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Precise Numerics versus Theory for Correlation Ratchets
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Fluctuation-induced transport in a correlation ratchet driven by both additive Gaussian white and
additive Ornstein-Uhlenbeck (colored) noise is studied numerically and interpreted against theoretical
predictions. The current, as well as the current-load curve, exhibits a different behavior depending on
the scaling of the colored noise strength. This archetypal correlation ratchet is capable of changing the
direction of current (passing through zero at a particular value of noise color) if onlghtiqgeof the
ratchet potential is chosen appropriately.

PACS numbers: 82.20.Mj, 05.40.4j, 87.10.+e

The ability of a Brownian particle to extract use- case, the noise intensity vanishes as— 0. Both
ful work from nonequilibrium fluctuations when scalings are of practical relevance, but entail different
ratting in a periodic structure with broken spatial physical consequences. Wit@(7) = Q the colored
symmetry (“ratchet”) has recently attracted much attenfluctuations approach zero amplitude in the adiabatic
tion [1]. Apart from the general effort of understanding limit 7 — o, whereas in the second case the Gaussian
this novel nonequilibrium phenomenon, it entails in- stationary fluctuationg(s) explore a continuous spectrum
teresting technological applications such as novel massf amplitudes, which extends over the whole real axis and
separation and trapping schemes [2] and, likely, is als@s independent of.
of relevance for intracellular transport processes [1-3]. Equation (1) together with (2) provide our setup for di-
In the simplest case, such arbwnian rectifief is  rected transport generated by colored nonequilibrium fluc-
modeled by an overdamped particle moving in a periodiduationse(z). The problem at hand is challenging from
ratchet potentialV(x) = V(x + L) of period L under several points of view: First, the dynamics of the parti-
the simultaneous action of Gaussian whifecorrelated cle motionx(z) is non-Markovian in nature. This means
thermal noiseé(r), (£(r)é(s)y = 6(r — s), of strength that the application of familiar tools from the theory of
2D and an additionattate-independerftuctuating force stochastic processes is met with distinct difficulties [7].

€(¢) of vanishing meare(t)), i.e., These queries become even more pronounced in the pres-
. k1% ence of two noise sources, with one being nonwhite.
YT T + () + V2D £(r). (1) second, a finite stationary currehtoccurs only when in-

Equation (1) describes@orrelation ratchef4—6]. Ifthe ternal forward and backward transitions do not cancel “on

additive fluctuatione(r) is a second Gaussian stationaryaverage.” Hence, good approximations for the individual
white noise, the dynamics in (1) obeys detailed balancdnternal transition rates do not nec_essanly guarantee .good
hence the stationary current= (x) is zero in accordance results for the overall current, which at weak noise is
with the second law of thermodynamics. Our focusSensitive to thelifferenceof the two exponentially small
here is on the simplest, nontrivial colored noise drivenfates (see below). o '
correlation ratchet: With Gaussian noise being abundant Given these theoretical challenges, it is an important
in physical applications [7], we choose far(r) an task totestanalytical predictions vs precise numerical
Ornstein-Uhlenbeck (OU) process, which is the archetypgesults. In fact, it is only very recently that the theoretical
model for free Brownian motion [7]. This Markovian qualifications for this class of two-noise driven colored

Gaussian processr) satisfies the Langevin equation ~ flows have been developed [8—12]. '
2000 Before we engage in our objective of calculating both
- b € + 20(7) n(1), (2) the stationary current as well as the current-load charac-
T T

) ] ) ) teristics, we comment on the general features of the arche-
with 7(r) Gaussian white noisén(1)n(s)) = 8(t = 5),  typal correlation ratchet in (1) and (2): When the noise

reads both scalings of the noise strength the stochastic dynam-
(e(e(s)) = O() —ii—si/r 3) ics is driven byadditive Gaussian whitaoise only. This
T ' result holds true also for the constant intensity scaling

With Q(r) = QO a constant,e(r) describes for small Q(7) = Q in the adiabatic limitr — . The latter fea-
noise correlation time a deviation from the white noise ture is validindependentlpf the Gaussian statistics efz).
limit, yielding a constant integrated intensiBQ. In  In contrast, for constant variance scali@gwe encounter
contrast, the case with a constant variaed) = Q in the adiabatic limit a Gaussian distribution of arbitrary
implies the different scaling?(7) = Q7. In this latter large barrier heights. In this limit a rate description fails
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[9]. Nevertheless, there exists a limiting adiabatic aver- 02

age transition time and current as well [9,12]. Moreover, 01t

it should not be overlooked that with our form in (1) we V oo

implicitly use a scaling of physical time which is in- o1

versely proportional to the physical friction strength [7]. ’

Hence, instead of varying in (1) and (2), one could keep 025 05 0.0 05 1.0
7 “fixed,” and vary instead the friction in the original (un- X

scaled) system. This feature calls for interesting conserIG. 1. Shape of the two ratchet potentialg(x) (solid) and
quences when the current changes sign as a function of the(x) (dashed) used in this work.
noise colorr (see below).

Starting from the Fokker-Planck equation (FPE) for the

probability densityW: (x, ), T — o, We note that this increase and decrease occurs

Wi (x,€) _ | afaV) _ Ei n Lie n Da_2 monotonically asr is varied. For fixed variance scaling

ot ax \ dx dx de dx? Q(r) = Qr, the current is depicted as a function ©f
o(r) o2 and noise color in Fig. 2(b). We note that for fixed,

— [Wilx,e€), (4)  the current/(r) is maximal in the adiabatic fluctuation

2 2
T Je€ . .

, ) _limit 7 — o0, and alwaysnonotonicallydecreases to zero
we evaluate by use of the matrix-continued fractionas » —, . The global adiabatic maximum occurs near

(MCF) method (see [7,10,13]) the-periodic station- 5 —~ 3. with 7 held fixed, the currenti(Q) exhibits
ary probability W (x, €) = Wy (x + L,e), normalized
to unity within a spatial period, i.efy dx [~ deWy X
(x, €) = 1. With the probability current in the direction
given by J,.(x,€) = (—aV/dx + € — D3/dx)W(x, €),
the total fluctuation-induced nonequilibrium currehis
obtained as

J = fOL dx [3; deJ (x,€). (5)

In applying the MCF, we expand the potentid(x) as
well as the solutioWy,(x, €) into Fourier series i, and
the e dependence into a series of Hermite functions. For
the ratchet potential we use two different shapes,

V(x) = Va(x) = —[sin(2ax) + 0.25sin(dwx)]/2m7,
(6)

+

and a model with three Fourier modes,
V(x) = V3(x) = — sin{27x) + 0.2sin47(x — 0.45)]
+ 0.1siM67(x — 045)]}/27. @)

Both these ratchet potentials exhibit a smakeerage
force inforward direction, see Fig. 1. Hence, the current
in a correlation ratchet is intuitively expected to flow
always towards theositivedirection. Nevertheless, the
characteristic quantity [see (9) below]

L
_fo dx V')V xX)P=c¢ —ct (8)

is positive forV,(x), but negativefor V3(x). This differ-
ence will be of crucial importance for the phenomenon of
current reversal i©OU process driven ratchets

For the potentialV,(x) the behavior of the current  FIG. 2. Numerical (MCF) results for the currestin V,(x)
in the (OU) ratchet is depicted in Figs. 2(a)—2(c) as are depicted in (a) and (b) for the two different noise scalings

function of the noise parametef®, Q,7}. Figure 2(a) 2(7) = @ _and O(r) = QO at fixed thermal noise strength

is for th tant intensit lin@(r) = h D = 0.1. The dependence on both noise sources is exhibited in
Is for the constant intensity scalin@(r) = O, Where  ane|(c) atr — 1. The prediction fot/ (r — ) of the familiar

the current/(r) for fixed Q starts out from zero at adiabatic approximation [1] agrees within line thickness with
7 = 0, reaches a maximum, and approaches zero again #s& MCF results in (b).
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a bell-shaped maximum a@ is varied within [0, ]. 10" ; :

Moreover, we note that this maximum doast occur 0002 -

at a fixed valueQ, but moves towards largep values P J oop->

ast — 0. Forr =1 (i.e., 0 = Q) the influence of the 102k e RN S I

thermal noise strength is depicted in Fig. 2(c). Over 4’3/ RN oy

most parts of the parameter regirt@, D) the effect of ,,{",/ AN

increasing the thermal noise intensity yields asmaller Wik N

current. An exception occurs for small values=<0.5, / AN

where small thermal noise can increase the current. ¥ N
For this class of two-noise driven colored flows a gener- 104 % - - - s

alized unified colored noise approximation (GUCNA) has 10 10 1;’_ 10 10

been developed in Ref. [10]. The upshot of this theory
is that the non-Markovian dynamics is approximated by &!G. 3. The numerical result (solid line) is compared to
white-noise driven effective Fokker-Planck equation withtheories of Eg. (9) (dotted line), GUCNA of [10] (dash-dotted
- . . - line), and smally theory in [12] (dashed line) for the noise
a color and state d_ependent diffusion. Given _thls, the CUlsarametersD = 0.1 and Q = 0.025. The inset shows the
rentJ[7, Q(7), D] itself can be evaluated readily in terms current in the tilted potentialt,(x) + xF, which flows “uphill”
of two quadratures; see, e.g., Refs. [6,13]. Notably, thdéor smallF. D andQ are as above; = 1.25 (solid line),7 =
GUCNA is not restrictedto small noise intensities only. 0.25 (dashed line), and = 0.05 (dotted line). Asr — 0, the
The path integral approach is another tool for Obtainindqumer'cs of the smal}+ theory become increasingly intractable.
approximative results; however, it is restricted to small
noise intensities. Within this restriction, the curréntan  regime, predicting correctly the location of the maximum,
be approximated by.[k*(r) — k™ (7)], whereink™ are  although being off forJ by a factor=<10. In contrast,
the forward and backward transition rates between adjadhe GUCNA (dash-dotted line) is limited in the regime
cent minima of the ratchet potentielx). The Arrhenius of validity to small = values. There, it predicts rather
factors for these rates can be evaluated by invoking theorrectly the current, and is in agreement superior to the
“small-y” path integral theory put forward in [12]. With small-- path integral result in (9) (dotted line).
a constant intensity scaling(7) = Q, the regime of va- The two theoretical predictions in (9) and (10) call for
lidity of this approximation is governed by the expan-interesting effects: First, we observe that with > L_
sion parametery = (Q/D7)'/? < 1, see Ref.[12]. At (i.e., a forward ratchet), the currentadvays positiveas
small noise colorr, yet a different path-integral analysis = — o, independent of the noise scaling (cf. Fig. 2). For
[8,10,12] for weak noiseD and Q(r) similarly predicts Q(7) = Q, it vanishes exponentially inversely propor-

for the current tional to~. Turning to the behavior at smatl, the rub is
[V (xo) V" (x*)|1/2 AV that the quantityc~ — ¢*) in (8) can assume for for-

J=L 2 ex _m ward ratchet both positive as well aggativevalues. In-
) . deed, forV,(x),c~ — ¢ = 14.8, andforVs(x),c™ — ¢t =

% exp[—&} —6.19! Hence, with(c™ — ¢*) < 0, the current in (9)

[D + Q(n)]? starts out fromr = 0 with negative values. Upon noting
7-2Q(7-) - +
8 (1 exp{ [D + Q(n)] (e ‘ )D ®) 0.003

Here, xo is the minimum of the ratchet potential,
with the left- (right-) sided transition states™ (x*),

obeyingV”(x~) = V"(xT) = V/(x*). The quantityc™ is 0.001 -
dependent solely on the potential shape;” =
f;; dx[V"(x)]?V'(x) >0, and AV = V() — V(x)

0.002 |

0.0

denotes the Arrhenius energy of the periodic ratchet. J-o.om-

At large noise colorr — o, with D # 0 but small, an 0002k

adiabatic approximation yields for the current a limiting e

behavior of the form 0003 AN S0 ]

o), ) - 10° 107 10"
J(r — ) = C{1 — ex E (L~ — L+) , (10) -0.00‘10.2 1(').1 1(')0 10!
. . N T
whereC is positive valued and + = [|x* — xol.

The predictions of the various theories are compareg_'(%- gh d TQh(i)‘l”er”; rO?(\)IZeSr:sall\lllﬂj}]%(gl?iCI;l ?ggl']‘fttsed(s‘:?"r(? “:e)

in Fig. 3 for C_O“Sta”t noise intensit(r) = Q for the are compared to GUCNA (dash-dotted line), smal(elotted
ratchet potential/z(x). The smally theory (dashed Iin€) |ine), and smally (dashed line) theory. The inset gives a
yields qualitatively the correct behavior over the whele magnification of the behavior at smail
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(10), i.e.,J(r — ) = 0, this implies at least one current

reversal of/ vs 7 for the OU noise driverV;(x) ratchet.

*Present address: EOtvos University, Puskin-u. 5-7, H-
1088 Budapest, Hungary

Moreover, this reversal occurs independently of the choserl1] A. Ajdari and J. Prost, C. R. Acad. Sci. PaB45 1635

form of the noise scalin@(7). The vanishing (!) of7(r)
itself typically occurs at moderate noise cotgy, which is
outside the regime of validity of the smallpath integral

(1992); M. O. Magnasco, Phys. Rev. Létt, 1477 (1993);
R.D. Astumian and M. Bierjbid. 72, 1766 (1994); J.
Prost, J.-F. Chauwin, L. Peliti, and A. Ajdarbid. 72,
2652 (1994); R. Bartussek, P. Hanggi, and J. G. Kissner,

approach as givenin (9). Figure 4 depicts this new current
reversal [14], where precise numerics (solid) are compared
with the GUCNA (dash-dotted line), the “smail-theory

in (9) (dotted line), and the smajl-theory (dashed line).
The reversal occurs neat; = 0.037, while the smally
theory—being presently the only theory that captures
the change of siga-yields 7z = 0.16. At small 7, the [3] J. Maddox, Nature (London65 203 (1993);368, 287
GUCNA again exceeds in accuracy the prediction (9), see  (1994);369 181 (1994); S. Leibleribid. 370, 412 (1994).
inset in Fig. 4. It is worth mentioning that the current re- [4] C.R. Doering, W. Horsthemke, and J. Riordan, Phys. Rev.
versal isnot caused by the slight extra “shoulder” of the Lett. 72, 2984 (1994); see, also A. Mielke, Ann. Phys.

Europhys. Lett28, 459 (1994); I. Derényi and T. Vicsek,
Phys. Rev. Lett75, 374 (1995).

[2] J. Rousselet, L. Salome, A. Ajdari, and J. Prost, Nature
(London) 370, 446 (1994); L.P. Faucheux, L.S. Boure-
lieu, P.D. Kaplan, and A.J. Libchaber, Phys. Rev. Lett.
74, 1504 (1995).

: : - : - 476 (1995).
potential V3(x) in comparison withV,(x) (cf. Fig. 1) as ;
can be demonstrated by examples; rather it is the prope#s] '(\qé'\&)Mmonas and M.1. Dykman, Phys. Lett. A85 65

interplay of the highex derivatives ofV (x) in (8) which

[6] J. Luczka, R. Bartussek, and P. Hanggi, Europhys. Lett.
matters.

_ o _ . 31, 431 (1995).
The inset in Fig. 3 displays the current fg§(x) inthe (7] p. Hanggi and P. Jung, Adv. Chem. Phgs, 239 (1995),
presence of an additional constant biag“current-load note the applications and references therein.

curve”) for differentr values. For small bias, the particle [8] K.M. Rattray and A.J. McKane, J. Phys. 24, 1215

can move uphilluntil a critical valueF; (the stopping (1991). .
force) is reached, wherg(F,) = 0. This phenomenon [9] P. Pechukas and P. Hanggi, Phys. Rev. Leég, 2772
of uphill motion against an external gradient has been  (1994).

observed recently for the directed motion of ions in all0l ’Q‘LR Mad;;eira,RP. Hariggi,A\r/. Bluonamgncg and W|'(A'
biological system [15]. The stopping for@&(r) on the AOJ rlgul\ejlzaldur;fé ai\é'lf Hgg ;n(d 93125)’2149 (alggf_se ;
almostlinear load curve depicted in Fig. 3 exhibitsell- oL ' ) ggud. 54 '

h d behavi f : f noi | [11] P. Reimann, Phys. Rev. Leit4, 4576 (1995).
shaped behavioas a function of noise colar. [12] P. Reimann, Phys. Rev. B2, 1579 (1995).

_ In summary, we have presented the first precise numefy3] H. Risken,The Fokker-Planck Equatiof8pringer, Berlin,

ical (MCF) calculations over extended parameter regimes ~ 19g84), pp. 98 and 289.

(cf. Fig. 2) for the simplest Gaussian colored noise driverj14] This novel and simple mechanism for reversing the current
correlation ratchet. We compared the results vs recent, in a correlation ratchet distinctly differs from both the
nontrivial theoretical predictions. The discovered novel scheme where the reversal is due to a change in the
features of the stopping forcE(r) and—most surpris- "flatness” of the noise statistics [4], and the one that
ingly—the simple scheme of current reversal calls for ~ results if one modifies the noise spectruftw) so that
intriguing applications in the natural sciences in both mi- & minimumfor ¢ (w) occurs atw = 0 (e.g., for Gaussian
crotechnology and biophysics. harmonicnoise) [5]. In contrast, for our OU noise driven
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