the sine functionthe
argument wy2 occurs [8]. This is a most important
feature to build the ratchetlike structure. On the right ar
the phase across the single junction obeys an equation

FIG. 1. (a) Schematic picture of an asymmetric SQUID wi
three junctions threaded by an external flux. (b) Representa
of the equivalent circuit: the two junctions in series of the le
branch behave like a single junction withw replaced bywy2.
© 1996 The American Physical Society
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reads as in Eq. (1) with the labelsl and i replaced by
r . In the following we assume that each Josephson
operates in the overdamped limit,s2eyh̄dJaR2

aCa ø 1
(a  l, r), so that the capacitive terms can be neglec
in Eq. (2) as well as in its right arm counterpart [6,9].

The total current through the SQUID isIstd 
Ilstd 1 Ir std, and the equivalent circuit [6,10] is shown
Fig. 1(b). In the limit where the contributionsLl andLr

to the total loop inductanceL  Ll 1 Lr are such that
jLIj ø F0, the total fluxF is approximately the externa
flux Fext. Then, integration of the gauge invariant pha
around the loop yieldswl 2 wr  2wext 1 2pn, with
wext ; 2pFextyF0. Thus, we see that the application
an external flux provides us with an externally tunable
lation betweenwl andwr , which, in combination with the
freedom to choose the ratioJlyJr , allows us to select the
shape of the potential experienced by the phasew ; wl.

We may include the effect of temperatureT by adding
Nyquist noise. We assume Gaussian white noisehstd of
zero average and correlationkhstdhs0dl  s2kBTyRddstd,
so that the phase satisfies the equation

h̄
eR

Ùw  2 Jl sin

µ
w

2

∂
2 Jr sinsw 1 wextd

1 Istd 1 hstd , (3)

where we have setRl  Rr ; R. The resulting Fokker-
Planck equation is numerically solved by a matrix co
tinued fraction method [11]. The total dc voltage acro
the SQUID is given byV0  sh̄y2ed k Ùwll 1 LlkÙIll 
sh̄y2ed k Ùwrl 1 LrkÙIr l, where k· · ·l stands for time and
noise average. Since currents must remain bounded,
haskÙIll  kÙIr l  0, which leads toV0  sh̄y2ed k Ùwl.

Next we feed the circuit with a currentIstd  I0 1

I1 sinsVtd. In terms of the dimensionless quantitiesx ;
sw 1 pdy2, t ; seRJly2h̄dt, s ; JryJl, F ; I0yJl,
A ; I1yJl , v ; 2h̄VyeRJl , andD ; ekBTyh̄Jl, Eq. (3)
reads

dx
dt

 2
≠

≠x
Usxd 1 F 1 A sinsvtd 1 jstd , (4)

where Usxd  2fsinsxd 1 ssy2d sins2x 1 wext 2 py2dg
is the effective potential andjstd is Gaussian noise with
kjstdjs0dl  2Ddstd. The average voltage is now give
by V0  sJlRy2d kdxydtl. Setting, for instance,s  1y2
andwext  py2, Usxd adopts the form of a ratchet poten
tial with period2p, as shown in Fig. 2.

We can expect the ratchet structure arising from
combination of asymmetry andFext  F0y4 to have
major consequences on the device properties. In Fi
we show the dc current-voltage characteristics for a low
frequencyv  0.01 andA  1. The resulting dc voltage
for the ratchet potential is compared to that obtained fo
symmetric potential with the same barrier height. Clea
the main effect of the ratchet shape of the potential is t
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FIG. 2. The ratchet potential (solid line) given after Eq. (
of the text, which governs the behavior of the three junct
SQUID (cf. Fig. 1), is compared to the sine potential (dash
line) Usxd  1.1 sinsxd.

of shifting the dc current-voltage characteristics towa
more negative values ofI0 or, equivalently, towards more
positive values ofV0. Within the present sign convention
we shall refer to this displacement as a shift in the “righ
direction, because in itk Ùwl has the sign that is generall
(although not exclusively [3]; see below) favored.

In the deterministic case, the velocitykdxydtl is almost
quantized at valuesnv, n  0, 61, . . ., corresponding to
solutionsxstd that are “locked” into the phase of the driv
ing force [12]. For a symmetric potential, these platea
in the voltage correspond to standard Shapiro steps [6,
14]. In both the symmetric [15] and asymmetric cases
small amount of noise (D  0.01) suffices to wipe out the
structure of steps. However, the same weak noise d
not destroy the ratchet-induced shift in the dcI-V charac-
teristics. As shown in Fig. 3, a stronger noise intensity
needed to appreciably reduce the ratchet effect (note
it still persists withD as large as 0.5) and to lead the sy
tem towards a conventional behavior in whichV0 ~ I0.
The same trend towards Ohmic response is already sh
for weak noise ifI0 is large enough.

FIG. 3. The dc current-voltage characteristics for the SQU
in Fig. 1 are shown for an adiabatically slow (v  0.01) ac
contribution of amplitudeA  1 at different noise strengthsD.
The ratchet potential with noise strengthsD  0 (solid line),
D  0.01 (dashed line), andD  0.5 (dotted line) is compared
to the sine potential of Fig. 2 withD  0 (dash-dotted line)
and D  0.01 (dash-double dotted line). Inset: Global vie
of the sameI-V curves for the ratchet potential withD  0.01
(dashed line) andD  0.5 (dotted line).
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It is remarkable that the ratchet effect can be displa
so clearly at frequencies as low asv  0.01. The adia-
batic limit (v ! 0) can actually be studied analytically
For D  0, one obtains V0  sJlRy2d

Rp
2p duytsud,

wheretsud ;
Rp

2p dxyfF 1 A sinsud 2 U 0sxdg. ForF 
0, V0 is guaranteed to be zero only ifUsxd is symmetric,
since thenU 0sxd and thustsud must be odd functions. On
the contrary, ifUsxd is not symmetric for any choice o
origin (ratchet potential), then one generally hasV0 fi 0
with I0  0. For a given amplitude, the ratchet behav
tends to disappear as the frequency grows. On the o
hand, for a given frequency, there is an optimum am
tude that maximizes the ratchet effect [3].

In Fig. 4, we showV0 as a function ofI0 for v 
0.3 and A  1.7. In the absence of noise, steps at ha
integer multiples ofv can be clearly observed. In th
inset of Fig. 4, additional steps can be observed atvym.
They are also present forv  0.01, although they canno
be resolved in the scale of Fig. 3. We note that th
noninteger steps are not due to the ratchet structure i
but to the deviation ofUsxd from a simple sinsxd law,
which is the sole case for which steps lie only at integ
valuesnv [16]. Under weak noise (D  0.01), the frac-
tional Shapiro steps disappear, but the structure of inte
plateaus is still somewhat preserved. More intense n
(D  0.5) destroys the voltage quantization totally an
as in the adiabatic case, considerably reduces the ra
effect.

So far we have assumed that ac current sources
applied to the device. It is interesting to analyze wh
happens when a voltage source of the typeV std  V0 1

V1 sinsVtd is applied instead. Then the phase evolves

xstd  x0 1 k Ùxlt 2 sAyvd cossvtd , (5)

wherek ÙxlyV0  AyV1  2yJlR. Inserting (5) into Eq. (3)
and averaging over time, one obtains that, fork Ùxl  nv

or k Ùxl  s2n 1 1dvy2, a continuous interval of dc cur
rent valuesF is possible. Forwext  py2 one obtains,

FIG. 4. Same as in Fig. 3 for frequencyv  0.3 and A 
1.7, for D  0 (solid line), 0.01 (dashed line), and 0.5 (dotte
line). Inset: magnified picture showing steps at fractio
values ofv in the D  0 curve.
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F  nv 1 Jn

µ
A
v

∂
cossx1d 2 sJ2n

µ
2A
v

∂
coss2x1d ,

F 
2n 1 1

2
v 2 sJ2n11

µ
2A
v

∂
sins2x1d ,

(6)

where Jnszd is the nth order Bessel function [17]. The
finite range ofF values spanning a voltage plateau for
given value ofn is obtained by lettingx1 take any real
value. After comparing the structure of plateaus predic
by Eq. (6) with that obtained numerically for the case
current sources, we have found that, as in the symme
case [15], similar results are obtained forv ¿ 1 or A ¿

1, provided thatAyv & 1. Inspection of Eq. (6) shows
that the resulting structure of steps, although not entir
symmetric, does not exhibit a proper ratchet effect in a
range of parameters, since there is always aI0  0, V0  0
solution. This can be proved by noting that the last t
terms in upper Eq. (6) cancel for certain values ofx1.

Going back to Figs. 3 and 4, we notice the remarka
property that there is a finite range ofI0 values in which
the sign of the average voltage is independent of
average external current[18]. For a narrower range o
parameters (see, e.g., in Fig. 4), and in the absenc
noise, it is possible to obtain, not only the same sign,
also the same valueof V0, regardless of the value an
sign of I0. Therefore, we conclude that the asymmet
SQUID we propose here can be used as a device forvoltage
rectification. From the curves presented here, we n
that this mechanism of voltage rectification will opera
more efficiently at low frequencies and for not too sm
ac amplitudes [19]. On the other hand, the analysis gi
in the preceding paragraph indicates that, under the e
of an external ac voltage source, the SQUID of Fig. 1 co
not yield current rectification.

In our analysis, we have assumed for convenience
certain ideal relations between the parameters of the dif
ent junctions are satisfied. One may wonder whether
physical effects we have discussed may be affected by
nor deviations from those specific values, especially w
the two junctions in series are not identical and the sim
relation w1std  w2std cannot always be valid. For th
case of zero noise, analytical considerations suggest th
weakened ratchet effect and a structure of shorter steps
remain. We have performed a numerical check by trea
w1 and w2 as independent variables. Forv  0.01 and
A  1 and 1.7, and assuming differences of order betw
1% and 10% (namely,R2yR1  J2yJ1  Rry2R1  1.01
and 1.1), we find that the dc voltage at zero current b
decreases within 5% to 30% and that the voltage plate
are shortened by about one-half. These results unde
the robustness of the predicted physical behavior (in p
ticular, the ratchet effect) against small deviations from
ideal structure.

For a typical SQUID, the inductance can beL ,
10210 H [6]. Thus, currents&1026 A are required for
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the conditionF . Fext to be satisfied. For typical tunne
junctions, the overdamped limit is not easily achieved u
less one operates very close to the critical temperature
Operation in a wider range of temperatures could, howev
be achieved by adding shunts of sufficiently low resistan
For Jl  1026 A, R  1 V, the “units” of temperature,
frequency, and voltage are 48 K, 125 MHz, and 0.5mV.
From our numerical results, we conclude, for instan
that for T  0.48 K and V  37.5 MHz the dc voltage
is V0 , 0.1 mV at zero dc current.

In conclusion, we have demonstrated the feasibility
a novel effect in the dynamics of the phase across
asymmetric SQUID threaded by a magnetic flux. T
ratchet structure of the effective potential experienced
the phase through the ring favors one sign of its tim
derivative. Under an oscillating current source, the
current-voltage characteristics present striking proper
such as displaced Shapiro steps and the possibility
having a finite dc voltage with a zero dc current, and v
versa. Within a certain range of parameters, the sa
sign, and even the same value, of the dc voltage can
obtained regardless of the sign of the external dc curr
This mechanism of voltage rectification has been shown
be robust in the presence of moderate noise and of sm
deviations of the junction parameters from the propos
ideal behavior. Estimates for a single SQUID sugg
that the predicted ratchet-induced voltage shift is inde
measurable. The effect could be conveniently amplifi
by placing many similar devices in series.
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