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Planck unitsPlanck units

Constant Symbol Value in SI units

Speed of light c 299 792 458 m s‐1

Gravitational constant G 6.67429 ∙ 10‐11 m3 kg‐1 s‐2g

reduced Planck’s constant 1.054571628 ∙10‐34 J s

Coulomb force constant  8 987 551 787.368 kg m3 s‐2 C‐2

B lt t t 1 3806504 10 23 J K 1

h̄

(4π²0)
−1

kBoltzmann constant  1.3806504∙10‐23 J K‐1kB

Name Expression SI equivalents√
Planck temperature  1.41168∙ 1032 K

Planck  length 1.61625∙ 10‐35 m

Planck mass 2.17644∙ 10‐8  kg
lP =

√
h̄Gc−3

mP =
√
h̄cG−1

TP =
√
h̄c5G−1k−2

g

Planck  time 5.39124∙ 10‐44 s

mP =
√
hcG

tP =
√
h̄Gc−5
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Thermodynamic potentialsThermodynamic potentials

Internal energy: E(S, V, {Ni}) = T S − p V +
X

μiNi

Helmholtz free energy: F (T, V, {Ni}) = E − T S

Enthalpy: H(S, p, {Ni}) = E + p V

Gibbs free energy: G(T, p, {Ni}) = E + p V − T S =
X

μiNi

Planck potential: Φ(T, p, {Ni}) = −G/T



Quantum RegimeQuantum Regime

h = 6.62606896 · 10−34 J s = 4

K2RKJRK

with KJ = 2e/h , RK = h/e
2

J / , /

hν = 1kg c2

42→ ν = 135639273 · 1042Hz



Quantum Harmonic OscillatorQuantum Harmonic Oscillator

p2 M 2 2 1 1
HS =

p

2M
+
M

2
ω20x

2 , En = (n+
1

2
)h̄ω0 , β =

1

kBT



Relativistic Brownian motion
J. Dunkel, P.H., Phys. Rep. 471, 1 (2009)

l0(u) = l0γ
−1 t0(u) = t0γ

+1

T 0(u) = T0γ
−α

Masoliver & Weiss, 
Eur. J. Phys. 17: 190 (1996)



Relativistic thermodynamicsRelativistic thermodynamics



Jüttner Gas
fMaxwell(~p) = [β/(2πm)]

d/2 exp
¡
−βp2/2m

¢
f (~) Z−1

h
β ( 2 4 + 2 2)1/2

i
fJüttner(p) = Z

1
d exp

h
−βJ(m2c4 + p2c2)1/2

i
u = 0

h~p · ~vi = dkBT = d/βJ
statistical relativistic temperature

( ) 1

u = 0

T = T = (kBβJ)−1

J. Dunkel & P.H., Phys. Rep. 471, 1-73 (2009)



Moving Observers Σ(u = 0) −→ Σ0(u 6= 0)

mγ(v0)3
f 0Jüttner(v

0, u) = Z−11
mγ(v )

γ(u)
exp

£
−βJγ(u)mγ(v0)(c2 + uv0)

¤
v0 : velocity in moving frame

u = 0.2c u = 0.2c

v : velocity in moving frame

u = 0.2c

J. Dunkel & P.H., Phys. Rep. 471, 1-73 (2009)



Measuring temperature in Lorentz 
invariant way

Lorent in ariant equipartition theoremLorentz invariant equipartition theorem

kBT = mγ(u)3hγ(v0)(v0 + u)2it0B γ( ) hγ( )( ) it
with u = −hv0it0

u/c u/c



A statistical definition of TemperatureA statistical definition of Temperature

Ω(E, V,N) : number of microstates for a given macrostate (E, V,N)

E1, V1, N1 E2, V2, N2 E1, V1, N1 E2, V2, N2

( , , ) g ( , , )

1, 1, 1 2, 2, 2

Ω1(E1, V1, N1) Ω2(E2, V2, N2) ⇒ Ω = Ω1 · Ω2
∂Ω ∂Ω

in equilibrium: δΩ =
∂Ω1
∂E1

δE1Ω2 + Ω1
∂Ω2
∂E2

δE2 = 0

ti δE δE ⇒ 1 ∂Ω1 1 ∂Ω2
energy conservation: δE1 = −δE2 ⇒

Ω1 ∂E1
=
Ω2 ∂E2

Boltzmann (Planck): S = kBlnΩ

⇒ 1

T1
=
1

T2
⇒ T1 = T2 = T



? Negative Temperature ?? Negative Temperature ?

Spin system:  |~S| = 1/2 ; ~μ = γ ~S ; H = −
X

~μi · ~Bp y | | / ; μ γ ;
X

μi

~S k ~B ⇒ Two State System: ² = −1γB < ² = +
1
γB = μBS k B ⇒ Two-State-System: ²g = −

2
γB < ²e = +

2
γB = μB

N = ng + ne & E = μB(ne − ng) , typically E < 0g e μ ( e g) , yp y

Ω =
N ! ⇒ S = kB lnΩ

ng =
1

2

µ
N − E

μB

¶
1
µ

E
¶

Ω =
ng!ne!

⇒ S = kB lnΩ

1 ∂S
ne =

1

2

µ
N +

E

μB

¶
⇒ 1

T
=

∂S

∂E



Negative (Spin)‐Temperature!



DPG, March 2010Relativistic TD & BM

Time parameters and (relative) entropy    

EPL 87: 30005 (2009)



Typical temperature values [°C]Typical temperature values [ C]
Boiling point of Nitrogen ‐195.79

Lowest recorded surface temperature on Earth
(Vostok, Antarctica – July 21, 1983)

‐89

Highest  recorded surface temperature on Earth
(Al’ Aziziyah, Libya – September 13, 1922)

58

Temperature in the Earth’s Thermosphere   ~  1500
(80 ‐ 650 km above the surface) 

Melting point of diamond 3547

Surface temperature of the sun (photosphere) ~ 5526

Temperature in the interior of the sun ~ 15∙106




