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First thermometer & temperature scales

1638: Robert Fludd — air thermometer &scale
~1700: linseed oil thermometer by Newton
1701: red wine as temperature indicator by Remer
1702: Guillaume Amontons: Absolute zero temperature?
1714: mercury and alcohol thermometer by Fahrenheit

Definition of temperature scales

Sir Isaac Newton Olaf Christensen Daniel Gabriel Rene Antoine Anders Celsius

(1643 —1727) Romer Fahrenheit Ferc,:hault de (1701 — 1744)

(1683 — 1757)



Typical temperature values [°C]

Boiling point of Nitrogen -195.79
Lowest recorded surface temperature on Earth -89
(Vostok, Antarctica — July 21, 1983)

Highest recorded surface temperature on Earth 58
(Al" Aziziyah, Libya — September 13, 1922)

Temperature in the Earth’s Thermosphere ~ 1500
(80 - 650 km above the surface)

Melting point of diamond 3547
Surface temperature of the sun (photosphere) ~ 5526
Temperature in the interior of the sun ~ 15-10°




Absolute Zero

ideal gaslaw: p V' = N kg T’

S~

1848: Kelvin postulates an

absolute zero temperature William Thomson
> — Lord Kelvin
T (1824 — 1907)

973.15°C
It is impossible by any procedure to reduce the temperature of
a system to zero in a finite number of operations.



How to determine the absolute
thermodynamic temperature

VORLESUNGEN

THERMODYNAMIK dvy 4
T (q7), dt
log — =
1o ¢ /[ dt
R (dp)

arbitrary temperature scale

.

LEIPZIG,
VERLAG VON VEIT & COMD.
1913

“ ... wo nun wieder unter dem Integralzeichen lauter direkt und
verhaltnismaflig bequem mefRbare GroRen stehen. ...”
M. Planck

t:
v : volume
/
Cp

. specific heat at constant pressure



Low temperature milestones

Heike Kamerlingh
Onnes
(1853 — 1926)

1908: liquid helium; 5 K

1995: Bose-Einstein-
Condensate; 20 nK

Eric A. Cornell Wolfgang Ketterle
Carl E. Wieman

2003: BEC; 450 pK — W. Ketterle
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-89,2°C | 21.Juli 1983 Wostok-Station Antarktis Gilt als der Kaltepol der Erde; nicht offizielle bestatigter Wert: -91 5°Cvon 1997
70,7°C 2007 Iranische Wilste Lut, Iran Hitzeweltrekord Ubertroffen; Messung allerdings per Satellitenbeobachtung

p + n ->quark gluon plasma
with gold ion collisions in
Relativistic Heavy lon Collider (RHIC)

4 x1012°C




, Planck units
Name | opresson _|Siequvalens

Planck temperature Tp = VAP G-1k—2 1.41168- 102K
Planck length lp = VEGe—3 1.61625- 103> m
Planck mass mp = VheG-1 2.17644- 108 kg
Planck time tp = VhGe3 5.39124- 1045

... ihre Bedeutung fiir alle Zeiten und fiir alle, auch
aullerirdische und auBermenschliche Kulturen notwendig
behalten unnd welche daher als natiirliche MaBeinheiten

bezeichnet werden kdonnen ...

.. These necessarily retain their meaning for all times and for
all civilizations, even extraterrestrial and non-human ones,
and can therefore be designated as natural units ...

(Planck, 1899)



The highest temperature
you can see

Lightning:

30 000 °C







Gas Thermometers

A

? : Ideal gas:
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Galilei Thermometer

Volume change of water
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Upon increasing T — 4°C === \\ater volume shrinks



Linneaus thermometer

Carl von Linné
(1707 —1778)

Reversed the Celsius scale

1744 broken on delivery
1745: botanical garden in Uppsala

-1

e i

-4 K

Anders Celsius



Noise Thermometer

Ohmic Resistor

Johnson — Nyquist noise

V4 PSDv(w) — QkBTR

-- classical regime only --

PSDy : power spectral density
of the voltage signal

kg : Boltzmann constant

R : resistance



Quantum
fluctuation-dissipation theorem

h
PSDj(w) = hw coth (Qk:T) ReY (w)
hw hw
— | R Y (w
exp(Bhw) — 1 °

kT > V \T< -

PSD] = ZkBTRGY PSD[ hwReY



u()) [kinm]

Planck’s law [1901]: u(M,T") =

800

Black body radiation
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u(A,T) : spectral energy density
: wavelength

: Planck constant

c : speed of light

kg : Boltzmann constant

Stefan — Boltzmann law:

E xT?*

Thermometer !



Cosmic background temperature

T=2725+....K



Thermodynamics



Zeroth Law

aalie==—f,

\‘:E':f‘/

A in equilibrium with B:  fag(pa, Va;ps, Vs, ...)
B in equilibrium with C:  fgc(ps, VB;pc, Ve, ...
= A in equilibrium with C < fac(pa, Va;pc, Ve, ...)

Transitivity !

0
0
0

Allows the formal introduction of a temperature:
T =Ta(pa,Va;...) = Ts(pB, VB;...) = Tc(pc, Vo --)



First Law

Julius Robert James Prescott Hermann von
von Mayer Joule Helmholtz
(1814 — 1878) (1818 — 1889) (1821 — 1894)



First Law — Energy Conservation

AU = AQ + AW

AU change in internal energy
A(@) heat added on the system

AW  work done on the system

H. von Helmholtz: “Uber die Erhaltung der Kraft” (1847)

AU = (TAS)quasi—static o (pAV)quasi—static



Second Law

Rudolf Julius Emanuel Clausius

(1822 — 1888)

Heat generally cannot
spontaneously flow from a

material at lower temperature to
a material at higher temperature.

5Q = TdS

(Ziirich, 1865)

William Thomson alias Lord Kelvin
(1824 — 1907)

No cyclic process exists whose sole
effect is to extract heat from a
single heat bath at temperature T
and convert it entirely to work.



The famous Laws

Equilibrium Principle -- minus first Law

An isolated, macroscopic system which is placed in an arbitrary
initial state within a finite fixed volume will attain a unique
state of equilibrium.

Second Law (Clausius)

For a non-quasi-static process occurring in a thermally isolated
system, the entropy change between two equilibrium states is
non-negative.

Second Law (Kelvin)

No work can be extracted from a closed equilibrium system
during a cyclic variation of a parameter by an external source.



MINUS FIRST LAW vs. SECOND LAW

-1st Law

R 2nd Law




Thermodynamic Temperature

0Q"" =TdS + thermodynamic entropy

S = S(E,V,Ny, Ny, ... M,P,..)

S(FE,...): (continuous) & differentiable and

monotonic function of the internal energy E

05\ _ 1
OE) T



Entropy S — content of transformation
,y,verwandlungswert”

dS — (SQreV/T; 5Qirrev < 5Qrev

V27 T2

Prev Firrev % 5_Q S O
o 1

Cizr‘rev—l_r"—1

1rrev

0Q)
9 9 = 83
/F‘irrevéQCerev Z O NO !
S(Va, To) — S(V4,T}) :/ Ot



GI1BBS, JOSIAH WILLARD.

Elementary principles
in statistical mechanics

CHAPTER VIIL

ON CERTAIN IMPORTANT FUNCTIONS OF THE
ENERGIES OF A SYSTLEM.

Ix order to comsider more particularly the distribution of a
canonical ensemble in energy, and for other purposes, it will
be convenient to use the following definitions and notations.

Let us denote by V the extension-in-phase below a certain
limit of energy which we shall call e. That is, let

v= ... [ap..

the integration being extended (with constant values of the
external codrdinates) over all phases for which the energy is
less than the limit e.  'We shall suppose that the value of this
integral is not infinite, except for an infinite value of the lim-
iting energy. This will not exclude any kind of system to

. dq,, (265)

New )(

Scribner's s sons
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CHAPTER XIV.

DISCUSSION OF THERMODYNAMIC ANALOGIES.

I¥ we wish to find in rational mechanics an @ prior: founda-
tion for the principles of thermodynamies, we must scek
mechanical definitions of temperature and entropy. The
quantities thus defined must satisfy (under conditions and
with Himitations which again must be specified in the language
of mechanics) the differential equation

de = T(l’r} — A, da; — Ag d(bg — etc., (482)
where ¢, T, and 5 denote the energy, temperature, and entropy
of the system considered, and 4, de;, etc., the mechanical work
(in the narrower sense in which the term is used in thermo-

dynamics, <.e., with exelusion of thermal action) done upon
external bodies.

The quantity in the equation which corresponds to entropy
is log V, the quantity V7 being defined as the extension-in-
phase within which the energy is less than a certain limiting

value (e).




Entropy in Stat. Mech.

S = ]{7]3 In Q(E, V, )

QM: Q¢ (E,V,.. 21

0<E,<E
classical
1

Gibbs: g = (N! hDOF> /dF@ (E — H(q,p;V, ))

0 Qg
OF

X /dF5 (E — H(q,p;V, ))

density of states

Boltzmann: (g = ¢



Third Law

~mein Warmesatz“

(during his lecture August 15, 1905)

AH-AG
i

=AS—0 as T—0

Walter Hermann NERNST
(1864 - 1941)



... and Planck’s version

Max PLANCK
(1858 - 1947)

The entropy s= S/N per particle
approaches at T'=0 a constant

(so = kglng(N)/N) value that
possibly depends on the chemical
composition of the system. This
limiting value can generally be set
to zero.
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‘DR MAX PLANCK,

PROFESSOR VER THEORETISCHEN FPHYSIK
AN DER TUNIVERSITAT BERLIN.

Zuniichst ist leicht einzuseher, daB man, da der Wert der
Entropie eine willkiirliche additive Konstante enthalt, jenen fir
T=0 eintretenden Wert unbeschadet der Allgemeinheit gleich
Null setzen kann, so daB das Nemnstsche Wirmetheorem nun
lautet:

Beim Nullpunkt der absoluten Temperatur besitzt
die Entropie eines jeden chemisch homogenen festen
oder flissigen Korpers den Wert Null.

1913

* Diese Fassung des Theorems ist inhaltlich etwas weitergehend als
die von Nexwst a. a. O. selber gegebene, nach welcher fir 7=0 die Differenz
der Entropien eines solchen Korpers in zwei verschiedenen Modifikationen
gleich Null ist. Letzterer Satz liBt nimlich noch die Moglichkeit offen,
dab die Entropie selber fiir 7=0 negativ unendlich wird,

* Nach der von Nerwst selber gegebenen Fassung (§ 282) tritt an
die Stelle der Gleichung (256) die folgende:

Tc'
§-S= (Y~ Y gr,
f T

0

wobei S’ — & die Differenz der Entropien eines festen oder fiiissigen Korpers
in zwei verschiedenen Modifikationen bezeichnet. Dapn kann man fir
T=0 nur schlieBen, daB ¢, = 0y, aber nicht, daB C,' = C, =0. Wiirden
C, und G,/ fiir T = 0 endlich bleiben, so wire die Entropie S fir .T=. 0
nicht gleich Null, sondern negativ unendlich. Es ist daher von Wichtig-
keit zu bemerken, daB, wenn die Folgerung C, = 0 durch die Erfahrung
picht bestitigt werden sollte, die Nernsrsche Fassung des Theorems des-
halb doch anfrecht erhalten werden kinnte.


see
Hervorheben
Beim Nullpunkt der absoluten Temperatur besitzt
die Entropie eines jeden chemisch homogenen festen
oder flüssigen Körpers den Wert Null.


"for his contributions in the field of chemical thermodynamics,

particularly concerning the behaviour of substances at extremely
low temperatures”

William Francis
Giauque

LUsA

Lniversity of California
Berkeley, Ca, USA

b. 1895
d. 1982



Temperature Fluctuations —
An Oxymoron

Ch. Kittel, Physics Today, May 1988, p. 93

Nano-system BAT H 6 — kel

T does NOT fluctuate!

IAU||AB| =1 « |AU| |AT| = kgT? NO!

«..Temperature is precisely defined only for a system in thermal
equilibrium with a heat bath: The temperature of a system A, however
small, Is defined as equal to the temperature of a very large heat
reservoir B with which the system is in equilibrium and in thermal
contact. Thermal contact means that A and B can exchange energy,
although insulated from the outer World. ...”
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Estimate of temperature and its uncertainty in small systems

M. Falcioni, D. Villamaina, and A. Vulpiani
Dipartimento di Fisica, Universita La Sapienza, p. le Aldo Moro 2, 00185 Roma, Italy

A. Puglisi and A. Sarracino
ISC-CNR and Dipartimento di Fisica, Universita La Sapienza, p. le Aldo Moro 2, 00185 Roma, Italy

Received 30 September 2010; accepted 12 February 2011

The energy of a finite system thermally connected to a thermal reservoir may fluctuate, while the
temperature is a constant representing a thermodynamic property of the reservoir. The finite system
can also be used as a thermometer for the reservoir. From such a perspective, the temperature has
an uncertainty, which can be treated within the framework of estimation theory. We review the main
results of this theory and clarify some controversial issues regarding temperature fluctuations. We
also offer a simple example of a thermometer with a small number of particles. We discuss the
relevance of the total observation time, which must be much longer than the decorrelation time.

© 2011 American Association of Physics Teachers.

DOI: 10.1119/1.3563046

777 Am. J. Phys. 79 7, July 2011 http://aapt.org/ajp © 2011 American Association of Physics Teachers 777
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? Negative Temperature ?
Spin system: |S| =1/2; ji=~S; H=-) ji;-B

== 1 1
S || B = Two-State-System: €, = —ifyB < € = —|—§fyB = uB

N=n,+n. & E = puB(ne—ny,), typically £ <0

N
! > () = ' '$S:k¢B In €2
‘ng:§(N—lu—B) Ng:MNe:
1y, E 1_05
= =5 (V) T T 9E



Negative (Spin)-Temperature!

1 05 0 0.5 1 1 —05 0 05 1
E/(NuB) E/(NuB)



Entropy in Stat. Mech.

S = kB In Q(E, V, )
~ flLDOF> /dF@ (E—H(q,p;V,...))

0 Qg
OF

Gibbs: Q¢ = (

Boltzmann: {2y = ¢

X /dF5 (E — H(q, p; V,...))

density of states



n[):= SQ[x_, n_, u_, B_] ==
nLog[2] -n/2 (1+x/ (uBn)) Log[l+x/ (uBn)]-n/2 (1-x/ (uBn)) Log[l-x/ (uBn)]
W[x_, n_, u_, B_] := Exp[SQ[x, n, u, B]]
Q[x_, n_, u_, B_] := Exp[SQ[x, n, u, B]] / (2 uB)
Qe[x_,n_, u_, := Derivative[l, 0, 0, 0] [Q] [x, n, u, B]
OB[x_, n_, u_, := Derivative[0, O, O, B] [Q] [x, n, u, B]
@[x_,n_, u_, B_ NIntegrate[Q[y, n, u, B], {y, -nuB, x}]
§B[x_l n_, u_, B ] := NIntegrate[QB[Yl n, u, B] 4 {YI -nl—lBr x]’]
S[x_,n_, u_, Log[&[x, n, u, B]]
T[x_l n_,d_, B_ %[x, n, u, B] /Q[xl n, u, B]
TQ[x_I n_, u_, B_] = Q[xr n, u, B] /Qe[xl n, u, B]
MQ[x_, n_, u_, B_] :=QB[x, n, u, B] /Qe[x, n, u, B]
M[x_,n_,pu ,B ] :=-x/B

B_]
B_]

B_] :
B_]

ne2j= n = 10°2;
m=10"8;
Plot[{SQ[en, n, 1, 1] /n, S[en, n, 1, 1] /n}, {e, -1, 1}]
Plot[{SQ[em, m, 1, 1] /m, S[em, m, 1, 1] /m}, {e, -1, 1}]
Plot[{TQ[en, n, 1, 1], T[en, n, 1, 1]}, {e, -1, 1}, PlotRange » {-100, 100}]
Plot[{TQ[em, m, 1, 1], T[em, m, 1, 1]}, {e, -1, 1}, PlotRange » {-100, 100}]
Plot[{MQ[en, n, 1, 1] /n, M[en, n, 1, 1] /n}, {e, -1, 1}]
Plot[{MQ[em, m, 1, 1] /m, M[em, m, 1, 1] /m}, {e, -1, 1}]
Clear[n, m]
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. N=100
x-axis in all graphs is E/(2\mu N)
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Out[25]=

N=10"8

Limit Value = Log 2
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Inconsistent thermostatistics
and
negative absolute temperatures

Jorn Dunkel (DAMTP)

arxiv: 1304.2066




Example |: Classical ideal gas

(27rm ) 4N/

~ NWIT(dN/2 + 1)

Q(E,V) = aEN2yN Q

Se(E,V,A) = kgIn[ew(FE)] Sa(E,V,A) = kgIn[Q(F)]

VS.

dN dN
E — <7 - 1) kBTB E — TkBTG




Example |: Classical ideal gas

(27rm ) 4N/

~ NWIT(dN/2 + 1)

Q(E,V) = aEN2yN Q

Sa(E,V,A) =kgIn|Q(F)]

VS.

dN
E — TkBTG




Example 3:

E, = an®/L?,

a = h°m?/(2m),

Q:n:

Se(E,V, A) = kg In[ew(E)]

kp'lps = —2FE < 0

05p 2F
pB—TB<8L)—_T7ép

Dark energy 77?7

VS.

|-dim |-particle quantum gas

n=12,...,00

L\/E/a

Sa(E,V,A) =kgIn|Q(F)]

0Sc\ _ 2E
kBT(;—QE, pG_Tg(aL) T
_ OE 2E




Example 3:

|-dim |-particle quantum gas

a = h°m?/(2m),

n=12,...,00

A=n=L\/FE/a

E, =an®/L?,
B 9 V7 A) — kB ln[e )]
kp'lnp —2B7< 0
ps = Tg ) = 2 # P

Dark energy 77?7

VS.

Sa(E,V,A) =kgIn|Q(F)]

. (0Sc\ 2E
]{TBTG—QE, pG:Tg<a—L>— L
_ 9E 2B




. . arxiv: 1304.2066
Consistency requirements

Consistent thermostatistical model (p,.S) must fulfill

(08 03 03 1 p a;
dS—<8E>dE+(av>dV+Z(aAi>dAz :TdEJrdeJrZ?dAi‘

1

where

[0S
=1 (6’AM

Check

see also

—> Only (p,Sg) consistent model Campisi,

Physica A 2007




Experimental ‘evidence’ for
‘negative absolute temperature’ !

SCIENCE VOL 339 4 JANUARY 2013

Negative Absolute Temperature for
Motional Degrees of Freedom

S. Braun,™? J. P. Ronzheimer,™? M. Schreiber,>* S. S. Hodgman,*? T. Rom,*?
. Bloch,*? U. Schneider?*

—o0 o 7 _tw ) SB(E7 V, A) = kg ID[GW(E)]g
0Sg -1 1 w
To(B,V,A) = (52 ) ==
B(E, V. 4) <(9E> kp W’

E.o Energy



SCIENCE VOL 339 4 JANUARY 2013

Negative Absolute Temperature for
Motional Degrees of Freedom

S. Braun,™? J. P. Ronzheimer,™? M. Schreiber,* S. S. Hodgman,™? T. Rom,"?

I. Bloch,>? U. Schneider®?*

Because negative temperature systems can ab-
sorb entropy while releasing energy, they give
rise to several counterintuitive effects, such as
Carnot engines with an efficiency greater than
unity (4). Through a stability analysis for thermo-
dynamic equilibrium, we showed that negative
temperature states of motional degrees of free-
dom necessarily possess negative pressure (9) and
are thus of fundamental interest to the description
of dark energy in cosmology, where negative pres-
sure 1s required to account for the accelerating
expansion of the universe (/0).

v’ Carnot efficiencies > |

v’ Dark Energy
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Crucial question:

® is the exponential fit parameter the
thermodynamic temperature ?

® if not, what happens to the other claims ?

Positive temperature Negative temperature
- o o A .
- ¥, Schematic experimental distribution — [
Ly \ )
& R , & L]
= ) One-parameter thermal fit P E'E
= L} ] = .,
i) \ o -
_r-g - ‘\\E _r.g — >
= kBT>O xwi Ei—i—i— i £§iii~'i kBT<0
— -
Low energy £ High energy £ __
Energy E Energy E

L. D. Carr. Negative temperatures? Science, 339:42-43, 2013.



arxiv: 1304.2066

Generic spin or oscillator model

ainjeladwa]

Entropy S/kg

—10

*3/ 19y

_20 |
0)

N = L = 10, Total energy E/E,
184756 states




arxiv: 1304.2066

Measuring 13 vs. 1

One-particle distribution = positive temperature

A )
Eﬁ Schematic experimental distribution

L T o TrN_l [5(E - HN)] g i\\EOrle-parameterthermalﬁt
SR [ION] B S [Mrs0 i ]
wN a gl = ] i_i*i -
Low energy £ ”
Energy E

Steepest-descent approximation

€_E£/<kBTB)

p=expllnp] = poo~—0— Zzgje‘Eﬁ/@BTB).

see e.g. Huang’s textbook

features Ig and not g

—> one-particle thermal fit does not give absolute 1T' =T

Generally




Relativistic Regime
Y(u=0) — X'(u#0)

Note: thermodynamic observables are NONLOCAL

J. Dunkel & P.H., Relativistic Brownian motion, Phys. Rep. 471, 1 - 73 (2009)



“Temperature” problem
In RTD?

1923/1963
.. hotter!

1907/08
moving bodies

+1 Planck, Einstein
o= 0 Landsberg, van Kampen

CK Yuen, Amer. J. Phys. 38:246 (1970)

5%%».% UNIVERSITY OF Relativistic TD & BM DPG, March 2010

%’ OXFORD




Heat, second law & temperature

-

-~
Planck-Einstein

dQ'[y] := T'ds’ := AU [Y] — w'dW[Y] + P'dV’

7= (-

T'd8' :=dQ"[)] = y~'dQ°[)] =~ TdS

8 coo!er:/
a Ot B
dQH[7] := du*[3] —dA*[3],
@A*[3]) = (~Pav;,0).
T'ds’ :=aQ" =+dQ" =4 T ds,
\_ hotter ,

Faw UMIVERSITY OF

2’ OXFORD

u

van Kampen / Landsberg
dQ 3] := du* 3] — aA*[J],
dQ’ = —w 4% = —w,dQ* =dQ =dQ"

7d8' :=aQ’ =aQ = Tds,

T=7

.

i\

T
‘ R




“‘Isochronous” RTD useful at all?
shortcomings

(i) not feasible experimentally
(i) extension to General Relativity problematic

SOLUTION: replace isochronous hyperplanes by lightcones

Why? t
=.0 . -3 .
v photographic measurements E S } / /\
v equivalent for moving observers e .
v GR extension . x
v nonrelativistic limit
LE,:', e | P P2 R

5 OXFORD



Thermodynamic variables

d " =0 d,s" =0 [aﬂe}*“' #£0 j

non-local TD variables < surface integrals in space-time

N[H] = fﬁi-ﬁ?v ¥ = N[H scalar
Ly o J,—I'J
$[] = f doy ¢ = S[5] scalar | t'=¢"
/ \ /2y Soml T o vne
Wl = f do, 6 |# UY[H] 4-vector oy (%9 Cl ’
f |l | I"-,H :
e(g) R
AN
Pl P2
meeee s
N[§] = N'[9] = W[5] = N[&'] S[9] = §[H] = &[] = 8[9] AY UH [5] =7 [9] = U”’[ﬁy= AV U]
"

S, - -
greww UMIVERSITY GF

% OXFORD




“‘Photographic” thermodynamics

light-cone averaging
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photographic state variables
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apparent drift ! B Im)

JD. Peter Hanggi & Stefan Hilbert, Nature Physics 5741, 2009
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Take Home Messages

e 1 absolute temperature 1" > 0 SA

__ 0K
e I'= 55 . /

with S(F) a concave function of F ! >

E

e S(F) : microcanonical NOT always = S(F) : canonical
( long range, non-ergodic parts )

e ' does NOT fluctuate

e quantum mechanics: no virial theorem; no equipartion

e relativistic statistical thermometer

Ts = Ts



Conclusions

population inversion —> microcanonical

bounded spectrum —> ensembles not equivalent
consistent thermostatistics —> Gibbs entropy
temperature always positive (‘by construction’)

no Carnot efficiencies > |

please correct textbooks & lecture notes

arxiv: 1304.2066
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