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Regular and Chaotic Transport in Asymmetric Periodic Potentials: Inertia Ratchets
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Motivated by recent work on stochastic ratchets, we consider the effect of finite inertia onto
the directed motion in a deterministically rocked, periodic potential lacking reflection symmetry.
Characterizing the motion by cumulants of the contracted, time-dependent solution of the Liouville
equation, we can distinguish regular from chaotic transport. The first cumulant describes a stationary
current that exhibits multiple reversals versus increasing driving strength, whereas the second
cumulant yields a measure for its variance. Chaotic transport exhibits universal (Gaussian) scaling
behavior. [S0031-9007(96)00064-6]

PACS numbers: 82.20.Mj, 05.40.+j, 05.45.+b

It is generally appreciated that—in accordance with the €i(t) + x(t) = _4 V,(x) + Asin(Qr), (1)
second law of thermodynamics—usable work cannot be _ dx
extracted from equilibrium fluctuations. Devices and pheWith the potential shown in Fig. 1 (see also [10])
nomena that are only in apparent contradiction with this V,(x) = —sin(x) — wsin(2x). (2)

second law have been discussed by Feynman, Leighto ; . . ;
and Sands [1] and even much earlier in the heyday o%“s\é?rtlszlf |1n /Ellt)h?gl?g(ﬁc))lir?h?sc :’:/ng?kdlmenSIONGSS/ﬂ nd
Brownian motion by Smoluch_owsl_<| [2]. In the Presence —yye first briefly discuss the case of massless particles
of nonequilibrium forces the situation changes drastlcally(e —0), i.e., overdamped motion. The motion is bound
Then, directed transport of Brownian particles in asym- I '

. T . . for driving amplitudesA <Aq(Q); i.e., the solution of
metric periodic potentials (ratchets) can be induced by th%q. (1) approaches a function which is periodic in time for

applicatio_n .Of. nonth_err_nal forces [3-8] or with the helpIarge times. For4y()) <A, the motion can become
of deterministic, periodic coherent forces [4,9,10]. Thes%nrestricted. The average velocity assumes an asymptotic

npnequlhbngm mo'dels reqently gained “?“Ch Interest in5,¢ (that is independent of the initial conditions) of the
view of their role in describing the physics of molecu-

; . . form
lar motors [5,6] and their potential for novel technologi-
cal applications on nanoscales and microscales [11]. The Vo = Xt +nl) —x() _m Q. 3)
previous literature on these schemes is characterized by nT n

the limitation of using an overdamped ratchet dynamicgVith integersm and n. A direct consequence of the
throughout. A particular challenge thus presents the studgverdamped motion is that the net flux is directed towards
of finite inertia for the ratcheting mechanism in the absencéhe shallow side of the ratchet (positive current), i.e.,
of thermal and nonthermal forces. With finite inertia, them,n > 0 in Eq. (3). For finite masg, the situation is
dynamics is allowed to become more complex, exhibiting

both regular and chaotic behavior. Using the model of a L5 —T—T—T—T1
periodically rocked ratchet, we shall investigate the mu-
tual interplay of regular and chaotic dynamics for directed 1
transport, in particular, to what extent deterministically in-
duced chaos mimics the role of noise. In doing so, we use 0.5
novel diagnostic tools, such as the behavior of cumulant E
averages for the phase-space probability, whose time evo- N
lution is governed in the deterministic limit by a dissipa- 0.5
tive, nonautonomous Liouvillian. Nonstationary effects,
such as the broadening of the phase-space probability— -1
a measure for the fluctuations of the net-flux (on a coarse
grained scale)—are taken into account by not applying pe- R I T
riodic boundary conditions. T
As a working model, we use an underdamped particleg|G. 1. The ratchet potential,, (x) = — sin(x) — u sin(2x)

periodically driven in an asymmetric periodic potential, for u = 1/4, as used in the text.
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different. The trajectories described by (1) can becomé&oundary conditions. This allows us to study the broad-
chaotic; i.e., the trajectories are erratic on a time scale largening of the probability density as a function of time [12].
against the largest Liapunov coefficient and the net flux can As an example for the chaotic regime, we depict in
go in both directions. This raises the key question studiedrig. 2(a) the time evolution of the contracted probabil-
in this paper: How does intrinsic chaotic motion resembléty density 5(x,7) = [dx’ p(x,x',t) for A = 0.79,Q =
noise driven motion in ratchets? 0.1,e = 20andu = 1/4. Thex axis has been partitioned

Equation (1) has a variety of solutions which can beso that one partition ranges over one period of the po-
obtained by numerical integration. We are using theirtential. The initial probability density was chosen Gauss-
transport properties as a classification criterion. Regian with a width of1/2 in space and:(r = 0) = 0. On
ular trajectories are described by(r + nT) = x(¢) +  a short time scale the probability density becomes more
2rmwithn € N andm € Z. Regular, nontransporting complicated, but approaches asymptotically a Gaussian
trajectories are being characterized by tugkesn = 0).  shape; cf. Fig. 2(b). Because we are not interested in time
Regular, transporting solutions are characterized by thecales of a single period, where one observes the oscilla-
tuples (n,m # 0). These trajectories are periodic with tory contribution of the driving force, we switch to a coarse
period n (subharmonic forn > 1) on a toroidal phase grained description by looking at the system stroboscopi-
space obtained by using periodic boundary conditionsgally (r = nT = 27n/Q). Time ¢ will therefore denote
i.e., x is identified with x + 27. In contrast to the these stroboscopic times. In Fig. 3, we show the first and
overdamped case the transport can now be due to the inersacond cumulants of the probability density as a function
in either direction; i.e., the average velocity can assume thef time. Apart from initial transients, we observe a linear
values given in Eq. (3) witim = 0, =1, *=2,.... Given mean and a linear variance—typical for Brownian motion.
a fixed set of parameters, it is important to note that—The third cumulant and higher cumulants contain more of
depending on the initial conditions—different classes ofthe detailed structure of the density, and are therefore more
trajectories have been observed by numerical simulation.

For example, at = 0.624,Q = 0.1, € = 20, asymptotic

trajectories are either periodic, (1,0), or current carrying,

(2, —1). This situation calls for interesting technological 4000 — T T
applications, since it allows for the separation of particles

starting with different initial conditions (a detailed discus-

sion will be published elsewhere [12]). 3000

A third class is chaotic trajectories. Their behavior has
been studied by numerically simulating the time evolution =
of an initial probability density ir(x, x) space (see below 2000
for details). ForQ) = 0.1, e = 20, and those values of <
in 0 < A < 10, where the system is living on a chaotic
attractor, there was always a net drift to the right or to 1000
the left; i.e., particles move on average either to the left
or to the right. The chaotic attractor can be observed in .
a stroboscopic plot irfx, x) space after mapping the un- ‘_]5
bounded dynamics in space onto one period of the po-
tential, i.e.,x(r) — x(r) (mo27r). We did not observe
coexisting chaotic attractors in our working model (1). For
chaotic maps with periodic forces, the onset of diffusive
behavior caused by the memory loss due to chaotic dy-
namics has been studied some time ago [13].

By integrating Eq. (1) numerically, one realizes that
the drift of a single chaotic trajectory exhibits strong
fluctuations. An appropriate tool for describing transport
is therefore a time-dependent probability measure. Given
the initial probability density(x, x, 1), its time evolution
is given by

plx,x,t) = jdx']d)}’g(x — xa(x', %, 1) -4 -3 -2 -15/0\61 2 3 4

X8(x — xq(x', X', 1)) po(x’, %) . (4) FIG. 2. Snapshots of the probability density, obtained by
Lo . S simulating 50000 trajectories, are shown in (a) far=
Here x,(x', x', 1) is the solution of (1) with initial con- 29"~ "ande = 20. The universal, normalized scaling
ditions x,(r = 0) = x’ and x,(t = 0) = x. In contrast  function (%, 1), Eq. (7), obtained from the same densities is
to the conventional treatment, we ot apply periodic  shown in (b).
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0 I 6000 T for large times, the probability density approaches a shape

K which allows rescaling to a (universal) Gaussian distri-
[ -4 / bution; see Fig. 2(b). The long time evolution does not
:?:, 3000 // - depend on the choice of the initial probability. It is inter-
200 F “ / esting to compareg (%, ¢) to the time-dependent probabil-
B / ity density of a Brownian particle in a symmetric periodic
300 | 0 | potential (see, e.g., in [14]). For large times it shows,
- apart from the vanishing drift, the scaling form (7).
0 5OtOO 10000 0 5Ot00 10000 In case of a single regular attractor, i.e., all trajecto-
_ ries are regular and obey(r + nT) = x(t) + 27m with
5'769- (31 =T(?? fgﬁé tEWg ggrglslear;tff){l\(lg ;rr]gbgég()) ‘;g;”A = o the same tuplen, m), the probability density for large
function of firﬁe( — 7). pically times approaches a positive normalized function of the
" form p(x,t — «) = f(x — vt) with v = mQ/n. The
characteristic function of (x — vr), given by ¢ (v,s) =
complicated functions of time. As a common feature weSXP—iv1s)¢o(s), where d"fs) is time independent, im-
find that their modulus increases slower thaf. plies a first cumulanC;(r) = vz and constant higher cu-
Based on the observations above, we will show inMulantsCi=2 (see Fig. 4). For nontransporting regular

the following that the probability density will become &ttractors, i.e.y = 0, all cumulants are time independent,
effectively GaussianThus the first and second cumulants €Orresponding to a stationary probability density. We re-

are sufficient to describe the time evolution and transportMind the reader that the time scalés actually a coarse
The characteristic functiom(s) = (ex —isx(1)]) of grained time scale, on which periodic variations of the

the contracted probability density(x,7) is written in  Probability density withinmiT are not visible. ,
terms of its cumulants, (1) as In the case of coexisting regular attractors differ-

| = (—is)k ent trajectories, corresponding to different séts, m,)
d(s)= exp(—iscl(t) Y s2CH(1) + Z Ck(t))

-100

Ci(2)

and (ny, my), are drifting with different average veloci-

tiesv; = mQ/ny andv, = my) /n,, respectively. The
(5)  probability density consists of several moving peaks
with constant widths each (for large times), but gener-

Making use of the numerically observed behavior forally different velocitiesy, # v,. The cumulant generat-

large times, i.e.C (1) = vt, andCy(t) = 0%t ast — », } _ D
we can analyze the long time behavior of the probability'"9 funCt'O”’gz(S) = Inp(s) = Infexp(—ivizs)o (s) +
density. First, we introduce the integration variable=  exp(—ivats)¢, (s)] yields cumulants of the forra (1) «
s+/t, and define the relative positioh= x — vt. The t*. The first cumulant is again linear in time, i.€,(7) =
scaled probability density(%,7) = p(x,7) can then be @t = (Av; + Bvy)t, where A and B are the relative

written as weights of the two coexisting attractors. The second cu-
1 o % 1 mulant C,(¢) is, in contrast to the cases above, quadratic
p(x, 1) = ﬁ[ exq iu D) Uzuz} in time.  Such a case is realized, for example, with the

*°° parameter valuesd = 0.624,Q = 0.1, ande = 20.

o (—iu)* —k)2 With the above developed tools, we will now analyze
X eXp|:kZ3_k! 177Gk |du. (8)  the transport properties in the asymmetric periodic po-
o T tential. In Fig. 5, we depict the current as a func-
In the scaling limitr — e with ¥//1 kept constant, the o0 of the driving amplitude ak = 20. In the range

termsCy=3(¢) in the second exponential become irrelevanto < A < 1.00, where the overdamped systera £ 0)
(this, of course, relies on the observation that o 3 '

Ci/t** = 0 ast — o).
The first two terms, which are relevant in the scaling

limit, describe a Gaussian density with the scaling form T 6000 Val
t~'2f(x/4/1), while the other terms describe corrections 400 F _
to it. With the knowledge of all coefficients, those .~ @4000 - -
corrections to scaling can be obtained by expanding the™—= = H
second exponential, leading to an asymptotic expansion™~ 200 |- =% 2000 -
of p, :

o [N 3 X 0 L 0 .

P, = ﬁf($> [1 +1 ”Ca(ﬁh(ﬁ) + } 0 3000 6000 0 3000 6000

(7)

. . . o . FIG. 4. The first two cumulant€;(z) and C,(z) for A =
wherenh is an analytic function describing the leading cor-1.1 () = 0.1, and € = 20 are shown stroboscopically as a

rection to scaling, and(y) = exp(—y?/2¢?). Therefore, function of time ¢, = nT).
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always exhibits either zero or positive current, we ob-friction [16]. This makes it especially interesting for
serve a variety of transport phenomena: in situations withechnological applications. The system’s dynamics is
zero transport, i.e.y = 0, the system has a single reg- characterized by the time dependence of cumulants of
ular attractor with periodh = 1. The transport in the the particle distribution. In the case of directed chaotic
interval 0.61 < A < 0.64 is regular for most parts. In transport, the second cumulant is a measure for the
this region we find a negative current. Applying our di- intrinsic current fluctuationsand thus for the reliability
agnostic tools above, we conclude from the dependencef the ratchet mechanism. Our diagnostic tools allow a
C»(1) « t* that there are coexisting regular attractors [15].distinction between different forms of regular and chaotic
As a check, a stroboscopic plot yields a regular behaviotransport; these enable a systematic description of chaos-
that does not match with any of the valugs, = mQ/n,  induced currents in terms of a universal Gaussian scaling.
because the transport is regular with contributions from P.J. thanks the Deutsche Forschungsgemeinschaft for
several coexisting regular attractors. F&r> 0.7, the financial support within the Heisenberg program.

motion is typically chaotic. As an example we show

Fig. 3 (A = 0.79). The linear dependence of the first two

cumulants as a function of time implies chaotic motion.

This is confirmed by a stroboscopic plot. The transport is [1] R.P. Feynman, R.B. Leighton, and M. Sandghe
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